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0.2

What one needs to know?

0.2.1 What one needs to know?

1.
2.

Multivariable Calculus
Ordinary Differential Equations

Assets: (useful but not required)

1.
. Elements of (Real) Analysis,
. Any courses in Physics, Chemistry etc using PDEs (taken previously

Complex Variables,

Or Now).

Multivariable Calculus

Differential calculus

1.

Partial Derivatives (first, higher order), differential, gradient, chain
rule;

Taylor formula;

Extremums, stationary points, classification of stationart points using
second derivatives; Asset: Extremums with constrains.

Integral calculus

i

Multidimensional integral, calculations in Cartesian coordinates;
Change of variables, Jacobian, calculation in polar, cylindrical, spher-
ical coordinates;

Path, Line, Surface integrals, calculations;

Green, Gauss, Stokes formulae;

Vu, V x A, V-A, Au where u is a scalar field and A is a vector field.

Ordinary Differential Equations

First order equations

1.
2.

Definition, Cauchy problem, existence and uniqueness;
Equations with separating variables, integrable, linear.



CONTENTS 6

Higher order equations

1. Definition, Cauchy problem, existence and uniqueness;

Linear equations of order > 2

1. General theory, Cauchy problem, existence and uniqueness;

2. Linear homogeneous equations, fundamental system of solutions, Wron-
skian;

3. Method of variations of constant parameters.

Linear equations of order > 2 with constant coefficients

1. Fundamental system of solutions: simple, multiple, complex roots;
2. Solutions for equations with quasipolynomial right-hand expressions;
method of undetermined coefficients.

Systems

1. General systems, Cauchy problem, existence and uniqueness;

2. Linear systems, linear homogeneous systems, fundamental system of
solutions, Wronskian;

Method of variations of constant parameters;

4. Linear systems with constant coefficients.

o



Chapter 1

Introduction

1.1 PDE Motivations and Context

The aim of this is to introduce and motivate partial differential equations
(PDE). The section also places the scope of studies in APM346 within the
vast universe of mathematics.

1.1.1 What is a PDE?

A partial differential equation (PDE) is an equation involving partial deriva-
tives. This is not so informative so let’s break it down a bit.

1.1.1.1 What is a differential equation?

An ordinary differential equation (ODE) is an equation for a function which
depends on one independent variable which involves the independent vari-
able, the function, and derivatives of the function:

F(tu(t), u(t), @), u®(t),...,u™(t)) = 0.

This is an example of an ODE of degree m where m is a highest order of
the derivative in the equation. Solving an equation like this on an interval
t € [0, 7] would mean finding a functoin ¢ — wu(t) € R with the property
that v and its derivatives intertwine in such a way that this equation is true
for all values of ¢ € [0, T]. The problem can be enlarged by replacing the
real-valued u by a vector-valued one u(t) = (u1(t),us(t),...,un(t)). In this
case we usually talk about system of ODFEs.

7
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Even in this situation, the challenge is to find functions depending upon
exactly one variable which, together with their derivatives, satisfy the equa-
tion.

1.1.1.2 What is a partial derivative?

When you have function that depends upon several variables, you can dif-
ferentiate with respect to either variable while holding the other variable
constant. This spawns the idea of partial derivatives. As an example, con-
sider a function depending upon two real variables taking values in the
reals:

u:R" — R.

As n = 2 we sometimes visualize a function like this by considering its graph
viewed as a surface in R? given by the collection of points

{(z,y,2) €R®: 2z = u(z,y)}.

We can calculate the derivative with respect to x while holding y fixed.
This leads to u,, also expressed as 0,u, %, and g—z. Similary, we can hold
x fixed and differentiate with respect to y.
A partial differential equation is an equation for a function which de-
pends on more than one independent variable which involves the indepen-

dent variables, the function, and partial derivatives of the function:

F(x,y,u(x,y),um(I,y),uy(a:,y),um(x,y),uxy(x,y),uyx(x,y),uyy(x,y)) - O

This is an example of a PDE of degree 2. Solving an equation like this
would mean finding a function (x,y) — wu(z,y) with the property that u
and is partial derivatives intertwine to satisfy the equation.

Similarly to ODE case this problem can be enlarged by replacing the
real-valued u by a vector-valued one u(t) = (u1(t), us(t),...,uy(t)). In this
case we usually talk about system of PDFEs.

1.1.2 Where PDEs are coming from?

Where PDEs are coming from?

PDEs are often referred as Fquations of Mathematical Physics (or Math-
ematical Physics but it is incorrect as Mathematical Physics is now a sepa-
rate field of mathematics) because many of PDEs are coming from different
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domains of physics (acoustics, optics, elasticity, hydro and aerodynamics,
electromagnetism, quantum mechanics, seismology etc).

However PDEs appear in other field of science as well (like quantum
chemistry, chemical kinetics); some PDEs are coming from economics and
financial mathematics, or computer science.

Many PDEs are originated in other fields of mathematics.

1.1.3 Examples of PDEs

(Some are actually systems)

e Simplest First Order Equation
U, = 0;

e Transport Equation
U + cuy, = 0;

e Laplace’s Equation (in 2D)
AU = Ugy + Uy, =0
or similarly in the higher dimensions;

e Heat Equation
u = kAu;

(The expression A is called the Laplacian and is defined as 97 + 0; + 92 on
R3.)

e Schrodinger Equation (quantum mechanics)

1y + Au = 0;

e Wave Equation
uy — Au = 0;

e Equation of oscillating rod (with one spatial variable) or plate (with

Ut + KAQU = 0,
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Maxwell Equation (electromagnetism)

E,-cVxH=0, H+cVxE=0, V-E=V-H=0;

Dirac Equations (quantum mechanics);

Elasticity Equation

Navier-Stokes Equation (hydrodynamics for incompressible liquid)
pvi+ (v-V)pv —vAv=—-Vp, V-v=0

where v is a velocity and p is the pressure; when viscosity v = 0 we get
Euler equation;

e Yang-Mills Equation (elementary particles theory);
e Einstein Equation for General Relativity; and so on. ..

Remark 1.1.1. (a) Some of these examples are actually not single PDEs
but the systems of PDEs.

(b) In all this examples there are spatial variables x,y,z and often time
variable t but it is not necessarily so in all PDEs.

(¢) Equations could be of different order with respect to different variables
and it is important. However if not specified the order of equation is the
highest order of the derivatives invoked.

(d) In the Textbook we will deal mainly with the wave equation, heat
equation and Laplace equation in their simplest forms.

1.2 Initial and Boundary Value Problems

1.2.1 Problems for PDEs

We know that solutions of ODEs typically depend on one or several con-
stants. For PDEs situation is more complicated. Consider simplest equa-
tions

uy =0, (1.2.1)

Vgy = 0
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with v = u(z,y) and v = v(z,y). Equation (1.2.1) could be treaded as
an ODE with respect to x and its solution is a constant but this is not a
genuine constant as it s constant only with respect to x and can depend on
other variables; so u(zx,y) = ¢(y).

Then for solution of (1.2.2) we have v, = ¢(y) where ¢ is an arbitrary
function of one variable and it could be considered as ODE with respect to
y; then (v — g(y)), = 0 where g(y) = [ ¢(y)dy, and therefore v — g(y) =
f(z) = wv(z,y) = f(x) + g(y) where f,g are arbitrary functions of one
variable.

Considering these equations again but assuming that u = u(z,y, 2),
v =wv(z,y,z) we arrive to u = ¢(y, z) and v = f(z,2) + g(y, z) where f, g
are arbitrary functions of two variables.

Solutions to PDEs typically depend not on several arbitrary constants
but on one or several arbitrary functions of n — 1 variables. For more com-
plicated equations this dependance could be much more complicated and
implicit. To select a right solutions we need to use some extra conditions.

The sets of such conditions are called Problems. Typical problems are

e IVP (initial value problem): one of variables is interpreted as time t and
conditions are imposed at some moment; f.e. u|i—y, = up;

e BVP (boundary value problem) conditions are imposed on the boundary
of the spatial domain €: f.e. u|sqo = ¢ where 02 is a boundary of Omega;

e IVBP (initial-boundary value problems aka mixed problems): one of vari-
ables is interpreted as time t and some conditions are imposed at some
moment but other conditions are imposed on the boundary of the spatial
domain.

Remark 1.2.1. In the course of ODEs students usually consider IVP only.
F.e. for the second-order equation like

Uge + AU, + QU = f(ZL’)

such problem is w|;—yz, = Ug, Uz|p=z, = w1. However one could consider

BVPs like

(alua: + /Blu)|a}:x1 = le,
(a2uz + 52u>|x:m2 = ¢2
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where solutions are sought on the interval [zi,z5]. Such are covered in
advanced chapters of some of ODE textbooks (but not covered by a typical
ODE class). We will need to cover such problems later in this Textbook.

1.2.2 Notion of “well-posedness”

We want that our PDE (or the system of PDEs) together with all these
conditions satisfied the following requirements:

e Solutions must exist for all right-hand expressions (in equations and con-
ditions);

e Solution must be unique;
e Solution must depend on this right-hand expressions continuously.

Such problems are called well-posed. PDEs are usually studied together
with the problems which are well-posed for these PDEs. Different types of
PDEs “admit” different problems.

Sometimes however one nedds to consider ill-posed problems.

1.3 Classification of equations

1.3.1 Linear and non-linear equations

Equations of the form

Lu = f(x) (1.3.1)

where Lu is a partial differential expression linear with respect to unknown
function w is called linear equation (or linear system). This equation is
linear homogeneous equation if f = 0 and linear inhomogeneous equation
otherwise. For example,

Lu = a1y, + 2a12U5y + G2oUyy + a1uy + aouy, + au = f(X) (1.3.2)

is linear; if all coefficients a;i, a;, a are constant, we call it linear equation
with constant coefficients; otherwise we talk about wvariable coefficients.
Otherwise equation is called non-linear. However there is a more subtle
classification of such equations. Equations of the type (1.3.1) where the
right-hand expression f depend on the lower-order derivatives are called
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semilinear, equations where both coefficients and right-hand expression de-
pend on the lower-order derivatives are called quasilinear. For example

Lu = a11(x, Y) Uy + 2012(2, Y) Ugy + @22 (2, Y) Uy = f(x,y, u, uz, uy) (1.3.3)

is semilinear, and

Lu = (IH(ZL’, Y, U, Ug, uy)u$x+2a12(xv Y, U, Ug, uy)umy+a22 (IL‘, Y, U, Uy, uy)uyy
= f(@,y, u, uy, uy) (1.3.4)

is quasilinear, while
F(xyyauv uxauyauzxau:cyauyx) =0 (135)

is general nonlinear.

1.3.2 Elliptic, hyperbolic and parabolic equations
1.3.2.1 General

Consider second order equation (1.3.2):

Lu := Z Aijlg,qe; + 1.0t = f(x) (1.3.6)

1<i,j<n

where l.o.t. means lower order terms with a;; = a;;. Let us change variables
aiyp ... QAip

x = x(x'). Then the matriz of principal coefficients A =

Ap1 ... QApp
in the new coordinate system becomes A’ = Q*AQ where Q = T*~! and

T = <g;";>z . is a Jacobi matrix. The proof easily follows from the
chain rule (éal’w’lus I1).

Therefore if the principal coefficients are real and constant, by a linear
change of variables matrix of the principal coefficients could be reduced to
the diagonal form, where diagonal elements could be either 1, or —1 or
0. Multiplying equation by —1 if needed we can assume that there are at
least as many 1 as —1. In particular as n = 2 the principal part becomes
either Uy, + Uyy, OF Uzy — Uy, OF Uy, and such equations are called elliptic,


id:sect-1.3.2
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hyperbolic, and parabolic respectively (there will be always second derivative
as otherwise it would be the first order equation). !
Let us consider equations in different dimensions:

1.3.3 2D

If we consider only 2-nd order equations with constant real coefficients then
in appropriate coordinates they will look like either

Upy + Uyy + Lot = f (1.3.7)

or
Ugy — Uyy + Lot = f. (1.3.8)

and we call such equations elliptic and hyperbolic respectively.
What to do if one of the 2-nd derivatives is missing? We get parabolic
equations
Ugy — cuy + Lot = f. (1.3.9)

with ¢ # 0 (we do not consider cu, as a lower order term here) and IVP
uly—o = g is well-posed in the direction of y > 0 if ¢ > 0 and in direction
y < 0 if ¢ < 0. We can dismiss ¢ = 0 as not-interesting.
However this classification leaves out very important Schrodinger equa-
tion
Uz + ety =0 (1.3.10)

with real ¢ # 0. For it IVP u|,—o = ¢ is well-posed in both directions
y > 0 and y < 0 but it lacks many properties of parabolic equations (like
maximum principle or mollification; still it has interesting properties on its
own).

1.3.3.1 3D

Again, if we consider only 2-nd order equations with constant real coeffi-
cients then in appropriate coordinates they will look like either

Ugg + Uyy + Uz, + Lot = f (1.3.11)

IThis terminology comes from the curves of the second order (aka conical sections:
if aj1a09 — a%Q > 0 equation a11£2 + 2a12&n+ a22772 4+ a1€ + agn = ¢ generically defines an
ellipse, if ajjass — a2y < 0 this equation generically defines a hyperbole and if a1ag2 —
a?y = 0 it defines a parabole.
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or
Ugy + Uyy — Uz, + 10t = f. (1.3.12)

and we call such equations elliptic and hyperbolic respectively.
Also we get parabolic equations like
Uy + Uyy — cu, + Lot = f. (1.3.13)
What about
Ugy — Uyy — CU, + Lot = f7 (1.3.14)

Algebraist-formalist would call it parabolic-hyperbolic but since this equa-
tion exhibits no interesting analytic properties (unless one considers lack of
such properties interesting; in particular, IVP is ill-posed in both directions)
it would be a perversion.

Yes, there will be Schrodinger equation

Ugg + Uyy +icu, =0 (1.3.15)
with real ¢ # 0 but ug, — uyy + icu, = 0 would also have IVP u|,—y = ¢
well-posed in both directions.
1.3.3.2 4D
Here we would get also elliptic

Uy + Uyy + Usy + Uy + Lot = f, (1.3.16)
hyperbolic

Ugg + Uyy + Uz, — uy + Lot = f, (1.3.17)
but also wultrahyperbolic

Ugy + Uyy — Uz — Uy + Lot = f (1.3.18)

which exhibits some interesting analytic properties but these equations are
way less important than elliptic, hyperbolic or parabolic.
Parabolic and Schrodinger will be here as well.

Remark 1.3.1. The notions of elliptic, hyperbolic or parabolic equations are
generalized to higher dimensions (trivially) and to higher-order equations
but most of the randomly written equations do not belong to any of these
types and there is no reason to classify them.
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There is no complete classifications of PDEs and cannot be because any
reasonable classification should not be based on how equation looks like
but on the reasonable analytic properties it exhibits (which IVP or BVP
are well-posed etc).

1.3.3.3 Equations of the variable type

To make things even more complicated there are equations changing types
from point to point, f.e. Tricomi equation

Uy + TUyy = 0 (1.3.19)

which is elliptic as > 0 and hyperbolic as * < 0 and at x = 0 has a
“parabolic degeneration”. It is a toy-model describing stationary transsonic
flow of gas. These equations are called equations of the variable type (aka
mized equations).

Our purpose was not to give exact definitions but to explain a situation.

1.3.4 Scope of this Textbook

We mostly consider linear PDE problems.

We mostly consider well-posed problems

We mostly consider problems with constant coefficients.

We do not consider numerical methods.

1.4 Origin of some equations

1.4.1 Wave equation

Ezxample 1.4.1. Consider a string as a curve y = u(x,t) with a tension T’
and with a linear density p. We assume that |u,| < 1.

Observe that at point x the part of the string to the left from x pulls
it up with a force —F(z) := —T'u,. Indeed, the force T is directed along
the curve and the slope of angle  between the tangent to the curve and
horizontal line is u,; so sin(f) = u,/+/1 + u2 which under our assumption
we can replace by u,. On the other hand at point x the part of the string
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to the right from z pulls it up with a force F'(z) := —Tu,. Therefore the
total y-component of force applied to the segment of the string between
J = [x1, 2] equals

F(zy) — F(21) = /J OF (z) dx = /J Tu,, dz.

According to Newton law it must be equal to [ ; puge dx where pdx is the
mass and uy is the acceleration of the infinitesimal segment [z, z + dz:

/ Py dx = / Tug, dx.
J J

Since this equality holds for any segment J, the integrands coincide:
Py = Tz, (1.4.1)

Ezample 1.4.2. Consider a membrane as a surface z = u(z,y,t) with a
tension 7" and with a surface density p. We assume that |u,|, |u,,| < 1.

Consider a domain D on the plane, its boundary L and a small segment
of the length ds of this boundary. Then the outer domain pulls this segment
up with the force —T'n - Vuds where n is the inner unit normal to this
segment. Indeed, the total force is T'ds but it pulls along the surface and
the slope of the surface in the direction of n is =~ n - Vu.

Therefore the total z-component of force applied to D between x = x4
and equals due to (A1.1.1)

—/Tn-Vuds://V-(TVu)dxdy
L

According to Newton law it must be equal to [, puy dedy where pdady is
the mass and uy is the acceleration of the element of the area:

// puy dxdy = // TAudx
D [z1,22]

as V- (T'Vu) = TAu. Since this equality holds for any segment, the inte-
grands coincide:


../ChapterA/A.1.html#mjx-eqn-eq-A.1.1
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FExample 1.4.3. Consider a gas and let v be its velocity and p its density.
Then

pvi+ p(v - V)v = =Vp, (1.4.3)
pe+V-(pv)=0 (1.4.4)

where p is the pressure. Indeed, in (1.4.3) the left-hand expression is p%-v)
(the mass per unit of the volume multiplied by acceleration) and the right
hand expression is the force of the pressure; no other forces are considered.
Further (1.4.4) is continuity equation which means the mass conservation
since the flow of the mass through the surface element dS in the direction
of the normal n for time dt equals pn - v.

We need to add p = p(p). Assuming that v, p — po and their first
derivatives are small (py = const) we arrive instead to

pove = —p'(po)Vp, (1.4.5)
pr+poV-v=0 (1.4.6)
and then applying V- to (1.4.5) and 0, to (1.4.6) we arrive to

pit = Ap (1.4.7)

with ¢ = /p'(po).

1.4.2 Diffusion equation

FExample 1.4.4. Let u be a concentration of parfume in the still air. Consider
some volume V', then the quantity of the parfume in V at time t equals
[J[,, udzdydz and its increment for time dt equals

/// uy dedydz X dt.
v

On the other hand, the law of diffusion states that the flow of parfume
through the surface element dS in the direction of the normal n for time dt
equals —kVudSdt where k is a diffusion coefficient and therefore the flow
of the parfume into V' from outside for time dt equals

//S(—kVu)dedt:///‘/v.(kvu)dmdydzxdt
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due to (A1.1.2). Therefore if there are neither sources nor sinks (negative
sources) in V' these two expression must be equal

/// uy drdydz = /// (kVu) dedydz

where we divided by dt. Since these equalities must hold for any volume
the integrands must coincide and we arrive to continuity equation:

up =V - (kVu). (1.4.8)

If k is constant we get

uy = kAu. (1.4.9)

FExample 1.4.5. Consider heat propagation. Let T be a temperature. Then
the heat energy contained in the volume V' equals [[[, Q(T) dxdydz and
the heat flow (the flow of the heat energy) through the surface element dS
in the direction of the normal n for time dt equals —kVTdSdt where k is a
thermoconductivity coefficient. Applying the same arguments as above we
arrive to

Q =V - (kVT). (1.4.10)

which we rewrite as

¢, =V - (kVT). (1.4.11)

where ¢ = is a thermocapacity coefficient.
If both c and k are constant we get

8@

T, = kAT. (1.4.12)

In the real life ¢ and k depend on T'. Further, Q(7') has jumps at phase
transition temperature. For example to melt an ice to a water (both at 0°)
requires a lot of heat and to boil the water to a vapour (both at 100°) also
requires a lot of heat.

1.4.3 Laplace equation

Fxample 1.4.6. Considering all examples above and assuming that unknown
function does not depend on t (and thus replacing corresponding derivatives
by 0) we arrive to the corresponding stationary equations the simplest of
which is

Au = 0. (1.4.13)
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FExample 1.4.7. In the theory of complex variables one studies holomorphic
function f(z) satisfying a Cauchy-Riemann equation 0;f = 0. Here z =
r+iy, [ =u(z,y)+iv(z,y) and J; = %(393 + 10, ); then this equation could
be rewritten as

O,u — Oyv = 0, (1.4.14)
0, + 0yu = 0, (1.4.15)

which imply that both wu, v satisfy (1.4.13).

1.5 Problems to Chapter 1

Problem 1.5.1. Consider first order equations and determine if they are
linear homogeneous, linear inhomogeneous or non-linear (u is an unknown
function):

ur + xu, =0, (1.5.1)

u + uu, = 0, (1.5.2)
U+ xuy, —u =0, (1.5.3)
up + uuy + =0, (1.5.4)
Uy + Uy — u® =0, (1.5.5)
ul —u—1=0, (1.5.6)
w2 +up —1=0, (1.5.7)
XUy + YUy, + 2u, =0, (1.5.8)
ul +u +ul—1=0, (1.5.9)
u +ul +ul =0. (1.5.10)

For non-linear equations determine if they are quasilinear (quasilinear=
linear with respect to first-order derivatives (u,,u,), but not to derivatives
and function itself (uy,u,, u).

Problem 1.5.2. Consider equations and determine their order; determine if
they are linear homogeneous, linear inhomogeneous or non-linear (u is an
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unknown function):

up + (1 4+ 2%y, = 0,

uy — (14 u?)ug, = 0,

Uy + Uggy = 0,

Ut + Uy + Uggr = 0,

Ut + Upggs = 0,

Ut + Uggee +u =0,

Utt + Uggry + sin(z) = 0,

Ugt + Ugzze + sin(x) sin(u) = 0.

Uy = 0, (1.5.19)
Ugy = 2y, (1.5.20)
Uy = €Y, (1.5.21)
Ugy = 2uy + ™1, (1.5.22)

Hint: Introduce v = u, and find it first.

Problem 1.5.4. Find the general solutions to the following equations

Ullyy = Ugly, (1.5.23)
Uy = 2Ug Uy, (1.5.24)
Uy = Uglly (1.5.25)

Hint: Divide two first equations by uu, and observe that both the right and
left-hand expressions are derivative with respect to y of In(u,) and In(u)
respectively. Divide the last equation by wu,.

Problem 1.5.5. Find the general solutions to the following equations

Uaayy = 0, (1.5.26)
Ugys = 0, (1.5.27)
Ugayy = sin(x) sin(y), (1.5.28)
Ugy. = sin(z) sin(y) sin(z), (1.5.29)
Ugy. = sin(z) + sin(y) + sin(2). (1.5.30)



Chapter 2

l-dimensional waves

In this Chapter we first consider first order PDE and then move to 1-
dimensional wave equation which we analyze by the method of characteris-
tics.

2.1 First order PDEs

2.1.1 Introduction

Counsider PDE
auy + buy, = 0. (2.1.1)

Note that the left-hand expression is a directional derivative of u in the
direction ¢ = (a,b). Consider an integral lines of this vector field:
dt  dx
a b
Remark 2.1.1. Recall from ODE cours that an integral line of the vector
field is a line, tangent to it in each point.

(2.1.2)

2.1.2 Constant coefficients

If @ and b are constant then integral curves are just straight lines t/a—z /b =
C where C' is a constant along integral curves and it labels them (at least
as long as we consider the whole plane (z,t)). Therefore u depends only on

C: ,
u=¢(-—=) (2.1.3)
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where ¢ is an arbitrary function.
This is a general solution of our equation.
Consider initial value condition u|; = 0 = f(z). It allows us define ¢:

¢(x) = f(z). Plugging in u we get

t x
= f(———=). 2.1.4
Y f(a b) ( )
It is a solution of IVP
au; + bu, =0, (2.1.5)
u(x,0) = f(z). o

Obviously we need to assume that a # 0.
If @ = 1 we can rewrite general solution in the form u(x,t) = ¢1(x — bt)
where ¢1(x) = ¢(—x/b) is another arbitrary function.

Definition 2.1.1. Solutions u = x(z — ct) are running waves where c is a
propagation speed.

2.1.3 Variable coefficients

If a and/or b are not constant these integral lines are curves.

FExample 2.1.1. Consider equation u; + tu, = 0. Then equation of the
integral curve is % = de or equivalently tdt — dx = 0 which solves as
x — 3t* = C and therefore u = ¢(z — 3t?) is a general solution to this
equation.

One can see easily that u = f(z — %tQ) is a solution of IVP.

FExample 2.1.2. Consider the same equation but let us consider IVP as z = 0:
u(0,t) = g(t). However it is not a good problem: first, some integral curves
intersect line = 0 more than once and if in different points of intersection
of the same curve initial values are different we get a contradiction (therefore
problem is not solvable for g which are not even functions).

On the other hand, if we consider even function g (or equivalently impose
initial condition only for ¢ > 0) then u is not defined on the curves which
are not intersecting # = 0 (which means that u is not defined for x > %t2.)

In this example both solvability and unicity are broken.
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2.1.4 Right-hand expression

Consider the same equation albeit with the right-hand expression

auy + bu, = f. (2.1.6)
Then as % = de we have du = wdt + u,dr = (au; + bux)% = % and
therefore we expand our ordinary equation (2.1.2) to

dt dr du

== 2.1.7

C T T (2.1.7)

FExample 2.1.3. Consider problem u; + u, = x. Then de = % = %“. Then
r—t=Cand u— 32> = D and we get u — 322 = ¢(z — t) as rela-
tion between C' and D both of which are constants along integral curves.
Here ¢ is an arbitrary function. So u = %xQ + ¢(x —t) is a general so-
lution. Imposing Imposing initial condition ul—o = 0 (sure, we could im-

pose another condition) we have ¢(z) = —32* and plugging into u we get
u(z,t) = 322 — Lz —t)? = ot — L%

Example 2.1.4. Consider u; + zu, = xt. Then % = d?”” = %. Solving the
first equation t —Inz = —InC = z = Ce' we get integral curves. Now
we have

du

— =dt = du=atdt =Cte'dt = u=C({t—-1)e'+D=a(t—1)+D
where D must be constant along integral curves and therefore D = ¢(ze™)
with an arbitrary function ¢. So u = x(t — 1)+ ¢(xe™") is a general solution
of this equation.

Imposing initial condition ul—g = 0 (sure, we could impose another
condition) we have ¢(z) = z and then u=xz(t — 1+ e ").

2.1.5 Linear and semilinear equations
Definition 2.1.2. If a = a(z,t) and b = b(z, t) equation is semilinear.

In this case we first define integral curves which do not depend on u and
then find u as a solution of ODE along these curves.

Definition 2.1.3. Furthermore if f is a linear function of u: f = ¢(x,t)u+
g(z,t) original equation is linear.
In this case the last ODE is also linear.
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Example 2.1.5. Consider u; + xu, = u. Then % = df = ‘%‘. Solving the
first equation t —Inz = —InC = x = Ce' we get integral curves. Now
we have

du

—=dt = lnu=t+InD = u= De' = ¢(ze ")
u

which is a general solution of this equation.

Imposing initial condition u|,—g = z* (sure, we could impose another
condition) we have ¢(z) = z? and then u = z%e™.
Ezxample 2.1.6. Consider u; + zu, = —u?. Then % = df = —j—g. Solving
the first equation x = Ce' we get integral curves. Now we have

——=dt = u'=t+D = u=(t+d(xe ")) L.

which is a general solution of this equation.

2.1.6 Quasilinear equations

Definition 2.1.4. If a and/or b depend on w this is quasininear equation.

For such equations integral curves depend on the solution which can
lead to breaking of solution.

Ezample 2.1.7. Consider Burgers equation u; + uu, = 0 (which is an ex-
dr _ du

tremely simplified model of gas dynamics. ) We have % = & = ¢ and
therefore u = const along integral curves and therefore integral curves are
x—ut=C.

Consider initial problem u(x,0) = f(x). We take initial point (y,0),
find here u = f(y), then x — f(y)t = y (think why?) and we get u = f(y)
where y = y(z,t) is a solution of equation x = f(y)t + y.

The trouble is that we can define y for all z only if (%(f(y)t + y) does
not vanish. So, f'(y)t + 1 # 0.

This is possible for all ¢ > 0 if and only if f'(y) > 0 i.e. f is a monotone
non-decreasing function.

So, classical solution breaks if f is not a monotone non-decreasing func-
tion. A proper understanding of the global solution for such equation goes

well beyond our course.

Example 2.1.8. Traffic flow is considered in Appendix 2.A.
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2.1.7 IBVP

Consider IBVP (initial-boundary value problem) for constant coefficient
equation

u; + cuy =0, z>0,t>0,

{ ' (2.1.8)

uli—o = f(x) x> 0.

The general solution is u = ¢(x — ct) and plugging into initial data we get
¢(x) = f(x) (as z > 0).

So, u(z,t) = f(x — ct). Donel-Not so fast. f is defined only for x > 0
so u is defined for z — ¢t > 0 (or > ct). It covers the whole quadrant if
¢ < 0 (so waves run to the left) and only in this case we are done.

If ¢ > 0 (waves run to the right) w is not defined as = < ¢t and to
define it here we need a boundary condition at x = 0. So we get IBVP
(initial-boundary value problem)

Uy + cu, = 0, x>0,t>0,
uli—o = f(2) x>0, (2.1.9)
Ulp—o = g(t) t>0.

Then we get ¢(—ct) = g(t) as ¢t > 0 which implies ¢(z) = g(—1z) as z < 0
and then u(z,t) = g(—1(z — ct)) = g(t — 12) as x < ct.
So solution is

flz —ct) x > ct,
u= ! (2.1.10)
g(t — —x) x < ct.
c

2.A Derivation of a PDE describing traffic
flow

The purpose of this discussion is to derive a toy-model PDE that describes
a congested one-dimensional highway (in one direction). Let

e p(x,t) denote the traffic density: the number of cars per kilometer at
time ¢ located at position x;

e ¢(z,t) denote the traffic flow: the number of cars per hour passing a
fixed place x at time t;
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e N(t,a,b) denote the number of cars between position z = a and x = b
at time 2.

It is directly implied by definition of p(x,t) is

N(t,a,b) = /b p(t,x)dx. (2.A.1)

By definition of ¢ and conservation of cars we have:

a—N(t,a,b) _ lim N(t+ h,a,b) — N(t,a,b)
ot h—0

_ iy Mt @) — q(t,0))

h—0 h

Differentiating (2.A.1) with respect to ¢

ON ’
o pi(t, x)dx

a

making it equal to (2.A.2) we get the integral form of “conservation of cars”:

b
[ ptta)de = gtt.a) = ate.b),
Since a and b are arbitrary, it implies that p, = —q,. The PDE

is conservation of cars equation.
After equation (2.A.3) or more general equation

(where f = fin — fout, findxdt and fu,dxdt are numbers of cars enter-
ing /exiting highway for time dt at the segment of the length dx) has been
derived we need to connect p and q.

The simplest is ¢ = c¢p with a constant ¢: all cars are moving with the
same speed ¢. Then (2.A.3) becomes
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However more realistic would be ¢ = ¢(p) being monotone decreasing func-
tion of p with ¢(0) = ¢y (speed on empty highway) and ¢(p) = 0 where p is
a density where movement is impossible. Assume that ¢(p) = ¢(p)p has a
single maximum at p*. Then

pt + vp, = 0. (2.A.6)

with
v=uv(p) =q(p) =clp) +(p)p (2.A.7)

where ’ is a derivative with respect to p. Therefore p remains constant along
integral line © — v(p)t = const.

v = v(p) is the group speed namely the speed with which point where
density equals given density p is moving. Here v(p) < ¢(p) (because ¢ < 0),
so group speed is less than the speed of the cars (simply cars may join the
group from behind and leave it from its front). Further v > 0 as p < p*
and v < 0 as p > p*; in the latter case the group moves backward: the jam
grows faster than it moves.

Also the integral lines may intersect (loose and faster moving group
catches up with dense and slower group). When it happens p becomes
discontinuous, (2.A.3) still holds but (2.A.6) fails (it is no more equivalent
to (2.A.3) ) and the theory becomes really complicated.

Remark 2.1.1. In the toy-model of gas dynamics ¢(p) = p, or more general
d(p) > 0 and v(p) > c(p).
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2.1.1 Problems

Problem 2.1.1. (a) Draw characteristics and find the general solution to
each of the following equations

2uy + 3u, = 0; (2.1.8)
g + tu, = 0; (2.1.9)
up + zu, = 0; (2.1.10)
uy + 12U, = 0 (2.1.11)
Uy + 2°u, = 0. (2.1.12)

(b) Consider IVP problem u|i—g = f(x) as —oo < x < o0o; does solution
always exists? If not, what conditions should satisfy f(z)?

(¢) Where this solution is uniquely determined?

(d) Consider this equation in {t > 0,z > 0} with the initial condition
uli=o = f(z) as = > 0; where this solution defined? Is it defined
everywhere in {t > 0,2 > 0} or do we need to impose condition at

x = 07 In the latter case impose condition u|,—g = g(t) (¢ > 0) and
solve this IVBP;

(e) Consider this equation in {¢ > 0,2 < 0} with the initial condition
uli—o = f(x) as x < 0; where this solution defined? Is it defined
everywhere in {t > 0,2 < 0} or do we need to impose condition at
x = 07 In the latter case impose condition u|,—g = g(t) (¢ > 0) and
solve this IVBP;

(f) Consider problems (d) as ¢t < 0;

(g) Consider problems (e) as t < 0;

Problem 2.1.2. (a) Find the general solution to each of the following equa-
tions

Uy + yu, =0, (2.1.13)
Uy — Yty =0 (2.1.14)

in {(z,y) # (0,0)}; when this solution is continuous at (0,0)? Explain
the difference between these two cases;
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(b) Find the general solution to each of the following equations
Yyuy + zuy = 0, yu, — xu, =0 (2.1.15)
in {(z,y) # (0,0)}; when this solution is continuous at (0,0)? Explain
the difference between these two cases;
Problem 2.1.3. In the same way consider equations
(2% + Dyus + (v + 1)aw, = 0;
(z® + Dyu, — (y* + 1)zu, = 0.
Problem 2.1.4. Find the solution of

fi
Problem 2.1.5. Find the general solutions to each of
YUy — TUy = T; (2.1.17)
yu, — Tu, = 1% (2.1.18)
Ty + TUy = T; (2.1.19)
YU, + zu, = 2% (2.1.20)
In one instance solution does not exist. Explain why.
Problem 2.1.6. Solve IVP
Uy + uu, =0, t>0; (2.1.21)
uli=o = f(2) (2.1.22)

and describe domain in (x,t) where this solution is properly defined with
one of the following initial data

f(z) = tanh(z); (2.1.23)

f(z) = — tanh(z); (2.1.24)
(—1 2 < —a,

flz)=4 z/a —a<z<aq, (2.1.25)
1 2>
( 1 x< —a,

f(x) =% —z/a —a<z<a, (2.1.26)

-1 x> a;
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fx) = { _1 ’ i 8j (2.1.27)

f(x) = sin(x). (2.1.28)
sin(z) |z| <,

flz) = {0 o> (2.1.29)
—sin(z) |z| <,

f(z) = {0 o> (2.1.30)

Here a > 0 is a parameter.

2.2 First order PDEs (continued)

2.2.1 Multidimensional equations

Remark 2.2.1. Multidimensional equations (from linear to semilinear)

auy + Z bjtg; = f(21,. .., T, t,u) (2.2.1)
j=1
and nonlinear
F(xy, ... @, tu, gy, ooy Uy, uy) =0 (2.2.2)

could be solved by the same methods.

For example, if a = 1, b; = const and f = 0 the general solution of
(2.2.1) is u = ¢(x1 — byt ..., x, — b,t) where ¢ is an arbitrary function of
n variables.

2.2.2 Multidimensional non-linear equations
We consider fully non-linear multidimensional equation in R"
F(z,u,Vu) =0 (2.2.3)

(we prefer such notations here) with = = (z1,...,x,), Vu = (ug, ..., ug,)
and the initial condition
uly =g (2.2.4)
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where ¥ is a hypersurface. If F' = u,, — f(z,u, Uy, ..., uy,) and ¥ = {21 =
0} then such problem has a local solution and it is unique. However we
consider a general form under assumption

Z F,, (x,u,p)!p:Vuuj #+0 (2.2.5)

1<j<n

where v = v(x) = (v1,...,1,) is a normal to ¥ at point x.

Consider p = Vu and consider a characteristic curve in z-space (n-
dimensional) % = F,, which is exactly (2.2.8) below. Then by the chain
rule

dp; dxy,

S S T
k k

du dzxy,
k k

The last equation is exactly (2.2.10) below. To deal with (2.2.6) we differ-
entiate (2.2.3) by z;; by the chain rule we get

0 =0, (F(m, u, Vu)) = Fr].—i—Fuumj—l—Z FoPkz; = ij—i‘Fquj—l-Z T
k k

and therefore the r.h.e. in (2.2.6) is equal to —Fz;} — Fuqzr;} and we
arrive exactly to equation (2.2.9) below.

So we have a system defining a characteristic trajectory which lives in
(2n + 1)-dimensional space:

dx.;

% = F,. (2.2.8)

dn;

—L = —Fy, — Fup;, (2.2.9)

du

= > F,p; (2.2.10)
1<j<n

Characteristic curve is n-dimensional z-projection of the characteristic tra-
jectory. Condition (2.2.5) simply means that characteristic curve is transver-
sal (i. e. is not tangent) to X.

Therefore, to solve (2.2.3)-(2.2.4) we
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(a) Find Vyu = Vyxg at ¥ (i.e. we find gradient of u along 3; if 3 =
{z1 = 0} then we just calculate u,,, ..., u;,);

(b) From (2.2.3) we find the remaining normal component of Vu at ¥;
so we have (n — 1)-dimensional surface ¥* = {(z,u, Vu),z € ¥} in
(2n + 1)-dimensional space.

(¢) From each point of ¥* we issue a characteristic trajectory described
by (2.2.8)-(2.2.10). These trajectories together form n-dimensional
hypesurface A in (2n + 1)-dimensional space.

(d) Locally (near ¢ = 0) this surface A has one-to-one z-projection and
we can restore u = u(x) (and Vu = p(x)).

However this property (d) is just local.

Remark 2.2.2. We have not proved directly that this construction always
gives us a solution but if we know that solution exists then our arguments
imply that it is unique and could be founds this way. Existence could be
proven either directly or by some other arguments.

Remark 2.2.3. (a) Important for application case is when F' does not de-
pend on u (only on z,p = Vu) and (2.2.8)-(2.2.10) become highly
symmetrical with respect to (z,p):

d .

% = F,, (2.2.11)

% ——F,, (2.2.12)

du

- = Z p;Fy,. (2.2.13)
1<j<n

This is so called Hamiltonian system with the Hamiltonian F(z,p).

(b) In this case we can drop u from consideration and consider only (z, p)-
projections of ¥* and A.
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2.2.3 Problems

Problem 2.2.1. (a) Find the general solution to each of the following equa-

tions
g + 3uy — 2uy, = 0; (2.2.14)
w + xuy + yu, = 0; (2.2.15)
up — TUy — yu, = 0; (2.2.16)
U + YU, + xuy = 0; (2.2.17)
w — Yu, — zuy, = 0. (2.2.18)

(b) Solve IVP u(z,y,0) = f(z,y).
Problem 2.2.2. (a) Find the general solution to each of the following equa-

tions
w + 3u, — 2uy = x; (2.2.19)
U + Uy + YUy, = T (2.2.20)
Up — Ty — YUy = T; (2.2.21)
U + YUy + TUy = T; (2.2.22)
Up — YUy — TUy = . (2.2.23)
(b) Solve IVP w(z,y,0) = 0.

2.3 Homogeneous 1D Wave equation

Consider equation
Ust — CPUgy = 0. (2.3.1)

2.3.1 Physical examples

Remark 2.3.1. As we mentioned in section 1.4 this equation describes a lot
of things.

Fxample 2.3.1. Consider a string with the points deviating from the original
position (along z) in the orthogonal direction (y); so the string is described
by y = u(x,t) at the moment ¢ (so u is a displacement along y). In this
case ¢ = T'/p where T is a tension of the string and p is a linear density
of it.
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FExample 2.3.2. This equation also describes compression-rarefication waves
in elastic 1-dimensional media. Then u(x,t) is displacement along .

Example 2.3.3. Consider a pipe filled by an ideal gas. Then ¢ = p(p)/p
where p is a density and p(p) is a pressure (for an ideal gas at the given
temperature such ratio is constant and due to Mendeleev-Clapeyron equa-
tion it is proportional to absolute temperature 1" which is assumed to be a
constant). Then f.e. u may denote a density p(x,t) at point  at time t.

Remark 2.3.2. ¢ has a dimension of the speed. In the example above c is a
speed of sound.

2.3.2 General solution
Let us rewrite formally equation (2.3.1) as
(0} — 0%) = (0y — ¢0,) (0 + cOp)u = 0. (2.3.2)

Denoting v = (0; + c0,)u = uy + cu, and w = (0 — cO)u = uy — cu, we
have

vy — cv, =0, (2.3.3)
wy + cw, = 0. (2.3.4)

But from Section 2.1 we know how to solve these equations

v =2c¢'(x + ct), (2.3.5)
w = —2c(x — ct) (2.3.6)

where ¢’ and v’ are arbitrary functions. We find convenient to have fac-
tors 2¢ and —2¢ and to denote by ¢ and ¢ their primitives (aka indefinite
integrals). Recalling definitions of v and w we have

u + cuy = 2c¢’ (x + ct),

up — cuy = —2c’ (x — ct).
Then

ctuy =@ (x+ct) — Y (x — ct),
u, = ¢’ (x + ct) + ' (z — ct).


./S2.1.html

CHAPTER 2. 1-DIMENSIONAL WAVES 36

The second equation implies that v = ¢(z + ct) + (x — ct) + ®(¢) and
plugging to the first equation we get ® = 0, thus ¢ = const.
So,
u=¢(x+ct)+P(xr — ct) (2.3.7)

is a general solution to (2.3.1). This solution is a superposition of two
waves u; = ¢(z + ct) and us = (x — ct) running to the left and to the
rightrespectively with the speed c. So c¢ is a propagation speed.

Remark 2.3.3. Adding constant C' to ¢ and —C' to 1) we get the same
solution u. However it is the only arbitrarness.

2.3.3 Cauchy problem
Let us consider IVP (initial-value problem, aka Cauchy problem) for (2.3.1):

Uy — gy = 0, (2.3.8)

uli—o = g(), Ugli—o = h(x). (2.3.9

Plugging (2.3.7) into initial conditions we have

$(x) + () = gl), (2:3.10)

o/ (w) = et/ (@) = ho) = 0() (o) = ¢ [ hw)dy. (2311
Then

oe) = 59()+ 5 [ hiw)dy 2.3.12)

v(w) = 59(0) — 5 [ bt (23.13)

Plugging into (2.3.7) and using property of an integral we get D’Alembert
formula

r+ct
u(z,t) = =[g(z+ct) + g(x —ct)] + — / h(y) dy. (2.3.14)

1
2 2¢ Jp—ut

Remark 2.3.4. Later we generalize it to the case of inhomogeneous equation
(with the right-hand expression f(z,t) in (2.3.8).
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2.3.4 Problems

Problem 2.3.1. Find the general solutions of

Utt — Ugy = 07
U — DUy = 07
Ut — Mgy = Oa
dugy — Ugy = 07
Ut — 9“:1::10 =0.

Problem 2.3.2. Solve IVP

2
Uy — C Uggy = 07

Ulimo = g(x), Utl—o = h(x)

with

=0, h(z) = 1;
0 x <0,

= v h(x) = 0;
1 x>0.
1 <1,

= 2 h(x) = 0;
0 |z|>1.

_ cos(z) |x| <m/2, W) = 0.

|z| > /2.

Problem 2.3.3. Find solution to equation

Autt + 2Butz + C’utt =0

37

r <0,
x> 0.
| <1,
lz] > 1.

cos(z) |z| <m/2,

|x| > /2.

(2.3.22)
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as
u= f(x —cit) + g(x — cot) (2.3.23)

with arbitrary f, g and real ¢; < cs.

(a) What equation should satisfy ¢; and co?

(b) When this equation has such roots?

Problem 2.3.4. A spherical wave is a solution of the three-dimensional wave
equation of the form u(r,t), where r is the distance to the origin (the spher-
ical coordinate). The wave equation takes the form

2
Uy = ¢ (upr + ~u,) (“spherical wave equation”). (2.3.24)
r

(a) Change variables v = ru to get the equation for v: vy = c?v,.,.

(b) Solve for v using

v=f(r+ct)+ g(r—-ct) (2.3.25)
and thereby solve the spherical wave equation.
(c) Use
1 1 r+ct
v(r,t) = 5 [6(r +ct) + ¢(r — ct)] + % Y(s)ds (2.3.26)
r—ct
with ¢(r)

= v(r,0), ¥(r) = v(r,0) to solve it with initial conditions
u(r, 0) = &(r), w(r,0) =
(d) Find the general form of solution u to (2.3.24) which is continuous as
r = 0.

U(r).

Problem 2.3.5. Find formula for solution of the Goursat problem

Up — gy = 0, x > clt|, (2.3.27)
Ulpe—er = g(2), t <0, (2.3.28)
Uoer = h(L), t>0 (2.3.29)

as g(0) = h(0).
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Problem 2.3.6. Often solution in the form of travelling wave u = ¢(z—vt) is
sought for more general equations. Here we are interested in the bounded
solutions, especially in those with ¢(x) either tending to 0 as |z] — oo
(solitons) or periodic (kinks). Plugging such solution to equation we get
ODE for function ¢, which could be either solved or at least explored. Sure
we are not interested in the trivial solution which is identically equal to 0.

(a) Find such solutions for each of the following equations

Ut — gy +mPu = 0; (2.3.30)

Ut — CPlUgy — m2u = 0 (2.3.31)

the former is Klein-Gordon equation. Describe all possible velocities
v.

(b) Find such solutions for each of the following equations

Uy — Kgy, = 0; (2.3.32)
Uy — 1K Uy, = 0; (2.3.33)

Problem 2.3.7. Look for solutions in the form of travelling wave for sine-

Gordon equation
Uy — gy + sin(u) = 0. (2.3.35)

observe that resulting ODE is describing mathematical pendulum which
could be explored. Describe all possible velocities v.
Problem 2.3.8. Look for solutions in the form of travelling wave for each of
the following equations
Upt — Ugy + 1 — 2u> = 0; (2.3.36)
Ugp — Ugy — U+ 2u° = 0; (2.3.37)

(a) Describe kinks. Describe all possible velocities v.
(b) Find solitons. Describe all possible velocities v.

Problem 2.3.9. For a solution u(x,t) of the wave equation u; = c*u,,, the
enerqy density is defined as e = %(u? + c2u§:) and the momentum density
as P = Clyly.
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(a) Show that

de  Op op  Oe
% = ‘3 and 5 = o5 (2.3.38)

(b) Show that both e(z, ) and p(z,t) also satisfy the same wave equation.

Problem 2.3.10. (a) Consider wave equation uy — u,, = 0 in the rectangle
0 <z <a,0<t<band prove that if a and b are not commensurable (i.e.
a : b is not rational) then Dirichlet problem u|;—g = w—p = U|p—g = U|p=q =
0 has only trivial solution.

(b) On the other hand, prove that if a and b are commensurable then there
exists a nontrivial solution u = sin(px/a) sin(gt/b).

2.4 1D Wave equation reloaded:
characteristic coordinates

2.4.1 Characteristic coordinates

We realize that lines x + ¢t = const and x — ¢t = const play a very special
role in our analysis. We call these lines characteristics. Let us introduce
characteristic coordinates

=z + ct,
¢ (2.4.1)
n=2x — ct.
Proposition 2.4.1.
U — Clgy = —402u§n. (2.4.2)

Proof. From (2.4.1) we see that = 3(+n) and ¢ = o-({ —n) and therefore

due to chain rule vg = %vx + Qicvt and v, = %vx — %cvt and therefore

1
—402u§77 = —Z(cax + 0,)(cOy — O))u = gy — C*Ugy.

O

Therefore wave equation (2.3.1) becomes in the characteristic coordi-

nates
Ugy = 0 (2.4.3)
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which we rewrite as (u¢), = 0 = ue = ¢'(§) (really, ue should not
depend on 7 and it is convenient to denote by ¢(£) the primitive of wg).
Then (u— ¢(€))e =0 = u— ¢(&) = ¥(n) (due to the same arguments)
and therefore

u= (&) +4(n) (2.4.4)
is the general solution to (2.4.3).

2.4.2 Application of characteristc coordinates
Ezample 2.4.1. Consider Goursat problem for (2.4.3):

Ugp = 0 as {>0,n>0

ulp=o =9g(§)  as&>0,

ulg=o = h(n) as 7 >0

where g and h must satisfy compatibility condition g(0) = h(0) (really
9(0) = u(0,0) = h(0)).

Then one can see easily that u(§,n) = g(&) + h(n) — g(0) solves Goursat
problem.

Plugging (2.4.1) into (2.4.4) we get for a general solution (2.3.1)

u=¢(x+ct) +(x — ct) (2.4.5)

which is exactly (2.3.7).

2.4.3 D’Alembert formula

So far we achieved nothing new. Consider now IVP:

Uy — gy = f(z,1), (2.4.6)
uli—o = g(7), (2.4.7)
Ut|i=0 = h(x). (2.4.8)

It is convenient for us to assume that ¢ = h = 0. Later we will get rid off
this assumption. Rewriting (2.4.6) as

1 -
’&&7 = _4_62]0(6’17)
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(where @ etc means that we use characteristic coordinates) we get after
integration

[ 1 (7. y
o= | Fennar = g5 [ Fe o

with an indefinite integral in the middle. Note that ¢ = 0 means exactly
that & = n but then ue = 0 there. Really, u¢ is a linear combination of w;
and wu, but both of them are 0 as t = 0. Therefore ¢'({) = 0 and

1 (¢
4—62/ f&n')dy
n

where we flipped limits and changed sign.
Integrating with respect to & we arrive to

i= /ffndn]d£ //ffn ] de'i(n)

and 1(n) also must vanish because u =0 ast =0 (i.e. £ =1n). So

1 3 IS
em =gz | [ [ €] (249)

We got a solution as a double integral but we want to write it down as
2-dimensional integral

~ 1 rrel ! /
a(&,m) = @//A(g’n)f(f,n)dndf- (2.4.10)

But what is A? Consider & > 7. Then ¢’ should run from 7 to & and for
fixed ¢, n < & < £ eta should run from 7 to . So, we get a triangle
bounded by & =7/, ¢ =& and / = n:

But in coordinates (z,t) this domain A(z,t) is bounded by ¢ = 0 and
two characteristics:

- So, we get

1
(o) = — / / £ 1) da'dt. (2.4.11)
2¢ JJA@p

because we need to replace d¢‘dn’ by |J|dx'dt’ with Jacobian J.
FExercise 2.4.1. Calculate J and justify factor 2c.
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t/

(x —ct,0)

2.4.4 Problems
Problem 2.4.1. Solve IVP

U — Uy = f(2,1);

uli=o = g(z),
Ut)i=o = h(x)
with
f(z,t) = sin(ax), g(x) =0,
f(z,t) = sin(ax) sin(5t), g(x) =0;
fa,t) = f(z), g(x) =0,
fz,t) = f(2)t, g(x) =0,
in the case (2.4.17) assume that f(z)

assume that f(x) = F"(x).

(x + ct,0) 2
h(z) = 0;
h(z) =0,
h(zx) = 0;
h(z) =0,

43
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Problem 2.4.2. Find formula for solution of the Goursat problem

Uy — Uy = f(2,1), x> clt], (2.4.19)
Ulpe—et = g(1), t <0, (2.4.20)
U|zeer = h(1), t>0 (2.4.21)

as g(0) = h(0).
Hint. Contribution of the right-hand expression will be

1 // ! 4l !/ /
- — fa' ) da'dt (2.4.22)
4c? R(z,t)
with R(z,t) = {(2/,t'): 0 <2’ —ct' <z —ct, 0 <2’ + ct' <z + ct}.

Problem 2.4.3. Find the general solutions of the following equations:

Uy = Uglly U~ (2.4.23)
Uy = Uy Uy, (2.4.24)
Ug Uy U

u Y 'LL2 + 1 ( )

2.5 Wave equation reloaded (continued)

We solved IVP with homogeneous (= 0) initial data for inhomogeneous
wave equation. Now consider both inhomogeneous data and equation. So
we consider problem (2.4.6)(2.4.8):

Uy — gy = f(2,1), (2.5.1)
uli=0 = g(z), (2.5.2)
Ut|i=0 = h(x). (2.5.3)

when neither f, nor g, h are necessarily equal to 0.

The good news is that our equation is linear and therefore u = us + u4
where u, satisfies problem with right-hand function f(x,¢) but with ¢ and
h replaced by 0 and us satisfies the same problem albeit with f replaced by
0 and original g, h:

Uiy — Uiy = f(,1), Uggr — CP Uy = 0,

ul‘t:ﬂ =0, U2‘t=o = g(m)a

ult’t:O =0 u2t|t:0 = h(.]?)
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FEzercise 2.5.1. Prove it.

Then u, is given by (2.4.11 and ws is given by (2.3.14) (with (f, g) —
(g,h))and adding them we arrive to the final

u(z,t) = [g(x +ct) + g(x — ct)} + — /Hd h(y) dy +

2C T—ct

N | —

=usg

1
1 / / F@ ) dudt . (2.5.4)
2¢ J Ja@y

ul

where recall that A(x,t) is a characteristic triangle:

t/

(x — ct,0) (x + ct,0) 2’

This formula is also called D’Alembert formula.

Remark 2.5.1. Note that integral of h in us is taken over base of the char-
acteristic triangle A(x,t) and g is taken in the ens of this base.

2.5.1 Wave equation reloaded (Duhamel integral)

We discuss formula (2.5.4) in details in the next lecture and now let us
derive it by a completely different method. Again, in virtue of (2.3.14) we
need to consider only the case when g = h = 0.



CHAPTER 2. 1-DIMENSIONAL WAVES 46

Let us define an auxillary function U(x,t,7) (0 < —7 < —t) as a solution
of an auxillary problem

Uy — AU = 0, (2.5.5)
Uli=r =0, (2.5.6)
Utli=r = f(z, 7). (2.5.7)
We claim that
Proposition 2.5.1.
t
u(z,t) = /0 Uz, t,7)dr (2.5.8)

1S a required solution.

Proof. Note first that we can differentiate (2.5.8) by z easily:

t t
Uy :/ Uz, t,T)dr, U :/ Upe(z,t,7) dT (2.5.9)
0 0

and so on. Let us find u;. Note that u depends on ¢ through its upper limit
and through integrand. We apply formula

%( /a i(:) F(t,7)dr) =

B(t)
~ Fltalt)a'(t) + Flt. 503 () + oF

—(t,7)d 2.5.1
[ Bt 2510)

which you should know but we will prove it anyway.
Asa =0, =twehave o =0, 8/ =1 and

¢
up = Uz, t,t) + / U(x,t,7)dr.
0
But U(z,t,t) =0 due to (2.5.6) and therefore

t
Ut:/ Ut<.fl',t,7')d7'. (2511)
0
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We can differentiate this with respect to = as in (2.5.9). Let us differentiate
by t. Applying the same (2.5.10) we get

t
Ut = Ut<$,t,t) +/ Utt(l',t,T) dT.
0

Due to (2.5.7) Uy(x,t,t) = f(z,t):

¢
uy = f(x,t) +/ Uy (x,t,7)dT.
0

Therefore

Uty — C2u:px = f(l’,t) + /t (Utt - CzUxx)(l’,t,T) dr = f(l’,t)
0

— ]

where integrand vanishes due to (2.5.5). So, u really satisfies (2.5.1). Due
to (258) and (2511) 'U/|t:0 = ut|t:0 =0. ]

Formula (2.5.8) is Duhamel integral formula.

Remark 2.5.2. 1t is not important that it is wave equation: we need assume
that equation is linear and has a form wy + Lu = f where Lu is a linear
combination of v and its derivatives but with no more than 1 differentiation
by t.

Now we claim that

z4c(t—T)
Uz, t,7) = 2—0/ f(a',7)da. (2.5.12)

—c(t—T)

Really, changing variable ¢ =t — 7 we get the same problem albeit with ¢’
instead of ¢ and with initial data at ¢’ = 0.
Plugging (2.5.12) into (2.5.8) we get

u(x,t) = /Ot ! [/:Jr(:(t_ﬂ f(a',7) dx’] dr. (2.5.13)

2¢ —c(t—T)

FEzercise 2.5.2. Rewrite double integral (2.5.13) as a 2D-integral in the
right-hand expression of (2.4.11).
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Proof of (2.5.10). Let us plug 7 into F(x,t,7) instead of t. Then integral
I(t) = J(a(t), B(t),y(t)) with J(«, B,7) = ff F(v,7)dr and by chain rule
I'(t) = Joo + Jgf8' + J, 7.

But J, = —F(v,a), Jz = F(v,0) (differentiation by lower and upper
limits) and J, = ff F,(v,7)dr. Plugging v = t, v/ = 1 we arrive to
(2.5.10). O

2.5.2 Domains of dependence and influence

Recall formula (2.5.4):

x+ct
u(z,t) = =gz +ct) + gz — )] + —/ h(z") da'+

2C —ct
]‘ // / / /
— f(x',t) dxdt
2¢ ) JaG@a e

where A(z,t) is the same characteristic triangle as above:

N | —

t/

(x — ct,0) (x + ct,0) o'

Therefore

Proposition 2.5.2. Solution u(z,t) depends only on the right hand expres-
sion f in A(z,t) and on the initial data g,h on the base of A(x,t).

Definition 2.5.1. A(z,t) is a triangle of dependence for point (x,t).

Conversely, if we change functions g, h only near some point (z,0) then
solution can change only at points (z,t) such that (z,0) € A(zx,t); let
AT (z,0) be the set of such points (z,t):
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Definition 2.5.2. A*(z,0) is a triangle of influence for point (z,0).

Remark 2.5.3. (a) We can introduce triangle of influence for each point
(not necessary at t = 0).

(b) These notions work in much more general settings and we get domain
of dependence and domain of influence which would not be triangles.

(c) F.e. for 3D wave equation uy — ¢*(Uzy + Uy, + us.) = f those would
be the backward light cone and forward light cone respectively and if ¢ is
variable instead of cones we get conoids (imagine tin coin and then deform
it but the vertex should remain).

We see also that

Proposition 2.5.3. Solution propagates with the speed not exceeding c.

2.5.3 Examples

In examples we rewrite the last term in (2.5.4) as a double integral:

x+ct

(g +ct) + gla — )] + 5 / W) do'+

ct

xtc(t—t’ )
/ / (2, ") dx'dt! (2.5.14)
c(t—t")

u(z,t) =

DN | —
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Ezxample 2.5.1.

U — 4y, = sin(z) cos(t),
u|t=0 = 07

Ut|t—0 = 0.

Then ¢ = 2 and according to (2.5.14)

z+2(t—t")
/ / sin(z") cos(t') da'dt’ =
xz—2(t—t")

_/ [cos(m —2(t—t')) — cos(z +2(t — t’))} cos(t') dt' =

4 Jo
%/0 sin(z) sin(2(t — ¢')) cos(t') dt' =
isin(x) /Ot[sin(Z(t )+ 1)+ sin(2(t — ) — )] dt’ =

1 t
1 sin(z) / [sin(2t — t') + sin(2t — 3¢")] dt’ =
0

1 . ’ 1 Nt =t
1 sin(z) [cos(2t — t') + 3 cos(2t I 3], =
3 sin(z) [cos(t) — cos(2t)].

Sure, separation of variables would be simpler here.

2.6 1D Wave equation: IBVP

2.6.1 1D Wave equation on half-line

Consider wave equation in domain {z > 0,¢ > 0} and initial conditions

Uy — Clypy = 0 x>0,t>0 (2.6.1)
uli—o = g(x) x>0, (2.6.2)
Ut|i=0 = h(x) x > 0. (2.6.3)

Here we take f(x,t) = 0 for simplicity. Then according to the previous
section solution u(z,t) is defined uniquely in the domain {t > 0,z > ct}:
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Cox

%

x
where it is given by D’Alembert formula
1 1 x+ct
u(x,t) = 3 [g(z + ct) + g(z — ct)] + 2—/ h(z") dx'. (2.6.4)
CJr—ct

What about domain {0 < —x < —ct}? We claim that we need one boundary
condition as x = 0,t > 0. Indeed, recall that the general solution of (2.6.1)
is

u(z,t) = ¢(x + ct) + Y(x — ct) (2.6.5)
where initial conditions (2.6.2)-(2.6.3) imply that
¢(x) + () = g(z),
1 x
x)—Y(x) = - h(x") dz’
o) = vta) = 7 [ hia!)

Cc

as x > 0 (where we integrated the second equation) and then

o(x) = %g(:ﬂ) + 2% /050 h(z") dx', x>0, (2.6.6)
P(z) = %g(x) - %/Ofﬂ h(x") da’ x> 0. (2.6.7)

Therefore, ¢(x + ct) and ¥(x — ct) are defined respectively as x + ¢t > 0
(which is automatic as z > 0, > 0) and x — ¢t < 0 (which is fulfilled only
as x > ct).

To define (x — ct) as 0 < o < ¢t we need to define ¥(x) as z < 0 and
we need a boundary condition as x = 0,¢ > 0.
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FExample 2.6.1. Consider Dirichlet boundary condition
Ulp—0 = p(t), t>0. (2.6.8)
Plugging (2.6.4) we see that ¢(ct) + (—ct) = p(t) as t > 0 or equivalently

¢(—x) + Y(z) = p(—x/c) as © < 0 (and —x > 0) where we plugged ¢ :=
—x/c. Plugging (2.6.6) we have

() = p(=z/c) = ¢(x) =

p(—z/c) — %g(—x) - %/O_z h(z') dz'. (2.6.9)

Then plugging = := x + ¢t into (2.6.6) and z := = — ct into (2.6.9) and
adding we get from (2.6.4) that

1 z+ct
u(z,t) = §g(x +ct) + —/0 h(x") dz’ +

2c
"
1 1 ct—x ) )
p(t—x/c) — =g(ct —x) — — h(z") dx". (2.6.10)
2 2c Jy

= ()

This formula defines u(z,t) as 0 < & < ct solution is given by (2.6.4).

(a) As g =h =0 (wave is generated by the perturbation of the end)

0 O<ct<ux,
u(z,t) = (2.6.11)
p(t —z/c) 0<z<ct.

(b) As g(x) = ¢(x), h(z) = c¢¢'(z) , p = 0 (wave initially running to the
left and then reflected)

w(a 1) = { o(x + ct) 0<ct<u, (2.6.12)

dlx+ct)—plct —x) 0<zx<ct;

Example 2.6.2. Alternatively, consider Neumann boundary condition

Uy |20 = q(t), t > 0. (2.6.13)
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Plugging (2.6.4) we see that ¢'(ct) +1'(—ct) = q(t) as t > 0 or equivalently
d(—x) —(z) = cfofz/cq(t’) dt" as x < 0 (and —z > 0) where we integrated
first and then plugged ¢ := —z/c.

Plugging (2.6.6) we have

—z/c
(z) = —c / o) dt' + () =

—z/c 1 1 —x
— c/ q(t')dt’ + —g(—z) + —/ h(z") dx'. (2.6.14)
0 2 2c Jo

Then plugging = := x + ¢t into (2.6.6) and = := = — ¢t into (2.6.14) and
adding we get from (2.6.4) that

1 T+ct
u(z,t) = Eg(:v +ct) + —/0 h(z") dx’ +

2c
el
t—z/c 1 1 ct—x
—c/ gt dt' + =g(ct — x) + — / h(x") dz’. (2.6.15)
0 2 2c Jy
m—p—

This formula defines u(z,t) as 0 < z < ct. Recall that for z > ¢t solution
is given by (2.6.4). In particular

(a) As g = h =0 (wave is generated by the perturbation of the end)

0 0<ct<u,
u(z,t) = t—a/c (2.6.16)
— c/ 0<z<ct.
0

(b) As g(x) = ¢(z), h(x) = c¢/(x) , p = 0 (wave initially running to the
left and then reflected)

o+ a) 0<ct<u,
u(, ) = { dlx+ct) + Pplet —x) 0<z < ct; (2.6.17)

FExample 2.6.3. Alternatively, consider boundary condition
(g + Bug)|omo = q(t), > 0. (2.6.18)

Again we get equation to ¢¥(—ct): (a — )Y (—ct) + (a+ ¢f)¢ (ct) = q(t)
and everything works well as long as a # ¢f5.
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FExample 2.6.4. Alternatively, consider Robin boundary condition
(ug + ou)|2m0 = q(t), t>0. (2.6.19)
and we get ¢‘(—ct) + op(—ct) + ¢'(ct) + op(ct) = q(t) or equivalently
V(@) + ov(x) = q(—z/c) — ¢'(—x) + 0p(—x) (2.6.20)
where the right-hand expression is known.
In this case we define 9(x) as x < 0 solving ODE (2.6.20) as we know
¥(0) = 1¢(0) from (2.6.7).
2.6.2 1D Wave equation on the finite interval

Consider wave equation in domain {a < x < b,t > 0} and initial conditions

Ut — gy = 0 a<xr<b t>0 (2.6.21)
uli—o = g(z) a<x<b, (2.6.22)
Ut|e=0 = h(x) a<x<b. (2.6.23)

Here we take f(x,t) = 0 for simplicity. Then according to the previous sec-
tion solution u(z,t) is defined uniquely in the characteristic triangle ABC'

A/l/ B///
C//
A// BI/ A// B/I
C’ o
A/ B/ Al B/ A/ Bl
C C C
A B A B A B

(a) However ¢(z), 1(x) are defined as a < x < b.


./S2.6.html
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(b) Now the boundary condition on the left end (f. e. u|,—, = pi(t), or
Uy |z=a = qi(t), or more general condition) allows us to find 1 (a—ct) as
0 <t < (b—a)/cand then ¢)(x —ct) is defined in ABB"; A’. Similarly
the boundary condition on the right end (f. e. wu|,—, = p,(t), or
Uz |g=a = q-(t), or more general condition) allows us to find ¢(b + ct)
as 0 <t < (b—a)/c and then ¢(z + ct) is defined in ABB’A”. So, u is
defined in the intersection of those two domains which is AA'C'B'B.

(¢) Continuing this process in steps we define ¢(x + ct), (x — ct) and
u(z,t) in expanding “up” set of domains.
2.6.3 Half-line: method of continuation

Consider wave equation in domain {z > 0,¢ > 0}, initial conditions, and a
boundary condition

Uy — Uy = f(2,1) x>0, (2.6.24)

uli=o = g(x) x>0, (2.6.25)

Ut|i=0 = h(z) x>0, (2.6.26)

- (2.6.27)
Alternatively, instead of (2.6.27) we consider

Uelao = 0. (2.6.27)'

Remark 2.6.1. It is crucial that we consider either Dirichlet or Neumann
homogeneous boundary conditions. To deal with this problem consider first
IVP on the whole line:

Uy — AUpp = F(1,1) x>0, (2.6.28)
Ult=o = G(x x>0, (2.6.29)
Ut|t=0 = H(IE) T > 0, (2630)

and consider V (z,t) = ¢U(—x,t) with ¢ = 1.

Proposition 2.6.1. IfU satisfies (2.6.28)-(2.6.30) then V' satisfies similar
problem albeit with right-hand expression ¢F(—x,t), and initial functions
¢G(—x) and cH(—x).
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Proof. Plugging V' into equation we use the fact that Vi(x,t) = ¢Uy(—x, 1),
Vi(x,t) = —cqUy(—z,t), Vi(z,t) = cUy(—x,t), Vig(z,t) = —cU(—2x,1),
Viz (2, 1) = U (—2,t) ete and exploit the fact that wave equation contains
only even-order derivatives with respect to x.

Note that if F,G, H are even functions with respect to x, and ¢ = 1
then V' (x,t) satisfies the same IVP as U(x,t). Similarly, if F, G, H are odd
functions with respect to z, and ¢ = —1 then V' (x, t) satisfies the same IVP

as Ul(z,t).
However we know that solution of (2.6.28)-(2.6.30) is unique and there-
fore U(z,t) = V(x,t) = cU(—x,1). O
Therefore

Corollary 2.6.1. (a) If¢ = —1 and F, G, H are odd functions with respect
to x then U(x,t) is also an odd function with respect to x.

(b) If s =1 and F,G, H are even functions with respect to x then U(x,t)
s also an even function with respect to x.

However we know that
(a) odd function with respect to x vanishes as x = 0;
(b) derivative of the even function with respect to x vanishes as x = 0
and we arrive to
Corollary 2.6.2. (a) In the framework of Proposition 1a U satisfies (2.6.27);
(b) In the framework of Proposition 1b U satisfies (2.6.27)".
Therefore

Corollary 2.6.3. (a) To solve (2.6.24)—(2.6.26), (2.6.27) we need to take
an odd continuation of f,g,h to x < 0 and solve the corresponding IVP;

(b) To solve (2.6.24)-(2.6.26), (2.6.27)" we need to take an even continua-
tion of f,g,h to x <0 and solve the corresponding IVP.
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So far we have not used much that we have exactly wave equation (sim-
ilar argments with minor modification work for heat equation as well etc).
Now we apply D’Alembert formula (2.5.4):

z+ct

u(z,t) = = (Glz +ct) + Gz — ct)) + — H(x')da'+

N | —

2c

r—ct

z+c(t—t )
/ / (o, ) da'dt
c(t—t")

and we need to take 0 < x < ¢t, resulting for f =0 = F =0

u(z,t) = %(g(ct +z) — g(ct —z)) + % /C:::w h(z') da', (2.6.31)
and
u(z,t) = %(g(ct + ) + g(ct — z))+
| pet-a | pette
% J, h(x") dz' + % /. h(z") da’ (31)

for boundary condition (2.6.27) and (2.6.27)" respectively.
FExample 2.6.5. Consider wave equation with ¢ =1 and let f =0,

(a) g =sin(z), h = 0 and Dirichlet boundary condition. Obviously G(z) =
sin(z) (since we take odd continuation and sin(z) is an odd function). Then

w(w, ) = %(sin(w 4 t) + sin(z — 1)) = sin(z) cos(t). (2.6.32)

(b) g = sin(z), h = 0 and Neumann boundary condition. Obviously
G(z) = —sin(z) as x < 0 (since we take even continuation and sin(z)
is an odd function). Then u is given by (2.6.32) for z >¢ > 0 and

1
u(z,t) = 5 (sin(z + t) — sin(z — t)) = sin(t) cos(z) (2.6.33)
as 0 <z <t
(¢) g = cos(z), h = 0 and Neumann boundary condition. Obviously
G(z) = cos(x). Then

u(z,t) = %(cos(x + 1) + cos(z — t)) = cos(z) cos(t). (2.6.34)
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(d) g = cos(x), h = 0 and Dirichlet boundary condition. Obviously G(x) =
—cos(z) as © < 0. Then u is given by (2.6.35) for x > ¢t > 0 and

u(z,t) = = (cos(z + t) — cos(z — t)) = sin(t) sin(z) (2.6.35)

N | —

as 0 <z < t.

2.6.4 Finite interval: method of continuation

Consider the same problem albeit on interval 0 < x < [ with either Dirichlet
or Neumann condition on each end. Then we need to take odd continuation
through “Dirichlet end” and even continuation through “Neumann end”.
On figures below we have respectively Dirichlet conditions on each end (in-
dicated by red), Neumann conditions on each end (indicated by green), and
Dirichlet condition on one end (indicated by red) and Neumann conditions
on another end (indicated by green). Resulting continuations are 2!, 2/ and
4] periodic respectively.
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2.6.5 Problems
Problem 2.6.1. (a) Find solution

Ugt — gy = 0, t>0,z>0, (2.6.36)
uli—o = ¢(2), x>0, (2.6.37)
Ugli—0 = c¢' (), x>0, (2.6.38)
Ulp—o = x (1), t > 0. (2.6.39)
(separately in z > ¢t and 0 < z < ct).
(b) Find solution
Uy — gy = 0, t>0,z>0, (2.6.40)
uli—o = @(z), x>0, (2.6.41)
Ugli—o = @' (2), x>0, (2.6.42)
Ug | om0 = x (), t>0. (2.6.43)
(separately in x > ¢t and 0 < x < ct).
Problem 2.6.2. (a) Find solution
utt—c%um:O, t>0,2z>0,
utt—cgum:(), t>0,z <0,
uli—o = ¢(x), Urli=o = 10’ (2) x>0,
Ul¢—o = 0, Ugli=0 = 0, x <0,
u|ac:+0 = Oéu|m:_0, ua:|a::+0 = Bum|az:—0 t>0

(separately in x >1 ¢, 0 < x < ¢;, —cot <o <0 and x < —cyt.

(b) Discuss reflected wave and refracted wave.

Problem 2.6.3. Consider equation with the initial conditions

Ugt — gy = 0, t>0,x > vt, (2.6.44)
uli=o = f(2), x>0, (2.6.45)
Utli=o = g(z), x> 0. (2.6.46)
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(a) Find which of these conditions (a)-(c) at = vt, t > 0 could be added
to (2.6.44)-(2.6.45) so that the resulting problem would have a unique
solution and solve the problem you deemed as a good one:

A

(A) None,

(B) u‘x:vt =0 (t > O),

(C) (g + Bug) o= = 0 (t > 0),
(D)

D) u|p=it = Uglz=pt = 0 (¢ > 0). Consider cases v > ¢, —c < v < ¢
and v < —c. In the case condition (3) find necessary restrictions
to a, 3.

(b) Find solution in the cases when it exists and is uniquely determined;
consider separately zones © > ct, —ct < —x < —ct and © > ct
(intersected with = > vt).

Problem 2.6.4. By method of continuation combined with D’Alembert for-
mula solve each of the following four problems (a)—(d).

(a)

Ut — gy = 0, x>0,
Uli—g = 0, x>0,
=0 (2.6.47)
Ut|i=0 = cos(x), x>0,
u’x:O - 07 t > 0.
(b)
Ut — 9um = 0, T > 07
U|p—g = 0, x >0,
=0 (2.6.48)
Ut|i—o = cos(x), x>0,
ux’:v:O - 07 t > 0.
(c)
Ut — 9um = O, T > 0,
=0 — 07 > 07
tle—o =0, ! (2.6.49)
Ut|p=0 = sin(z), x>0,

Ulpeo =0, t>0.
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(d)

Ut — 9um = O, T > 0,

—o =0, > 0,
tle—o =0, ! (2.6.50)

Ut|s=0 = sin(z), x>0,

ux|:c:0 =0, t > 0.

Problem 2.6.5. Solve

(t2 + 1)utt + tut — Ugy = O, (2651)
Ult:() = 0, ut|t:0 =1. (2652)

Hint: Make a change of variables = = 1(¢ + 7), t = sinh(3(¢ — 7)) and
calculate ue, uy,, ug,.

2.7 Energy integral

2.7.1 Energy integral: wave equation

Consider multidimensional wave equation
Uy — *Au = 0. (2.7.1)

Recall that A = V-V = 92 + 02 + 07 (the number of terms depends on
dimension). Multiplying by u; we get in the left-hand expression

1
Uy — CuVu Zat(§u?) + V- (—=u,Vu) + *Vu, - Vu

:at(%uf + %cﬂVuP) + V- (=u,Vu).
So we arrive to
at(%uf + %cﬂVu]Q) + V- (=Fu,Vu). (2.7.2)
This is energy conservation law in the differential form. Here
e= (%u? + %cﬂvuy?) (2.7.3)

is a density of energy and
S = —*w,Vu (2.7.4)
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is a vector of energy flow.
Then if we fix a volume (or an area in 2D case, or just an interval in
1D case) V and introduce a full energy in V' at moment ¢

Ey(t) = ///V(%uf + %C2|VU|2) av (2.7.5)
" Ev(ts) — By(ty) + /ttz dt //ES ‘ndo =0 (2.7.6)

where ¥ is the surface bounding V', do is an element of the surface area,
and n is an unit exterior normal to .

2.7.1.1 Energy integral: Maxwell equation

Similarly, Mazwell equations without charges and currents are

eE; = ¢V x H, (2.7.7)
pH; = —cV x E, (2.7.8)
V-eE=V-uH=0. (2.7.9)

Here E, H are intensities of electric and magnetic field respectively, ¢ is the
speed of light in the vacuum, ¢ and p are dialectric and magnetic charac-
teristics of the media (¢ > 1, p > 1 and € = g = 1 in the vacuum).

Multiplying (taking an inner product) (2.7.7) by E and (2.7.8) by H
and adding we arrive to

at(%5|E\2+%u\H\2) =¢(E-VxH-H-VxE)=cV-(ExH)

where the last equality follows from vector calculus.
Then

1 1
8t(§5]E\2 - §uyH\2) +V - (—cExH) =0. (2.7.10)
In the theory of electromagnetism
1
e= 5(5|E|2 + uHP?) (2.7.11)
is again density of energy and
S=—-cExH (2.7.12)

is a vector of energy flow (aka Poynting vector).
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Remark 2.7.1. NG is the speed of light in the given media.

Remark 2.7.2. In inhomogeneous media ¢ and p depend on (z,y,2); in
anisotropic media (crystals) € and p are matrices and then

1
ezﬁ(sE-E—l—,uH-E).

2.7.2 Elasticity equations
Elasticity equations in homogeneous isotropic media are

where u is a displacement and A > 0, > 0 are Lam parameters.

FEzercise 2.7.1. Multiplying (taking an inner product) (2.7.13) by u, write
conservation law in the differential form. What are e and S?

2.7.3 Problems

Problem 2.7.1. For equation

Uy — Uy + fu) =0, x>0 (2.7.14)
prove energy conservation law
1 [o¢]
mwzé/(@+&@+Fw»m (2.7.15)
0

under Dirichlet (u|,—9 = 0) or Neumann (u;|,—¢ = 0) boundary condition;
here F' is a primitive of f.

Problem 2.7.2. For beam equation

Uy + KUpyra, x>0, (2.7.16)
prove energy conservation law
1 o0
B(t) = 5/ (uf + Ku2,) dx (2.7.17)
0

under each of the pair of the boundary conditions:
u|a::0 = ux|:c:0 = 07 (2718)
u|z:0 - ummm|z:0 - 0; (2719)

ux|x:0 = umz|x:0 =0. (2720)
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Problem 2.7.3. (a) For problem
Upy — gy = 0, x>0, (2.7.21)
(OéoU% + ozlu)|$:0 (2722)
find energy conservation law
1 [~ 1
E(t) = 5/ (uf + *u2) dx + §au(0)2 (2.7.23)
0
(you need to calculate a).
(b) For problem
Ut — gy = 0, 0<ax<l, (2.7.24)
(apug + a1u)|p=o, (2.7.25)
(Bous — Bru)|z=o (2.7.26)
find energy conservation law
1 [ 1 1
B(r) = 5 / (1 + Py dr + Sau(O) + Shu)?  (272)
0
(you need to calculate a, b).
Problem 2.7.4. For problem
Ugt — gy = 0, x>0, (2.7.28)
(g — Q)| z=0 (2.7.29)
with real o prove energy conservation law
1 o0
E(t) = 5/ (|we]* + A lug|?) do (2.7.30)
0
Problem 2.7.5. Consider Problem 2.6.2
utt—cfumzo, t>0,z>0,
utt—cgum:Q t>0,z<0,
ul=o = ¢(z), Utli=o = 19/ () x>0,
U= = 0, Ul = 0, xr <0,
u|x:+0 = au|x:—07 u:c|a::+0 = Bua:|a::—0 t>0

Let By(t) = M [*(u2 + Gu?) dz, By(t) = "2 [° (u? + Gul) da.

2
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alph™) Find m; : my such that E(t) = E;(t) + E(t) is conserved.

alph*) In this case prove that if ¢(x) = 0 for > L then for t > L/¢;
Ei(t) = k1 E(0), E5(t) = koE(0). Calculate ki, ke and prove that
ki + ko = 1.

2.8 Hyperbolic first order systems with one
spatial variable

2.8.1 Definition

We consider system
EU, + AU, + BU = F (2.8.1)

where E, A, B are n x n-matrices, U is unknown n-vector (column) and F
is known n-vector (column).

2.8.2 Completely separable systems

Assume that £ and A are constant matrices, E is non-degenerate, £~1A

has real eigenvalues \q, ..., \, and is diagonalisable: £—'A = Q~'AQ with

A = diag(Aq, ..., A\,) (diagonal matrix with Ay, ..., A\, on the diagonal.
Then substituting U = QV (or V = Q~'U) we have

QV,+ E'AQV, + E'BQV = E'F

or
Vi+ AV, +Q'E'BQV =Q 'E'F. (2.8.2)
In particular if Q' E~! BQ is also a diagonal matrix: Q7'E~'BQ = diag(ay, ..., a,)
(which is the case provided B = 0) we have n separate equations
Vit +AiVisa 05V = f; (2.8.3)
and we can apply the theory of Section 2.1.

Definition 2.8.1. Lines x — \;jt = const are characteristics, V; are called
Riemannian invariants. If o; = 0, f; = 0 these Riemannian invariants are
constant along characteristics.
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2.8.3 IVP (Cauchy problem)
Consider Cauchy problem: U|; =0 = G(x), z € R.

Proposition 2.8.1. (a) Let E = I, A = A (already diagonalized) and
B = 0. Then U; at point P) is defined by G;(P;) and F; on a segment of
characteristics connecting P and P; where P; is an intersection of v — \jt =
const passing through P and {t =0}; (j =1,...,n).

(b) Let B=0. ThenU at point P is defined by G(P;) and by F' on segments
of characteristics connecting P and P;; (j=1,...,n).

Proof. The first statement is obvious and the second follows from it. Note
that transform by () messes up components of U, and F', and G. O]

2.8.4 IBVP

Consider now equations (2.8.3) in domain Q = {¢ > 0,2 > ut} assuming
that the lateral boundary T' = {x = pt,t > 0} is not a characteristic, i.e.
i is not one of the numbers Ay,...,\,. Then (renumbering Riemannian
invariants if necessary) we have

Then with equation in  and initial data on {t = 0,z > 0} we can find
Vi,..., Vi, everywhere in 2 and thus on I'; we call Vi,...,V,, incoming
Riemannian invariants. On the other hand, we define this way V,,11,...,V,
only as x > A\,11, ..., A, respectively and therefore not on I'; we call them
outgoing Riemannian invariants.

To define outgoing Riemannian invariants Vi, 11, ...,V, on ' and thus in
the rest of © we need boundary condition CU|r = H where C'is (n—m) xn-
matrix and H = H(t) is (n — m)-vector.

Indeed we need as many equations as outgoing Riemannian invariants.
However it is not sufficient. We need also to assume that the following
non-degeneracy assumption is fulfilled: (n —m) X (n — m)-matrix C’ ob-
tained from C' by selecting last (n —m) columns (corresponding to outgoing
Riemannian invariants) is non-degenerate.
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2.8.5 Compatibility condition

The solution is continuous if and only if compatibility condition CG(0) =
H(0). Think why. If this condition fails U is discontinuous (has jumps)
along characteristics going into 2 from the corner point (0, 0).

But even if solution is continuous it is not necessarily continuously dif-
ferentiable (one needs more compatibility conditions for this); even more
compatibility conditions for U be twice continuously differentiable etc.

FEzercise 2.8.1.  (a) Prove compatibility condition CG(0) = H(0) for con-
tinuity of solution U;

(b) Derive a compatibility condition for continuity of the first derivatives
U;, U, of the solution;

(c) Derive a compatibility condition for continuity of the second deriva-
tives Uy, Uy, Uy of the solution.

2.8.6 General case

What happens if Q'E~!BQ is not a diagonal matrix? More generally
consider £ = F(x,t), A= A(z,t), B= B(z,t). Then assuming that £~'A
is smooth diagonalisable (t.m. one can select Q) = Q(x,t) a smooth matrix;
this is the case provided Aq, ..., \, are real and distinct at every point) we
have

Vi+ AV +Q 1 (Q: + AQ, + CQ)V = Q'F; (2.8.5)

so while main part of system broke into separate equations, they are entan-
gled through lower order terms.
Then main conclusions are the same:

2.8.6.1 IVP

For Cauchy problem consider point P and a triangle A(P) formed by two
characteristics: the leftmost and the rightmost going back in time and by
initial line. This triangle (curvilinear if A; are not constant) is the domain
of dependence of P.
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2.8.6.2 IBVP

Again we need to assume that I' (which could be a smooth curve rather
than the straight ray) is non-characteristic at each point, then the numbers
of incoming and outgoing Riemannian invariants remain constant along I
and we need impose as many boundary condition as there are outgoing
Riemannian invariants and we need to impose non-degeneracy condition in
each point of T'.
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2.8.7 Problems

Problem 2.8.1. Find the characteristics and write down the general solutions
to the systems U, + AU, = 0 with

A= @ g) , (2.8.6)
A= G :;’) : (2.8.7)
A= (; _41> : (2.8.8)
A= (_21 ;11) : (2.8.9)
A= (g _21> , (2.8.10)
A= (2 _01> (2.8.11)

Problem 2.8.2. For each system from Problem 1 in {z > 0,¢ > 0} determine
which of the following IVBPs is well-posed and find solution (U = (u) ):

uli—o = f(x), vli=o = g(@); (2.8.12)
uli=o = f(2),v]i=0 = 9(x);  Uls=o = ¢(1), (2.8.13)

uli=o = f(),v]i=0 = g(x); Ul = ¢(t), V]z=0 = ¥(2t) (2.8.14)
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Problem 2.8.3. Find the characteristics and write down the general solutions
to the systems U, + AU, = 0 with

321

A=10 2 1], (2.8.15)
001
32 1

A=(0 2 1], (2.8.16)
00 —1
32 1

A=|0o —2 1], (2.8.17)
0 0 -1
-3 2 1

A=[o0 —2 1|, (2.8.18)
0 0 -1
12 3

A=12 0 3 (2.8.19)
2 30

Problem 2.8.4. For each system from 2.8.3 in {x > 0,t > 0} determine

u
which of the following IVBPs is well-posed and find solution (U = | v |):
w
uli=o = f(x), v]e=0 = g(2), wl=o = h(x); (2.8.20)
uli=o = f(2),v]i=0 = 9(2), wli=o = h(z),
Ulo=o = H(t); (2.8.21)
ult=o = f(z),v|t=0 = g(z), w|i=0 = h(z),
Ula=0 = (1), v|o=0 = ¥(1); (2.8.22)
uli=o = f(),v]i=0 = g(x), wli=0 = h(x),
u|ac:0 = Qb(t): v|$:0 - Qﬁ(t)>w|ac:0 = X(t)' (28'23)



Chapter 3

Heat equation in 1D

In this Chapter we consider 1-dimensional heat equation (also known as
diffusion equation). Instead of more standard Fourier method (which we
will postpone a bit) we will use the method of self-similar solutions.

3.1 1D Heat equation

3.1.1 Introduction

Heat equation which is in its simplest form

is another classical equation of mathematical physics and it is very different
from wave equation. This equation describes also a diffusion, so we some-
times will refer to it as diffusion equation. It also describes random walks
(see Subsection 3.A(Project “Random walks”).

3.1.2 Self-similar solutions

We want to solve IVP for equation (3.1.1) with ¢t > 0, —oco < z < co. Let
us plug
Ua g~ (2, 1) = yu(ax, St). (3.1.2)

Proposition 3.1.1. If u satisfy (3.1.1) then u,p, also satisfies (3.1.1)
provided B = a?.

71
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Proof. is just by calculation. Note that 3 = o because one derivative with
respect to t is “worth” of two derivatives with respect to z. O]

We impose another assumption:

Condition 3.1.1. Total heat energy

oo

I(t) ::/ u(z,t) d (3.1.3)

o0

is finite and does not depend on t.

The second part is due to the first one. Really (not rigorous) integrating
(3.1.1) by z from —oo to +00 and assuming that u,(+o00) = 0 we see that
0 I(t) = 0.

Note that [* uapg,dz = y|a|™ [ udz and to have them equal we
should take v = |a| (actually we restrict ourselves by a > 0). So (3.1.2)

becomes
Uo(7,1) = au(ax, a’t). (3.1.4)

This is transformation of similarity. Now we are looking for a self-similar
solution of (3.1.1) i.e. solution such that u,(x,t) = u(x,t) for all a >
0,z,t > 0. So we want

u(z,t) = au(az,a®t)  Va>0,t>0,z. (3.1.5)
We want to get rid off one of variables; so taking a = 73 we get
w(z,t) =t 2u(t 22, 1) =t 2p(t 2 1) (3.1.6)
with ¢(§) := u(&, 1). Equality (3.1.6) is equivalent to (3.1.5).
Now we need to plug it into (3.1.1). Note that
1 s . 1 1,1 _3
u = =5t 29(t72x) +t72¢ (17 22) X (—=t 22) =
1 .
— 5t (0t 2a) +t 2w (1 7w))

and ) , )
u, =t ¢ (t 2x), Uy =t 29" (17 21)

and after multiplication by ¢3 and plugging tip = ¢ we arrive to

1

— 5 (6(0) +£0(€)) = k" (9). (3.1.7)
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Good news: it is ODE. Really good news: ¢(£) + £¢/(€) = (f¢(f))/- Then
integrating we get

— SE0(E) = KH (). (318)

Remark 3.1.1. Sure there should be +C' but we are looking for a solution
fast decaying with its derivatives at oo and it implies that C' = 0.

Separating in (3.1.8) variables and integrating we get

@ _ _i — _i 2 S
5 = et = logd =& +loge = (¢) = ce

and plugging into (3.1.6) we arrive to

22

e iR (3.1.9)

(0,1) = —
N

Remark 3.1.2. We took ¢ = ﬁ to satisfy I(t) = 1. Really,

+0o0 2 +o0
I(t) = c/ t2e i do = eV Qk/ e 2% dz = 2eVkr

o0

where we changed variable x = z/v/2kt and used the equality

“+oo
J = / e 2 dr = /2. (3.1.10)

—00

To prove (3.1.10) just note that

) 400 400 . - 2m 00 -
J :/ / e 2% xe 2Y dxdy :/ d@/ e 2" rdr =27
—00 —o0 0 0

where we used polar coordinates; since J > 0 we get (3.1.10).

Remark 3.1.3. Solution which we got is a very important one. However we
have a problem understanding what is u|;—1¢ as u(z,t) — 0 as t — +0 and
x # 0 but u(x,t) - coast — +0and z = 0 and [ wu(z,t)dz = 1. In fact
u|i=4+0 = 6(x) which is Dirac d-function which actually is not an ordinary
function but a distribution.
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To work around this problem we consider

Uz, t) = /x u(zx,t)dx. (3.1.11)

We claim that
Proposition 3.1.2. (a) U(z,t) also satisfies (3.1.1).

0 x <0,
1 x> 0.

(b) U(x,0) =0(x) = {

Proof. Plugging u = U, into (3.1.1) we see that (U; — kU,;), = 0 and then

(Uy — kU,,) = ®(t). However one can see easily that as © — —oo U is fast

decaying with all its derivatives and therefore ®(¢) = 0 and (a) is proven.
Note that

1 (Ve . 11
U(x,t):\/_Q_W/VTeg#dz ::§—|—§erf(\/§_kt) (3.1.12)

erf(z) := \/2/ e /2 dz (erf)
T Jo

and that an upper limit in integral tends to Foo ast — 40 and x < 0. Then
since an integrand is very fast decaying at Foo we using (3.1.10) arrive to

(b). O

with

Remark 3.1.4. (a) One can construct U(z,t) as a self-similar solution al-
beit with v = 1.

(b) We can avoid analysis of U(z,t) completely just by noting that u(z, t)
is a §-sequence as t — +0: u(x,t) — Oforallz # 0 but [ u(z,t)dx =
1.

Consider now a smooth function g(z), g(—oo) = 0 and note that

oa) = [ 8= Wy (3.1.13)

Really, the r.h.e. is ffoo g (y)dy = g(x) — g(—00).
Also note that U(xz — y,t) solves the IVP with initial condition U(z —
y,+0) = 0(x—vy). Therefore u(z,t) = ffooo U(x—y,t)g (y) dy solves the IVP
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with initial condition u(z, +0) = ¢g(y). Integrating by parts with respect to
y we arrive to u(z,t) = [* Uy(z —y,t)g(y) dy and finally to

1 * @
u(x,t) = 2\/%/ et g(y)dy. (3.1.14)

So we have proven:

Proposition 3.1.3. Formula (3.1.14) gives us a solution of

Uy = kg, —o00o < x<oo,t>0, (3.1.15)
uli=0 = g(z). (3.1.16)

Remark 3.1.5. We will recreate the same formulae later using Fourier trans-
form.

3.1.3 References

erf' ()

erf(x) {

(a) erf(x) (b) erf’(z)

1. erf function

2. erf derivative


http://www.wolframalpha.com/input/?i=erf%28x%29&lk=4&num=1
http://www.wolframalpha.com/input/?i=%28erf%28x%29%29%27
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3.2 Heat equation (Miscellaneous)
3.2.1 1D Heat equation on half-line
In the previous section we considered heat equation
Uy = kg, (3.2.1)

with £ € R and ¢ > 0 and derived formula
ule.t) = [ Gla.ytgty) dy. (3:22)

with . .
G(z,y.t) = Go(z —y.t) : e (3.2.3)

= e
2V kmt

for solution of IVP ul,—¢ = g(x).

Recall that G(z,y,t) quickly decays as |x — y| — oo and it tends to 0
as t — 40 for x #y, but [ G(z,y,t)dy = 1.

Consider the same equation (3.2.1) on half-line with the homogeneous
Dirichlet or Neumann boundary condition at x = 0: the method of contin-
uation

uD‘x:O = 07 (D)
uNx’x:() =0. (N)

This solution also has a form (3.2.2) but with different function G(z,y)
(and obviously with the different domain of integration [0, 00)):

G = GD(«T,y,t) = GO(J: - yut) - GO(I + y7t>7 (324)
G = Gnz,y,t)| = Go(z — y,t) + Go(z + y, t) (3.2.5)

for (D) and (N) respectively.
Both these functions satisfy equation (3.2.1) with respect to (z,1),

Gplo—o =0, (3.2.6)
G oloo = 0. (3.2.7)
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tend to 0 ast — +0, x # y

/ Gp(x,y,t)dy — 1 as t — 40, (3.2.8)
0
/ Gp(x,y,t)de = 1. (3.2.9)
0
Further,
G(z,y,t) = Gy, z,t) (3.2.10)

One can prove it by the method of continuation. Indeed, coefficients do
not depend on z and equation contains only even order derivatives with
respect to x. Recall from Subsection 2.6.3 that continuation is even under
Neumann condition and odd under Dirichled condition.

3.2.2 Inhomogeneous boundary conditions

Consider now inhomogeneous boundary conditions

Uple—o = p(t), (3.2.11)
UN z]a=0 = q(1). (3.2.12)

Consider
0= / G(z,y,t —7) (—uT(y, T) + kg, (y, 7')) dr'dy
I

with IT = {z > 0,0 < 7 <t — €}. Integrating by parts with respect to 7 in
the first term and twice with respect to y in the second one we get

0 :/ (—Gt(x, Y, t —7) + kGyy(z,y,t — T))u(y, 7) dr'dy
I
- [ Glpoutt—dy+ [ oy uly.0)dy+
0 0
t—e
k / (—G(ZE, Y, t— T)uy(?/a T) + Gy(flj', Y, t— T)U(y, 7—)>y=0 dr.
0

Note that, since G satisfies (3.2.1) with respect to (y,t) as well due to
symmetry, the first line is 0.
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In the second line the first term tends to —u(z,t) because of properties
of G(x,y,t) (really, tends everywhere but for z = y to 0 and its integral
from 0 to oo tends to 1).

So we get

u(z,t) = /000 G(z,y,t)u(y,0) dy+

=9(y)
t
/0 (=G(z,y,t — Tuy(y, 7) + Gy(z, y,t — T)u(y, T))yzo dr. (3.2.13)

The first line gives in the r.h.e. us solution of the IBVP with 0 boundary
condition. Let us consider the second line.

In the case of Dirichlet boundary condition G(z,y,t) = 0 as y = 0 and
therefore we get here

t
k;/ Gy(x,y,t —7)u(0,7) dr;
0 S~——

=p(T)

In the case of Neumann boundary condition G, (z,y,t) = 0 as y = 0 and
therefore we get here

t
—k:/ G(z,y,t —1)u(0,7) dr.
0

——
=q(7)
So, (3.2.13) becomes
upe.t) = [ ol t)gly) dy+
0
t
k/ Gpy(z,0,t — 7)p(T) d; (3.2.14)
0

and

un(z, 1) = / " Gl )gly) dy—

k /Ot Gny(z,0,t —7)g(T)dr. (3.2.15)
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(a) (b)
Figure 3.1: Plots of Gp(x,y,t) and Gn(z,y,t) as y = 0 (for some values of

t)

Remark 3.2.1. (a) If we consider a half-line (—o0,0) rather than (0, c0)
then the same terms appear on the right end (z = 0) albeit with the
opposite sign;

(b) If we consider a finite interval (a,b) then there will be contributions
from both ends;

(c) If we consider Robin boundary condition (u, — au)|,—¢ = ¢(t) then
formula (3.2.15) would work but G should satisfy the same Robin
condition and we cannot consruct G by a method of continuation.

3.2.3 Inhomogeneous right-hand expression

Consider equation
up — kg, = f(x,1). (3.2.16)

Either by Duhamel principle or just using the same calculations as above
one can prove that its contribution would be

/0 /G(x,y,t —7)f(y, T) dydt (3.2.17)

with the same G as was used for equation (3.2.1).
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3.2.4 Multidimensional heat equation

Now we claim that for 2D and 3D heat equations

U = k(g + uyy), (3.2.18)
Uy = k:(um + Uy, + uzz), (3.2.19)

similar formulae hold:

U= // Golz,y; 2’y t)g(2' ) da'dy (3.2.20)

U= /// Gs(x,y, z; 2"y 25 ) g(d o, 2') da' dy' d2’ (3.2.21)

with
GQ(%?J;flay,§t) = Gl(x7x,7t>G1(y7y,7t)7 (3222)
Gs(x,y,z; 2"y, 2 t) = Gy(x, 2, )Gi(y, s, )Gi(z, 2/, t);  (3.2.23)

in particular for the whole R”

Go(x,x';t) = (2V/rkt) /2~ (3.2.24)
To justify our claim we note that

(a) G, satisfies n-dimensional heat equation. Really, consider f.e. G:

GQt<x7 Y; xlu ylv t) :Glt('x7 xla t)Gl <y7 yl7 t) + G1<.§C, xla t>G1~t(y7 y/7 t) =
kGl J:x(xa ZL’/, t)Gl (ya y/7 t) + kGl (Zlf, zla t)Gl yy(ya y/7 t) =
EA (Glt($7 xla t)Gl (y7 y/v t)) = kAG2(xa Y; xla y/; t)

(b) Gn(x,x';t) quickly decays as |[x—x'| — oo and it tends to 0 as t — +0
for x # x’, but

(¢) [G(x,x,t)dy — 1 ast — +0;
(d) G(x,%x',t) = G(x',x,1).

The last three properties are due to the similar properties of G;.
Properties (a)-(d) imply integral representation (3.2.20) (or its n-dimensional
variant).
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3.2.5 Maximum principle

Consider heat eqution in the domain 2 like below

We claim that

Proposition 3.2.1 (maximum principle). Let u satisfy heat equation in 2.
Then
max ¢ = max u. (3.2.25)
Q r

Almost correct proof. Let (3.2.25) be wrong. Then there exist point P =
(Z,t) € Q\ T s.t. u reaches its maximum at P. Without any loss of the
generality we can assume that P belongs to an upper lid of 2. Then

uy(P) >0 (3.2.26)

(really u(z, 1) > u(z,t) forallt : £ > t > t—e and then (u(z,t)—u(z,1t))/(t—
t)>0and ast /1) we get (3.2.26).

Also u,,(P) < 0 (really u(x,t) reaches maximum as = z). This in-
equality combined with (3.2.26) almost contradict to heat equation (almost
because there could be equalities). [

Correct proof. Note first that the above arguments prove (3.2.25) if u sat-
isfies inequality u; — ku,, < 0 because then there will be contradiction.
Note that v = u — et satisfies vy — kv, < 0 for any € > 0 and therefore

mgx(u —et) = mrax(u — et).

Taking limit as ¢ — +0 we get (3.2.25). O

Remark 3.2.2. (a) Sure, the same proof works for multidimensional heat
equation.
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(b) In fact, either in Q \ I' w is strictly less than maxrwu or u = const.
The proof is a bit more sophisticated.

Corollary 3.2.1 (minimum principle).

min u = min u. (3.2.27)
QO r

Really, —u also satisfies heat equation.
Corollary 3.2.2. u = 0 everywhere on I' = u = 0 everywhere on ).
Really, then maxgu = ming u = 0.

Corollary 3.2.3. Let u,v both satisfy heat equation. Then u = v every-
where on I' = u = v everywhere on 1.

Proof. Really, then (u — v) satisfies heat equation. O

3.2.6 Problems

Crucial in many problems is formula (3.2.14) rewritten as

u(z,t) = /OO G(z,y,t)9(y) dy. (3.2.28)

o0

with
1 _(a—y)?

fd (& 4kt 3229
2V kmt ( )

This formula solves IVP for a heat equation

G(z,y,t)

U = Ky (3.2.30)

with the initial function g(z).
In many problems below for a modified standard problem you need to
derive a similar formula albeit with modified G(z,y,t). Consider

2 (7
erf(z) = \/i/ e /2 dz (Erf)
T Jo

as a standard function.
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Problem 3.2.1. Using method of continuation obtain formula similar to
(3.2.28)-(3.2.29) for solution of IBVP for a heat equation on = > 0, > 0
with the initial function g(x) and with

(a) Dirichlet boundary condition u|,—¢ = 0;
(b) Neumann boundary condition u,|,—o = 0;

Problem 3.2.2. Using method of continuation obtain formula similar to
(3.2.28)-(3.2.29) for solution of IBVP for a heat equation on = > 0, > 0
with the initial function g(x) and with

(a) Dirichlet boundary condition on both ends u|,—g = u|,—r = 0;
(b) Neumann boundary condition on both ends wu,|,—0 = uy|z=1, = 0;

(c) Dirichlet boundary condition on one end and Neumann boundary
condition on another u|,—¢o = uz|,—; = 0.

Problem 3.2.3. Consider heat equation with a convection term

us + Cly = kugy. (3.2.31)
conve(l:ti_orll term

(a) Prove that it is obtained from the ordinary heat equation with respect
to U by a change of variables U(z,t) = u(z + ct,t). Interpret (3.2.31)
as equation describing heat propagation in the media moving to the
right with the speed c.

(b) Using change of variables u(z,t) = U(z — vt,t) reduce it to ordinary
heat equation and using (3.2.28)-(3.2.29) for a latter write a formula
for solution u(x,t).

(c) Can we use the method of continuation directly to solve IBVP with
Dirichlet or Neumann boundary condition at z > 0 for (3.2.31) on
{z > 0,t > 0}? Justify your answer.

(d) Plugging u(wz,t) = v(x,t)e* P with appropriate constants a, 3 re-
duce (3.2.31) to ordinary heat equation.

(e) Using (d) write formula for solution of such equation on the half-line
or an interval in the case of Dirichlet boundary condition(s). Can we
use this method in the case of Neumann boundary conditions? Justify
your answer.
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Problem 3.2.4. Using either formula (3.2.28)-(3.2.29) or its modification (if
needed)

(a) Solve IVP for a heat equation (3.2.30) with g(x) = e~¢I*l; what hap-
pens as € — +07

(b) Solve IVP for a heat equation with convection (3.2.31) with g(x) =
e~cl*l: what happens as ¢ — +07?

(c) Solve IBVP with the Dirichlet boundary condition for a heat equation
(3.2.31) with g(x) = e~¢Il; what happens as ¢ — +0?

(d) Solve IBVP with the Neumann boundary condition for a heat equation
(3.2.30) with g(x) = e¢l*l; what happens as ¢ — +07?

Problem 3.2.5. Consider a solution of the diffusion equation u; = gy, in
0<xz<L0<t< o
Let
M(T) = max  u(x,t),
(0<z<L,0<t<T]
T) = i t).
) = oy By )
(a) Does M(T) increase or decrease as a function of 77

(b) Does m(T') increase or decrease as a function of 77

Problem 3.2.6. The purpose of this exercise is to show that the maximum
principle is not true for the equation u; = xu,, which has a coefficient which
changes sign.

(a) Verify that u = —2zt — z? is a solution.

(b) Find the location of its maximum in the closed rectangle [-2 < z <
2,0<t<1].

(¢) Where precisely does our proof of the maximum principle break down
for this equation?
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Problem 3.2.7. (a) Consider the heat equation on J = (—o0,00) and
prove that an “energy”

E(t) = / u?(x,t) dv (3.2.32)
J
does not increase; further, show that it really decreases unless u(x,t) =

const;

(b) Consider the heat equation on J = (0,1) with the Dirichlet or Neu-
mann boundary conditions and prove that an E(t) does not increase;
further, show that it really decreases unless u(z,t) = const;

(c¢) Consider the heat equation on J = (0,1) with the Robin boundary

conditions
u(0,t) — apu(0,t) = 0, (3.2.33)
uz (L, t) + apu(L,t) = 0. (3.2.34)
If aqp > 0 and a; > 0, show that the endpoints contribute to the
decrease of E(t) = OL u?(x,t) dx.

This is interpreted to mean that part of the energy is lost at the bound-
ary, so we call the boundary conditions radiating or dissipative.

Hint. To prove decrease of E(t) consider it derivative by ¢, replace u;
by ku,, and integrate by parts.

Remark 3.2.3. In the case of heat (or diffusion) equation an energy given
by (3.2.32) is rather mathematical artefact.

Problem 3.2.8. Find a self—similar solution u of
up = (utly)y —o0<x<oo,t>0 (3.2.35)

with finite ffooo udx.

3.A Intro into project: Random Walks

3.A.1 Project: Walk Problem

Consider a 1D-grid with a step h < 1 and also consider grid in time with
a step 7 < 1. So, x, = nh and t,, = mr.
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Assume that probabilities to move to the left and right (to the next
point) for one time tick are ¢; and gg respectively.

Then denoting by p;' the probability to be at time ¢,, at point z, we
get equation

P =vrar+ o (L= ar — qr) + Pl AL (3.A.1)

One can rewrite it as

P =0t =P ar — 20 " (an + qr) + DR 4L =
K@i —pr =t + o) = L(prst — p)) (3.A.2)
where we used notations K = %(QL +qgr) and L = %(QR —q).

Task 3.A.1. Using Taylor formula and assuming that p(x,t) is a smooth
function prove that

1 d%p 2
Ap = ﬁ(anrl — 2py, +pn71) = @ + O(h )» (3-A'3)
1 dp
Dp = ﬁ(pn—&-l _pn—l) = % T O<h2)7 (3A4)
1 op
Z(pm—p. ) =X ) A

Then (3.A.2) becomes after we neglect small terms

o _\p _ Op
ot~ "oz Moz
where K = A\7/h% L = ut/2h.

Remark 3.A.1. This is a correct scaling or we will not get any PDE.

(3.A.6)

Remark 3.A.2. Here p = p(x,t) is not a probability but a probability density:
probability to be at moment ¢ on interval (z,z + dx) is P(z < £(t) <
z+dzx) = p(z,t)dz. Since ) _ = 1 we have

m
oco<n<infty by

/OO p(z,t)de = 1. (3.A.7)

o0
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Remark 3.A.3. The first term on the right of (3.A.6) is a diffusion term; in
the case of symmetric walk q;, = qg only it is present:

Op d*p

— =) 3.A.8

ot Ox? ( )
The second term on the right of (3.A.6) is a convection term; moving it to
the left and making change of coordinates t,c, = t, Tpew =  — ut we get in
this new coordinates equation (3.A.8). So this term is responsible for the
shift with a constant speed p (on the top of diffusion).

Remark 3.A.4. (3.A.2) is a finite difference equation which is a finite differ-
ence approzimation for PDE (3.A.7). However this approximation is stable
only if 7 < % This is a fact from numerical analysis.

Task 3.A.2 (Main task). Multidimensional case. Solution (in due time when
we study). BVP. More generalization (later).

3.A.2 Absorption problem

Consider 1D-walk (with the same rules) on a segment [0,!] with both ab-
sorbing ends. Let p, be a probability that our walk will end up at [ if
started from z,,. Then

Pn = Pn—1qr + Pas1qr + Pu(l — g1 — qr)- (3.A.9)

Task 3.A.3. Prove limiting equation
0=\t — por. (3.A.10)

Solve it under boundary conditions p(0) = 0, p(l) = 1. Explain these
boundary conditions.

Remark 3.A.5. Here p = p(x) is a probability and (3.A.7) does not hold.

Task 3.A.4 (Main task). Multidimensional case: in the domain with the
boundary. Boundary conditions (there is a part I" of the boundary and we
are interested in the probability to end up here if started from given point).
May be: Generalization: part of boundary is reflecting.



Chapter 4

Separation of variables and
Fourier Series

In this Chapter we consider simplest separation of variables problems, aris-
ing simplest eigenvalue problems and corresponding Fourier series.

4.1 Separation of variables (the first blood)

Consider IBVP for 1D-wave equation on (0,1):

Uy — Uy = 0, O<z<l (4.1.1)
u|:c:0 - u|x:l - O; (412)
ul—o = g(z) Uli—o = h(z). (4.1.3)

4.1.1 Separation of variables

Let us skip temporarily initial conditions (4.1.3) and consider only (4.1.1)—
(4.1.2) and look for a solution in a special form

u(z,t) = X(x)T(t) (4.1.4)

with unknown functions X (z) on (0,1) and 7'(t) on (—o0,00).

Remark 4.1.1. We are looking for non-trivial solution u(z,t) which means
that u(z,t) is not identically 0. Therefore neither X (z) nor 7'(t) could be
identically 0 either.

38
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Plugging (4.1.4) into (4.1.1)—(4.1.2) we get

) (4.1.5)
X(0)=X(I) =0. (4.1.6)

Recall, neither X (z) nor T'(¢) are identically 0.
In (4.1.5) the L.h.e. does not depend on x and the r.h.e. does not depend
on t and since we have an identity we conclude that

Remark 4.1.2. Both expressions do not depend on z,t and therefore they
are constant.

This is a crucial conclusion of the separation of variables method. We
rewrite it as two equalities

which in turn we rewrite as (4.1.7) and (4.1.8):
X" +AX =0, (4.1.7)
X(0)=X(I) =0, (4.1.6)
T" 4+ A\T = 0. (4.1.8)

4.1.2 Egenvalue problem

Consider BVP (for ODE) (4.1.7)—(4.1.6). We need to find its solution X (x)
which is not identically 0.

Definition 4.1.1. Such solutions are called eigenfunctions and correspond-
ing numbers A eigenvalues (compare with eigenvectors and eigenvalues.)
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Proposition 4.1.1. (4.1.7)-(4.1.6) has eigenvalues and eigenfunctions

A, = n=12..., (4.1.9)

X, (2) = sin(ﬂTm). (4.1.10)

Proof. (4.1.9) is a 2-nd order linear ODE with constant coefficients and to
solve it one needs to consider characteristic equation

B +A=0 (4.1.11)

and therefore k; 5 = /=X and X = AeV=>* + Be~V=>* (provided A # 0).
Plugging into X (0) = 0 and X (I) = 0 we get

A + B =0,
AeVN + Be VA =0

and this system has a non-trivial solution (A, B) # 0 if and only if its
determinant is 0:

1 1

_ —\/—7>\l_ \/jl:O 2\/?)\1 2 —)\l:2
VN VN =€ e — € = 2V—\ = 2min

with n =1,2,.... Here we excluded n = 0 since A # 0 and both n and —n
lead to the same A and X. The last equation is equivalent to (4.1.9). Then
k12 = .

Meanwhlie B = —A anyway and we get X = 2Aisin(™*) i.e. (4.1.10)
as factor does not matter.

So far we have not covered A = 0. But then k1o =0 and X = A+ Bx
and plugging into (4.1.6) we get A=A+ Bl =0 — A= B =0 and
A =0 is not an eigenvalue. n

4.1.3 Simple solutions

After eigenvalue problem has been solved we plug A = )\, into (4.1.8):

CTtn

T" + (T)QT =0 (4.1.12)

which is also a 2-nd order linear ODE with constant coefficients.
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Characteristic equation k* + (£2)? = 0 has solutions ky, = <% and

therefore o o
T.(t) = A, cos(Tt) + BA, sin(Tt) (4.1.13)

and finally
un(z,t) = (A, cos(#t) + B, sin(@t)) -sin(ﬂTm)
N ~~ ——
=T (t) =X ()

n=12,... (4.1.14)

This simple solution (4.1.14) represents a standing wave

standing wave

which one can decompose into a sum of running waves

running waves decomposition

and the general discussion of standing waves could be found in wikipedia

4.1.4 General solutions

The sum of solutions of 4.1.1)-(4.1.2) is also a solution:

o0

u(z,t) = Z(A” cos(

n=1

cmnt . cmnt ™X

) + By, sin( ) - sin(T). (4.1.15)

We have an important question to answer:

Have we covered all solutions of (4.1.1)-(4.1.2)7 — Yes, we did but we
need to justify it.

Plugging (4.1.15) into (4.1.3) we get respectively

YA, smUTZE) = g(x), (4.1.16)
3 #Bn sin(ﬂlﬂ) = h(z). (4.1.17)

How to find A,, and B,? Do they exist? Are they unique?
What we got are Fourier series (actually sin-Fourier series). And we
consider their theory in the several next sections.


http://upload.wikimedia.org/wikipedia/commons/8/8c/Standing_wave.gif
http://upload.wikimedia.org/wikipedia/commons/7/7d/Standing_wave_2.gif
http://en.wikipedia.org/wiki/Standing_wave
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4.2 FEigenvalue problem

4.2.1 Problems with explicit solutions

Ezample 4.2.1 (Dirichlet-Dirichlet; from Section 4.1). . Consider eigenvalue
problem

X"+ AX =0 0<z<l, (4.2.1)
X0)=X(1)=0 (4.2.2)
as eigenvalues and corresponding eigenfunctions
A= ()% n=1,2,... (4.2.3)
X, = sin(=-a). (4.2.4)
Ezample 4.2.2 (Neumann-Neumann). Eigenvalue problem
X"+ XX =0 0<z<l, (4.2.5)
X'(0)=X'(1)=0 (4.2.6)
has eigenvalues and corresponding eigenfunctions
A, = (7;—")2, n=012,... (4.2.7)
X, = COS(?x). (4.2.8)
Ezxample 4.2.3 (Dirichlet-Neumann). Consider eigenvalue problem
X"+ XX =0 0<z<l, (4.2.9)
X(0)=X'(1) =0 (4.2.10)

has eigenvalues and corresponding eigenfunctions

_ 7T(2n + 1) 2 -
Ap = (T) , n=0,1,2,... (4.2.11)
. m(2n+1)
X, = sin(————= 4.2.12
n = sin( 5] ) ( )

while the same problem albeit with the ends reversed (i.e. X'(0) = X (1) =

7r(2n+1)x) .

0) has the same eigenvalues and eigenfunctions cos( 5
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Ezample 4.2.4 (periodic). Consider eigenvalue problem
X"+ 2X =0 0<z<l, (4.2.13)
X(0)=X(1), X'(0)=X'(]) (4.2.14)
has eigenvalues and corresponding eigenfunctions
Ao =0, (4.2.15)
Xo =1, (4.2.16)
Non_1 = Aon = (%)2, n=1,2,... (4.2.17)
Xop_1 = cos(%—n:c), Xo, = sin(%—nx). (4.2.18)

l l
Alternatively, as all eigenvalues but 0 have multiplicity 2 one can select

2m™n

Ay = (T)Q, n=..,-2-1,01,2... (4.2.19)
2
X, = exp(—ix). (4.2.20)
Ezample 4.2.5 (quasiperiodic). Consider eigenvalue problem
X"+AX =0 0<z<l, (4.2.21)
X(0)=e™X(1), X'(0)=X'(I)e"™X(I) (4.2.22)
with 0 < k < 27” has eigenvalues and corresponding eigenfunctions
2
Ap = (% + k) n=0,24,... (4.2.23)
2
X, = exp([=- + K]ix), (4.2.24)
2 1
Mo = W(”l+ ) k2, n=135 . (4.2.25)
2 1
X, = exp( [m — kliz). (4.2.26)

l

This is the simplest example of problems appearing in the description of
free electrons in the crystals; much more complicated and realistic example
would be Schrdinger equation

X"+ (A=V(z)X =0

or its 3D-analog.
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4.2.2 Problems with almost explicit solutions

Ezample 4.2.6 (Robin boundary conditions). Consider eignevalue problem

X"+AX =0 0<xz<l, (4.2.27)
X'(0) = aX(0), X'(I)=—BX(l) (4.2.28)

with >0, >0 (a+ 8 > 0). Then

l !
A/de:c:—/X”Xda::
0 0

/ X7 dr - X)X (1) + X'(0)X(0) =
/l X"?dr + BX(1)* + aX(0)? (4.2.29)

and A\, = w,2 where w,, > 0 are roots of

(a+ Bw
X, = wcos(wyz) + asin(w,x); (4.2.31)
(n=1,2,...). Observe that

m(n—1)
(a) Asa,B—+0  w, — =5,

(b) Asa, 8 — 400w, — T,

m(n—1)

(c) Asa— 40,8 = +00  w, — —2.

Ezample 4.2.7 (Robin boundary conditions (continued)). However if o and /or

B are negative, one or two negative eigenvalues A\ = —~2 can also appear
where
tanh(yl) = —<O‘2+—6>7, (4.2.32)
7 +ap

X(x) = vy cosh(yz) + asinh(yz). (4.2.33)
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To investigate when it happens, consider the threshold case of eigenvalue
A = 0: then X = cx 4 d and plugging into b.c. we have ¢ = ad and ¢ =
—B(d+1c); this system has non-trivial solution (¢, d) # 0 iff a+ B+ afl = 0.
This hyperbola divides (a, 3)-plane into three zones:

To calculate the number of negative eigenvalues one can either apply
the general variational principle or analyze the case of a = f; for both
approaches see Appendix 4.A.

4.2.3 Problems to Sections 4.1, 4.2

“Solve equation graphically” means that you plot a corresponding function
and points (z,,0) where it intersects with OX will give us all the frequencies
wp = w(zy,).

“Simple solution” w(z,t) = X (x)T(t).

You may assume that all eigenvalues are real (which is the case).

Problem 4.2.1. Justify Example 4.2.6 and Example 4.2.7 Consider eignevalue
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problem with Robin boundary conditions

X"+ AX =0 0<z<l, (4.2.34)
X'(0) = aX(0), (4.2.35)
X'(1) = —-8X(1), (4.2.36)

with o, f € R.

(a) Prove that positive eigenvalues are A\, = w? and the corresponding

eigenfunctions are X,, where w, > 0 are roots of

(a+ Pw
t [) = ——"—; 4.2.37
n(ut) = S0, (4.2.37)
X, = wy cos(wpx) + asin(w,); (4.2.38)
with n = 1,2,.... Solve this equation graphically.
(b) Prove that negative eigenvalues if there are any are A, = —72 and the
corresponding eigenfunctions are Y,, where 7, > 0 are roots of
(a+B)y
tanh(yl) = — 2 20T 4.2.39
() = -5 (4.2.39
Y, (x) = v, cosh(v,x) + asinh(y,z). (4.2.40)

Solve this equation graphically.

(¢) To investigate how many negative eigenvalues are, consider the thresh-
old case of eigenvalue A = 0: then X = cx + d and plugging into b.c.
we have ¢ = ad and ¢ = —f(d + lc¢); this system has non-trivial solu-
tion (¢, d) # 0 iff a4+ B+ «afl = 0. This hyperbola divides («, 5)-plane
into three zones.

(d) Prove that eigenfunctions corresponding to different eigenvalues are
orthogonal:

/l Xn(2)Xp(x)de =0 as A\ # A\m (4.2.41)
0

where we consider now all eigenfunctions (no matter corresponding
to positive or negative eigenvalues).
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(e) Bonus Prove that eigenvalues are simple, i.e. all eigenfunctions cor-
responding to the same eigenvalue are proportional.

Problem 4.2.2. Analyse the same problem albeit with Dirichlet condition
on the left end, : X(0) =0.

Problem 4.2.3. Oscillations of the beam are described by equation

with K > 0.
If both ends clamped (that means having the fixed positions and direc-
tions) then the boundary conditions are

w(0,8) = uy(0,) = 0, (4.2.43)
u(l,t) = uy(l,t) = 0. (4.2.44)

(a) Find equation describing frequencies and corresponding eigenfunc-
tions (You may assume that all eigenvalues are real and positive).

(b) Solve this equation graphically.

(¢) Prove that eigenfunctions corresponding to different eigenvalues are
orthogonal.

(d) Bonus Prove that eigenvalues are simple, i.e. all eigenfunctions corre-
sponding to the same eigenvalue are proportional.

HiNT. Change coordinate system so that interval becomes [—L, L] with
L = 1/2; consider separately even and odd eigenfunctions.

Problem 4.2.4. Consider oscillations of the beam with both ends free:

U (0,) = Ugae(0,) = 0, (4.2.45)
Uz (1, 1) = Ugee (1, 1) = 0. (4.2.46)

Follow previous problem but also consider eigenvalue 0.

Problem 4.2.5. Consider oscillations of the beam with the clamped left end
and the free right end. Then boundary conditions are (4.2.42) and (4.2.46).

Note. In this case due to the lack of symmetry you cannot consider
separately even and odd eigenfunctions.
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Problem 4.2.6. Consider wave equation with the Neumann boundary con-
dition on the left and “weird” b.c. on the right:

Ut — gy = 0 0<x<l, (4.2.47)
uz(0,1) = 0, (4.2.48)
(ug + tau)(l,t) =0 (4.2.49)

with o € R.
(a) Separate variables;
(b) Find “weird” eigenvalue problem for ODE;
(c) Solve this problem;
(d) Find simple solution u(z,t) = X (x)T(t).

Hint. You may assume that all eigenvalues are real (which is the case).

Problem 4.2.7. Consider energy levels of the particle in the “rectangular

well”
— Uz + Vu = Mu (4.2.50)

0 |z|>0
Hint. Solve equation for |z| < L and for |z| > L and solution must
be continous (with its first derivative) as |z| = L: w(L — 0) = u(L + 0),
Uz (L —0) = u,(L + 0) and the same at —L.
Hint. All eigenvalues belong to interval (—H,0).
Hint. Consider separately even and odd eigenfunctions.

with V(z) =

4.3 Orthogonal systems

4.3.1 Examples
All systems we considered in the previous Section were orthogonal i.e.
(Xn, Xim) =0 Ym #n (4.3.1)
with l
(X,Y) ::/0 X (2)Y () du, 1X)? = (X, X). (4.3.2)
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where Y means complex-conjugate to Y.

Exercise 4.3.1. Prove it by direct calculation.

Instead however we show that this nice property (and the fact that
eigenvalues are real) is due to self-adjointness (the notion which we do not
want to formulate at this time at least).

Consider X, Y satisfying Robin boundary conditions

X'(0) — aX(0) =0, (4.3.3)
X'(I)+ BX(1) =0 (4.3.4)

with a, € R (so Y satisfies the same conditions). Note that
(X"Y) = /X”(m)i_/(x) dr =

- / X'(2)V(2) dz + X' ()Y (1) — X'(0)¥ (0) =
L (XY = XYY () — aX(O)V(0).  (4.3.5)

Therefore if we plug Y = X # 0 an eigenfunction, X" + AX = 0 we get
—A|[X||* in the left-hand expression (with obviously real ||X||* # 0) and
also we get the real right expression (since a, 8 € R); so A must be real: all
eirgenvalues are real.

Further, for (X,Y”) we obtain the same equality albeit with «, 5 re-
placed by @, B and therefore due to assumption «, 8 € R

(X",Y) = (X,Y"). (4.3.6)

But then if X,Y are eigenfunctions corresponding to different eigenvalues
A and p we get from (4.3.6) that —A(X,Y) = —pu(X,Y) and (X,Y) =0
due to A # p.

Remark 4.3.1. For periodic boundary conditions we cannot apply these
arghuments to prove that cos(27nx /1) and cos(2mnx /1) are orthogonal since
they correspond to the same eigenvalue; we need to prove it directly.

4.3.2 Abstract orthogonal systems: definition

Consider linear space H, real or complex. From linear algebra course stan-
dard definition


http://en.wikipedia.org/wiki/Vector_space#Definition
http://en.wikipedia.org/wiki/Vector_space#Definition
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l.u+v=v+u Yu,v € H;
2. (u+v)+w=u+ (v+w) Yu,v,w € H;
0eH: Otu=u YucH:

= W

Vu € H3(—u) : u+ (—u) = 0;
alut+v)=au+av  Vu,v€H VaeR;
(a + B)u = au+ Pu YueH Va,BeR;
a(fu) = (af)u YueH Va,p €R,

o N oo

lu=u Yu € H.

For complex linear space replace R by C.
Assume that on H inner product is defined:

L. (u+v,w) = (u,w) + (v,w) Yu,v,w € H;

2. (au,v) = a(u,v) Vu,v € H Va eR;
3. (u,v) = (v,u) Yu,v € H;
4. |ul|? :== (u,u) >0 Vu € H (it implies that it is real-if we consider

complex spaces) and ||u|| =0 <= u=0.

Definition 4.3.1. (a) Finite dimensional real linear space with an inner
product is called Fuclidean space.

(b) Finite dimensional complex linear space with an inner product is
called Hermaitian space.

(c) Infinite dimensional linear space (real or complex) with an inner prod-
uct is called pre-Hilbert space.
For Hilbert space we will need another property (completeness) which
we add later.

Definition 4.3.2. (a) System {u,}, 0 # w, € H (finite or infinite) is
orthogonal if (U, u,) = 0 Vm # n;

(b) Orthogonal system is orthonormal if ||u,|| = 1 Vn, i.e. (Up, Uy) = 6mn
— Kronecker symbol.



CHAPTER 4. SEPARATION OF VARIABLES AND FOURIER
SERIES 101

4.3.3 Orthogonal systems: approximation

Consider finite orthogonal system {u,}. Let K be its linear hull: the set of
linear combinations ) oy,u,. Obviously K is a linear subspace of H. Let
v € H and we try to find the best approximation of v by elements of K,
i.e. we are looking for w € K s.t. ||v — w|| minimal.

Theorem 4.3.1. (a) There exists a unique minimizer;

(b) This minimizer is an orthogonal projection of f to K, i.e. w € K s.t.
(v — w) 1is orthogonal to all elements of K;

(¢) Such orthogonal projection is unique and w = anu, with

G (4.3.7)

o ual?

(@) oll* = llwl® + flv — w]*.
() v=w = [[v]]* = [lw]?.

Proof. (c) Obviously (v —w) is orthogonal to u, iff (4.3.7) holds. If (4.3.7)
holds for all n then (v —w) is orthogonal to all u,, and therefore to all their
linear combinations.

(d)-(e) In particular (v — w) is orthogonal to w and then

[ll* = 1l(v = w) + wl* = [lv — wl|* + 2Re (v — w, w) +[lw]
L
(a)-(b) Consider w’ € K. Then ||v — w'[|? = ||[v — wl||? + ||w — w'||* because
(w —w') € K and therefore it is orthogonal to (v — w). O
4.3.4 Orthogonal systems: approximation.

Now let {uy,}n=12. . be infinite orthogonal system. Consider its finite sub-
system with n = 1,2,..., N, introduce Ky for it and consider orthogonal
projection wy of v on Ky. Then

N
WN = E aNUp
n=1
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where «,, are defined by (4.3.7). Then according to (d) of Theorem 4.3.1
N
oIl = llv = wn|” + [lwon > > ][> = lanllun]*.
n=1
Therefore series in the right-hand expression below converges
ol > o [Jun? (4.3.8)
n=1

Really, recall that non-negative series can either converge or diverge to oo.
Then wy is a Cauchy sequence. Really, for M > N

M

”wN - wM||2 = Z |an|2”un”2 <éen
n=N-+1

with ey — 0 as N — oo because series in (4.3.8) converges.
Now we want to conclude that wy converges and to do this we must
assume that every Cauchy sequence converges.

Definition 4.3.3. (a) H is complete if every Cauchy sequence converges
in H.

(b) Complete pre-Hilbert space is called Hilbert space.

Remark 4.3.2. Every pre-Hilbert space could be completed i.e. extended to
a complete space. From now on H is a Hilbert space.

Then we can introduce K- a closed linear hull of {uw,},—12 . i.e. the
space of

Z iy (4.3.9)
n=1
with «,, satisfying

> o lunl® < oo. (4.3.10)
n=1

(Linear hull would be a space of finite linear combinations).
Let v € H. We want to find the best approximation of v by elements of
K. But then we get immediately

Theorem 4.3.2. If H is a Hilbert space then Theorem 4.3.1 holds for infi-
nite systems as well.
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4.3.5 Orthogonal systems: completeness

Definition 4.3.4. Orthogonal system is complete if equivalent conditions
below are satisfied:

(a) Its closed convex hull coincides with H.
(b) If v € H is orthogonal to all u,, then v = 0.

Remark 4.3.3. Don’t confuse completeness of spaces and completeness of
orthogonal systems.

Our next goal is to establish completeness of some orthogonal systems
and therefore to give a positive answer (in the corresponding frameworks)
to the question in the end of the previous Section 4.2: can we decompose
any function into eigenfunctions? Alternatively: Is the general solution a
combination of simple solutions?

4.4 Ortogonal systems and Fourier series

4.4.1 Formulae
Consider system of functions

1 TN ™

{é’ cos(——),  sin(——) nzl,...} (4.4.1)

on interval J := [zg, 1] with (z; — x¢) = 2.
These are eigenfunctions of X” + AX = 0 with periodic boundary con-
ditions X (xg) = X (x1), X' (x0) = X'(21).

Proposition 4.4.1.
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and

forallm,n=1,2,....

Proof. Easy; use formulae

2 cos(a) cos(8) = cos(a — ) + cos(a + f3),
2sin(a) sin(B) = cos(a — ) — cos(a + 3),
2sin(a) cos(f) = sin(a — B) + sin(a + ).

]

Therefore according to the previous Section 4.3 we arrive to decompo-
sition

flz) = %ao + i(% COS(WTM) +b, sin(wlﬂ)) (4.4.2)
with coefficients calculated according to (4.3.7)
an, :% /J f(z) Cos(ﬂlﬂ) dx n=0,12 ..., (4.4.3)
by :%/Jf(a:) sn(™ydr =12, (4.4.4)
and satisfying Parseval’s equality
L laof? + 2 (janf? + [bal?) = /J () d. (4.4.5)

So far this is an optional result: provided we can decompose function f(z).

4.4.2 Completeness of the system (4.4.1)

Now our goal is to prove that any function f(z) on J could be decomposed
into Fourier series (4.4.2). First we need
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Lemma 4.4.1. Let f(x) be a piecewise-continuous function on J. Then
/f(a:) cos(wz)dr — 0 as w — 00 (4.4.6)
J

and the same is true for cos(wz) replaced by sin(wx).

Proof. (a) Assume first that f(x) is continuously differentiable on J. Then
integrating by parts

/Jf(x) cos(wr) dr = w™ f(x) sin(wx)‘i; —w™! /J f(z) sin(wz) dov = O(w™).

(b) Assume now only that f(x) is continuous on J. Then it could be
uniformly approximated by continuous functions (proof is not difficult but
we skip it anyway):

Ve > 03f. € C*(J) :Va € J|f(x) — fo(2)] <e.

Then obviously the difference between integrals (4.4.6) for f and for f. does
not exceed 2le; so choosing ¢ = ¢(d) = 0/(4l) we make it < /2. After € is
chosen and f. fixed we can choose w; s.t. for w > w, integral (4.4.6) for f.
does not exceed §/2 in virtue of (a). Then integral (4.4.6) for f does not
exceed 0.

(c) Integral (4.4.6) for interval J equals to the sum of integrals over intervals
where f is continuous.

O

Now calculate coefficients according to (4.4.3)—(4.4.4) (albeit plug y in-
stead of x) and plug into partial sum:

Sy(x) = %ao%—i(ancos(m; ) + by, sin(—— )) -

/KN z,y)f(y) dy (4.4.7)
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with

KN(I‘,y) = %‘i‘

> (cos( ) cos(F5) + sin(2) sin(“-))
- % + Z cos(—ﬂn(yl_ z) ). (4.4.8)

Note that

;sin(%z) cos(z) = ;(sin((n + %)z) —sin((n — %)z) =

: 1 1
sin((NV + 5)2) — 5111(52)

and therefore

Ky(z, e 7 (4.4.9)
> 1 [ sin(k(N + 1
Sw(z) =5 /J Sm(si(nw?fi(z); 9 f(y)dy (4.4.10)

We cannot apply Lemma 4.4.1 to this integral immediately because of de-
nominator.

Assume that x is internal point of J. Note that denominator vanishes
on J only as y = x. Really, 5(z —y) < 7. Also note that derivative
of denominator does not vanish as y = z. Then f(y)/sin(k(x —y)) is a
piecewise continuous function of y provided all three conditions below are

fulfilled:
(a) f is piecewise continuously differentiable function,
(b) f is continuous in z

(¢) f(x) =0 (we are talking about a single point).
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In this case we can apply Lemma 4.4.1 and we conclude that Sy(z) — 0
as N — oco. So,
If f satisfies (a)-(c) then Sy(z) — f(z) as N — oc.

Let us drop condition f(z) = 0. Then we can decompose

1 sin(k(N + %)(x —y)) s
Sw(a) = 7 | F s () — f) dy+
1 / sin(k(N + 1)(z —y))

1 sin(k(z — y)

f(z)dy (4.4.11)

and the first integral tends to 0 due to Lemma 1. We claim that the second
integral is identically equal f(z). Indeed, we can move f(x) out of integral
and consider

1 [ sin(k(N+3)(z—y)) _
7/J sin(k(x —y)) dy =
% /J(% + ; Cos(—ﬂn(yl_ 7) )) dy (4.4.12)

where integral of the first term equals [ and integral of all other terms
vanish.

4.4.3 Pointwise convergence

Therefore we arrive to
Theorem 4.4.1. Let = be internal point of J (i.e. x9 < x < x1) and let
(a) f be a piecewise continuously differentiable function,

(b) f be continuous in x. Then the Fourier series converges to f(x) at x.

4.4.4 Pointwise convergence. II

Assume now that there is a jump at x. Then we need to be more subtle.
First, we can replace f(x) by its 2l-periodic continuation from J to R. Then
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we can take any interval of the length 2/ and result will be the same. So
we take [z — [,z +[]. Now

(f(y) = f@ = 0)) dy+

1 osin(k(N + 5)(z —y))
Sw{w) = l / sin(k(z — y))
1 / sin(k(N + %)(l’ —y))

[ sin(k(z —y))

; (fy) = (o +0) dy+

1 sin(k(N + %)(x —y)) )
1 / sin(k(z —y) f(x —0)dy+
L [ sin(k(N +3)(z —y))

i /J+ sin(k(z — y) flx+0)dy

with J= = (z —[,1), J* = (z,z + ). According to Lemma 4.4.1 again the
first two integrals tend to 0 and we need to consider integrals

1 [ sin(k(N+5(@—y) 1 [ sin(k(N+1)(z—y))
i/ ing |, w

sin(k(z —y) 7 sin(k(z —y)

Using back transformation like in (4.4.12) we conclude that both these
integrals are equal to % Therefore we proved

Theorem 4.4.2. Let f be a piecewise continuously differentiable function.
Then the Fourier series converges to

(a) f(x) if x is internal point and f is continuous at x;

(b) 2(f(z+0)+ f(xz —0)) if z is internal point and f is discontinuous
at x;

(c) %(f(ﬂvo +0)+ f(xy — O)) if x = xg or x = x1. Recall that xy and x4
are the ends.

The last two statements are called Stokes phenomenon. Below are par-
tial sums of sin-Fourier decomposition of u(x) = 1.
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X7
4.5 Other Fourier series

4.5.1 Fourier series for even and odd functions

In the previous Section 4.4 we proved the completeness of the system of
functions

1
{5, COS(WTM), Sin(ﬂ'lﬂ) n = 1,...} (4.5.1)
on interval J := [xg, z;] with (z; —z) = 2[. In other words we proved that
any function f(z) on this interval could be decomposed into Fourier series

X ™Tx

f(z) = %ao + g(an COS(T) + b, sin(T)) (4.5.2)
with coefficients calculated according to (4.3.7)

. :%/Jf(x) cos(™Tydr =012, (4.5.3)

by, :% /J f(z) sin(ﬂTm) dx n=12..., (4.5.4)

and satisfying Parseval’s equality
éw + Zl U(lanl? + [ba]?) = /J ()2 da. (45.5)
Now we consider some other orthogonal systems and prove their complete-
ness. To do this we first prove
Lemma 4.5.1. Let J be a symmetric interval: J = [—1,1l]. Then
(alph*) f(x) is even iff b, =0 ¥Yn=1,2,....
(alph*) f(x) is odd iff a,, =0  ¥Yn=0,1,2,....
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Proof. (a) Note that cos(™*) are even functions and sin(™3*) are odd func-
tions. Therefore if b, =0  Vn =1,2,... then only decomposition (4.5.2)
contains only even functions and f(z) is even. Conversely, if f(x) is an even
function then integrand in (4.5.4) is an odd function and its integral over

symmetric interval is 0.

(b) Statement (b) is proven in the similar way.

4.5.2 cos-Fourier series

Let us consider function f(x) on the interval [0,[]. Let us extend it as an
even function on [—[,1] so f(x) := f(—=x) for x € [—[,0] and decompose it
into full Fourier series (4.5.2); however sin-terms disappear and we arrive
to decomposition
1 > TNT
flz) = g0+ Z an, cos(T). (4.5.6)

n=1

This is decomposition with respect to orthogonal system

1 ™I

{5, COS(T> n= 1,...}. (4.5.7)

Its coefficients are calculated according to (4.5.3) but here integrands are
even functions and we can take interval [0,!] instead of [—/,[] and double
integrals:

9 [l
ap = 7/ f(x) cos(#) dx n=20,1,2,... (4.5.8)
0

Also (4.5.5) becomes

l = :
flaof + 3 glanl = [ If@)Pdr (159)
n=1

The sum of this Fourier series is 2[-periodic. Note that even and then
periodic continuation does not introduce new jumps.
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4.5.3 sin-Fourier series

Let us consider function f(x) on the interval [0,[]. Let us extend it as an
odd function on [—1,{] so f(z) := —f(—=) for € [—[,0] and decompose it
into full Fourier series (4.5.2); however cos-terms disappear and we arrive
to decomposition

= ™mx
= b, sin(——). 4.5.10
o) = D bosin(*) (1.5.10)
This is decomposition with respect to orthogonal system
{m(#) n=1,.. } (4.5.11)
Its coefficients are calculated according to (4.5.4) but here integrands are

even functions and we can take interval [0,[] instead of [—[,!] and double
integrals:

) l
b, = 7/ £(2) sm(ﬁ) dr  n=12,... (4.5.12)
0

Also (4.5.5) becomes

i% i Z/l\f(x)\de- (4.5.13)
n=1 2 ! 0

The sum of this Fourier series is 2l-periodic. Note that odd and then peri-
odic continuation does not introduce new jumps iff f(0) = f(I) = 0.
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21 —1 l 2]

4.5.4 sin-Fourier series with half-integers

Let us consider function f(x) on the interval [0,{]. Let us extend it as
an even with respect to z = [ function on [0, 2] so f(x) := f(2l — x) for
x € [l,2l]; then we make an odd continuation to [—2[, 2!] and decompose it
into full Fourier series (4.5.2) but with [ replaced by 2[; however cos-terms
disappear and we arrive to decomposition

™x

fla) =1, sin(—;-).
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Then f(20 —x) = > 02, b, sin(=22)(—1)"*! and since f(z) = f(2l — z) due

n=1"n 21
to original even continuation we conclude that b/, = 0 as n = 2m and we

arrive to

Zb sin 2”+1> DT (4.5.14)

with b, := b5, ,; where we replaced m by n.
This is decomposition with respect to orthogonal system

{sin(mg—?—l)x) n=1,.. } (4.5.15)

Its coefficients are calculated according to (4.5.12) (with [ replaced by 2[)
but here we can take interval [0, ] instead of [0, 2/] and double integrals:

2 [ o2n 4 1
- —/ @) sin(CELELDEy 02 (4.5.16)
L/ 2
Also (4.5.13) becomes
Z§]bn\2:/ |f(2)]? da. (4.5.17)
n=0 0

The sum of this Fourier series is 4l-periodic. Note that odd and then peri-
odic continuation does not introduce new jumps iff f(0) = 0.

AN

21 - Z 21

AN
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4.5.5 Fourier series in complex form

Consider (4.5.2)—(4.5.5). Plugging

(7T711:> 1 iﬁ?g +_ 1 __iz?g
cos(——) = —e —e
{ 2
. <7mx) 1 imna 1 _imna
sin(——) = —e — —e

) 21 2

and separating terms with n and —n and replacing in the latter —n by
n=-—1,-2,... we get

fla)= 3" e (4.5.18)
with ¢y = %ao, Cp = %(an —iby,) asn=1,2,... and ¢, = %(a,n +1ib_,) as
n = —1,—2,... which could be written as

1 imtn
cn:—/f(x)e_l dx n=...,—2,—1,0,1,2,.... (4.5.19)
21 J;
Parseval’s equality becomes
03 Jeal? = / ()2 da. (4.5.20)
J

n=—oo

One can see easily that the system

iTnT

{Xn — ...,—2,—1,0,1,2,...} (4.5.21)
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on interval J := [xg, z1] with (z1 — 2¢) = 2[ is orthogonal:
/ X ) dz = 26y (4.5.22)

Remark 4.5.1. All our formulae are due to Section 4.3 but we need the
completeness of the systems and those are due to compleness of the system
(4.5.1) established in 4.4.

Remark 4.5.2. Recall that with periodic boundary conditions all eigenval-

ues (72)? are of multiplicity 2 i.e. the corresponding eigenspace (consist-

ing of all eigenfunctions with the given eigenvalue) has dimension 2 and

iTNnT

{cos(”?z) sin(™%)} and {7, e~ "1 } are just two different orthogonal ba-

sises in this eigenspace.

Remark 4.5.3. Fourier series in the complex form are from —oo to oo and
this means that both sums Zn 0 cne T must converge which is a stronger
requirement than convergence of Fourier series in the trigonometric form.
For piecewise differentiable function f Fourier series in the complex form
converges at points where f is continuous but not at jump points where
such series converges only in the sense of principal value:

. ITNT
lim E cpe U =
N—>+oo

(f(z+0)+ f(z—0)). (4.5.23)

l\)l»—

4.5.6 Miscellaneous

We consider in appendices

(a) Multidimensional Fourier series

(b) Harmonic oscillator and Hermite functions

4.5.7 Problems to Sections 4.3, 4.4, 4.5

Some of the problems in this assignment could be solved based on the other
problems and such solutions are much shorter than from the scratch; seeing
and exploiting connections is a plus.

Here N ={1,2,3,...},

Problem 4.5.1. Decompose into full Fourier series on interval [—[,[]:
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(a) e** where z € C; find “exceptional” values of z;
(b) cos(wz), sin(wz) where 0 < w € R; fins “exceptional” values of w;
(¢) cosh(nx), sinh(nx) where 0 < n € R;

Problem 4.5.2. Decompose into full Fourier series on interval [—[,{] and
sketch the graph of the sum of such Fourier series:

(a) z;
(

(c

(d) For problem (b) with { = 5 plot 4 first partial sums like on the figure
in the end of Section 4.4

)

b) [x;
)
)

Problem 4.5.3. Decompose into full Fourier series on interval [—m, 7| and
sketch the graph of the sum of such Fourier series:

() |sin(a)];
(b) |cos(a)].

Problem 4.5.4. Decompose into sin Fourier series on interval [0, 7] and
sketch the graph of the sum of such Fourier series:

(e) cos(mzx) with m € N;
(f) sin((m — 3)z) with m € N.

Problem 4.5.5. Decompose into cos Fourier series on interval [0, 7] and
sketch the graph of the sum of such Fourier series:

(a) 1;


./S4.4.html
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(b) =

(c) a(m—a);

(d) sin(mz) with m € N;

(e) cos(mzx) with m € N;

(f) sin((m — $)z) with m € N.

Problem 4.5.6. Decompose into Fourier series with respect to sin((n + 3)z)
(n =0,1,...) on interval [0,27] and sketch the graph of the sum of such
Fourier series:

(a
(b

1;

8

7

c) z(m — x);

(e) cos(mzx) with m € N;
(

)
)
(c)
(d) sin(mz) with m € N;
)
f)

sin((m — 1)z) with m € N.

4.A Calculation of negative eigenvalues in
Robin problem

4.A.1 Variational approach
Analyzing Example hrefexample-4.2.6 and Example 4.2.7. We claim that
Theorem 4.A.1. Figenvalues are monotone functions of «, 5.

To prove it we need without proof to accept variational description of
eigenvalues of self-adjoint operators bounded from below (very general the-
ory) which in this case reads as:
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Theorem 4.A.2. Consider quadratic forms

Qu) = / W/ dz + afu(0)? + Blu()? (4A1)

and
P(u):/0 lu|? dz. (4.A.2)

Then there are at least N eigenvalues which are less than X if and only iff
there is a subspace K of dimension N on which quadratic form

Qx(u) = Q(u) — AP(u) (4.A.3)
is negative definite (i.e. Qx(u) <0 for allu € K, u #0).

Note that @(u) is montone non-decreasing function of «, . There-
fore N(A) (the exact number of e.v. which are less than \) is montone
non-increasing function of «, 8 and therefore Ay is montone non-decreasing
function of «a, f3.

4.A.2 Case a=0

The easiest way to deal with it would be to note that the hyperbola a +
8+ afl = 0 has two branches and divides plane into 3 regions and due to
continuity of eigenvalue in each of them the number of negative eigenvalues
is the same.

Consider g = a, it transects all three regions. Shift coordinate x to the
center of interval, which becomes [—L, L], L = [/2. Now problem becomes

X" 4+ AX =0, (4.A.4)
X'(-L) = aX(-L), (4.A.5)
X'(L) = —aX (L) (4.A.6)
and therefore if X is an eigenfunction, then Y (z) := X(—z) is an eigen-

function with the same eigenvalue.
Therefore we can consider separately eigenfunctions which are even func-
tions, and which are odd functions—and those are described respectively by
X"+ AX =0, (4.A.7)
X'(0) =0, (4.A.8)
X'(L) = —aX(L) (4.A.9)



CHAPTER 4. SEPARATION OF VARIABLES AND FOURIER

SERIES 119
and
X"+ XX =0, (4.A.10)
X(0) =0, (4.A.11)
X'(L) = —aX(L). (4.A.12)

Since we are looking at A\ = —? (7 > 0, we look at X = cosh(zy) and X =
sinh(Xy) respectively (see conditions (4.A.8), (4.A.11)) and then conditions
(4.A.9), (4.A.12) tell us that

al = —(Lv) tanh(L~), (4.A.13)
al. = —(Lv) coth(L~) (4.A.14)

respectively.

Both functions z tanh(z) and z coth(z) are monotone increasing for z > 0
with minima at z = 0 equal 0 and 1 respectively. Thus equation (4.A.13)
has a single solution 7 iff @ < 0 and (4.A.14) has a single solution ~ iff
al < —1.

Therefore as al < 0 there is one negative eigenvalue with an even eigen-
function and as 2al + (al)? < 0 comes another negative eigenvalue with an
odd eigenfunction.

Sure, one can apply a variational arguments above but analysis above
has its own merit (mainly learning).

4.B Multidimensional Fourier series

4.B.1 2m-periodic case

Let function u(x), x = (1, X2, ..., x,) be 2m-periodic with respect to each
variable x1, %o, ..., x,. Then
u(x) = Z Cme™> (4.B.1)
mezZn
with

o = (2) / / /Q e~y () (4B.2)

S Jewl? = @0)" / / s (4B.3)

mezZn

and



CHAPTER 4. SEPARATION OF VARIABLES AND FOURIER
SERIES 120

where 2 = (0,1)" is n-dimensional unit cube. Here and below we write
n-dimensional integral as [[[.
We need slightly generalize these formulae.

4.B.2 General case

Definition 4.B.1. Let I" be n-dimentional lattice. It means that there are
n linearly independent vectors ey, ..., e, and

I' = {(/{3181 + koes + ...+ kpe, kl, kQ, .. ,kn c Z} (4B4)

Remark 4.B.1. Let I' be The same lattice I is defined by vectors ef,. .., €/

rTn

with e = > jrer with integer coefficients if and only if the determinant
of the matrix (o) k=1,. n of coefficients is equal £1.

-----

Definition 4.B.2. Let I' be Let I' be n-dimentional lattice. We call u(x)
periodic with respect to I or simply I'-periodic if

ux+y)=ux) Vyel vx (4.B.5)
In the previous Subsection I' = (27Z)". Let us change coordinate system

so that T becomes (27Z)", apply (4.B.1)—(4.B.3) and then change coordi-
nate system back. We get

u(x) = Z Cme™> (4.B.6)

cm = Q7 / / /Q e~ ™My (x) d"z (4.B.7)

3 tenft =100 [ o (1B.3)

where [Q2] is a volume of Q and

with

and

Definition 4.B.3. (a) Q = {r1e1+ ...+ 1z, : 0 <23 < 1,...,0 <
x, < 1} is an elementary cell;
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(b) I"={m: m-y € 27Z Vy € I'} is a dual lattice; it could be defined

by vectors ej, ..., e; such that
e;-ek:27r5jk Vj,k’zl,...,n (4B9)

where 6j; is a Kronecker symbol;

(c) O ={kiet+ ...+ ke, : 0 <k <1,...,0 <k, <1} is a dual
elementary cell.

Remark 4.B.2. We prefer to use original coordinate system rather than one
with coordinate vectors (27)~'ey,...,(27) e, because the latter is not
necessarily orthonormal and in it Laplacian will have a different form.

4.B.3 Special decomposition

These notions are important for studying the band spectrum of the Schrdinger
operator —A + V(x) with periodic (with respect to some lattice I') poten-
tial in the whole space which has applications to the Physics of crystals.
For this the following decomposition is used for functions u(x) in the whole
space R"

Theorem 4.B.1. Let u(x) be sufficiently fast decaying function on R™.

Then
u(x) = / / / ullx) 'k (4.B.10)
with
u(k;x) = (2m)7"|Q Y e ™ u(x +1). (4.B.11)

Here u(k;x) is quasiperiodic with quasimomentum k
u(k;x +y) = e*Vu(k; x) Vy € I' Vx. (4.B.12)

Proof. Observe that since u is sufficiently fast decaying series in (4.B.11)
converges and one can see easily that it defines quasiperiodic with quasi-
momentum k function.

The proof of (4.B.10)is trivial as [[[,. e”™1d"k = |Q*| as 1 = 0 and 0
as 0 #£1€ T, and |Q*] = (2m)"|Q| L. O
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4.C Harmonic Oscillator

Definition 4.C.1. Quantum harmonic oscillator is an operator on R

1 1
L= ——0%+ =22 4.C.1
U (4.C.1)

It is defined in the space L*(R) of square integrable functions on R.

Remark 4.C.1. Operator
Log = ——0>+ —=x (4.C.2)
can be reduced to (4.C.1) by change of variables x := zy with v = /3/«

and division by v/af.
Observe that

1 1 1 1
L=-7"Z+-=-27"— - 4.C.
2 + 2 2 2 (4.C.3)
with
Z =0, +z, 7" =—0,+x (4.C4)

and Z* is adjoint to Z: (Zu,v) = (u, Z*v).
Note that (4.C.3) implies that the lowest eigenvalue of L is % with eigen-

22

function which is “annihilated” by Z, i.e. ug(x) :==e” 7.
To find other eigenvalues and eigenfunctions observe that [Z*, Z] = —2
and therefore

LZ*=Z*(L+1), LZ=Z(L-1). (4.C.5)

The first equality implies that if u is an eigenfunction with an eigenvalue A,
then Z*u is an eigenfunction with an eigenvalue A 4 1; therefore we have a
sequence of eigenvalues A\, = (n + %), n=20,1,2,... and eigenfunctions u,,

defined
Up = 2 Up_1, n=12,.... (4.C.6)

Theorem 4.C.1. (a) There are no other than above eigenvalues and eigen-
functions;

(b) up(x) = Hn(.r)e’é where Hy(x) is a polynomial of degree n (and it
is even/odd for even/odd n);
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(¢) All u,(x) are orthogonal; ||u,| = vwnl.
(d) System {u,} is complete.

Proof. (a) The second of equalities (4.C.5) implies that if u is an eigenfunc-
tion with an eigenvalue A\, then Zu is an eigenfunction with an eigenvalue
A — 1; however since eigenvalues start from % there are no eigenvalues in

(£,3); so the next eigenvalue is % and if u is a corresponding eigenfunction

272
then Zu = cug. But then Z*Zu = c¢Z*ug; but Z*Zu = (L — %)u = u and
u = cZ*ug = cuy. Continuing these arguments we conclude that there are

35

no eigenvalues in (3, 3); so the next eigenvalue is g and u = ¢o and so on.

(b) By induction;

(¢) Due to L* = L functions are orthogonal; on the other hand

* * * * 1
lwnll® = 11Z7ull® = (Z7un-1, Z"un—1) = (2270, u) = (L45)un-1, 1) =
1
A+ Dl = nlul®

and by induction it is equal to n!||u||* = n!m.
Here we used the fact that [jug|? = [ ™" da = 7. O

Definition 4.C.2. Functions w,, are Hermite functions, H,(x) are Hermite

polynomials.

One can prove

15)

Hy(x) = n! ZO %(2@"—% (4.C.7)
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Then

Ho(z) =

Hy(z) =

Hy(x) =

Hs(x) =

Hy(x) = 162" — 482% + 12,
Hs(z) = 322° — 1602° + 120z,

Hg(7) = 6425 — 480z + 7202* — 120,

Hy(x) = 12827 — 13442° + 33602° — 1680z,

Hg(x) = 2562° — 35842° + 134402* — 1344022 + 1680,

Hy(x) = 5122° — 921627 + 483842° — 806402° + 30240z,

Hio(z) = 10242 — 230402° + 1612802° — 4032002* + 3024002 — 30240

Remark 4.C.2. In the toy-model of QFT (Quantum Field Theory) w, is
considered as n-particle state, in particular ug is a vacuum state; operators
a= \%Z and a* = \%Z * are operators of annihilation and creation respec-
tively, N =a*a = L — % is an operator of number of the particles (actually,
it is true only for bosons).

4.C.0.1 References

http://en.wikipedia.org/wiki/Hermite_polynomials http://mathworld.
wolfram.com/HermitePolynomial.html

See plots for Hermite polynomial and Hermite functions. Observe that
H,(x) changes sign exactly n-times.


http://en.wikipedia.org/wiki/Hermite_polynomials
http://mathworld.wolfram.com/HermitePolynomial.html
http://mathworld.wolfram.com/HermitePolynomial.html

Chapter 5

Fourier transform

In this Chapter we consider Fourier transform which is the most useful of
all integral transforms.

5.1 Fourier transform, Fourier integral

5.1.1 Heuristics

In Section 4.5 we wrote Fourier series in the complex form

o0

with
]_ t iTnT
Cp = Z/ f(a:)eiT dx n=..., _27 _1707 1727 s (512)
-l
and - l
20 ) |cn|2:/ |f(x)]? da. (5.1.3)
-1

n=—oo

From this form we formally without any justification deduct Fourier inte-
gral.
First we introduce

kp = and Ak, =k — koy = % (5.1.4)

125
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and rewrite (5.1.1) as

fl@)= Y C(ky)e™" Ak, (5.1.5)
with
L “ke g 5.1.6
C’(/f)—%/lf(x)e x (5.1.6)
where we used C'(k,) := ¢,/(Aky); (5.1.3) should be rewritten as
1 00
/ F@Fdr =21 3 |C(h)[PAk,. (5.1.7)
=l n=—oo

Now we formally set | — +o00; then integrals from —[ to [ in the right-hand
expression of (5.1.6) and the left-hand expression of (5.1.7) become integrals
from —oo to 400.

Meanwhile, Ak, — 40 and Riemannian sums in the right-hand expres-
sions of (5.1.5) and (5.1.7) become integrals:

flz) = /_OO C(k)e™™ dk (5.1.8)
with e
C(k) = %/_ f(z)e * da; (5.1.9)
(5.1.3) becomes
/_oo |f(z)*dv = 27 /_Oo |C(k)|? dk. (5.1.10)

5.1.2 Definitions and Remarks

Definition 5.1.1. Formula (5.1.9) gives us a Fourier transform of f(x), it
usually is denoted by “hat”:

f4) = o [ e (1)

sometimes it is denoted by “tilde” ( f ), and seldom just by a corresponding
capital letter F'(k).
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Definition 5.1.2. Expression (5.1.8) is a Fourier integral aka inverse Fourier
transform:

fla) = [ Fiwet ar (F1)

F(r) = / F(k)e™ dk (IFT)
Remark 5.1.1. Formula (5.1.10) is known as Plancherel theorem

/ | f (@) de = 2x / k)P k. (PT)

Remark 5.1.2.  (a) Sometimes expoments of +ikx is replaced by +2mikx
and factor 1/(2m) dropped.

(b) Sometimes factor —= is placed in both Fourier transform and Fourier

Vor
integral:
¢ _L - —ikx . *
k) = —= / fla)e e da (FT%)
_ L * 2 ikx *
fla) = <= / e (FI¥)

Then FT and IFT differ only by ¢ replaced by —i and Plancherel
theorem becomes

/  f@)dr = / )R . (PT*)

o0 [e.o]

In this case Fourier transform and inverse Fourier transform differ
only by —i instead of ¢ (very symmetric form) and both are unitary
operators.
Remark 5.1.3. We can consider corresponding operator LX = — X" in the
space L?(R) of the square integrable functions on R but ¢?** are no more
eigenfunctions since they do not belong to this space. In advanced Real

Analysis such functions often are referred as generalized eigenfunctions.
Remark 5.1.4. (a) For justification see Appendix 5.1.4.

(b) Pointwise convergence is discussed in Appendix 5.1.5.

(¢) Multidimensional Fourier transform and Fourier integral are discussed
in Appendix 5.2.5.
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5.1.3 cos- and sin-Fourier transform and integral

Applying the same arguments as in Section 4.5 we can rewrite formulae

(5.1.8)-(5.1.10) as
f(2) = /0 " (A(k) cos(ka) + B(k) sin(ka)) dk
with
A(k) = % /_ Z F(z) cos(kx) dx,
B(k) = % /_ Z F(z) sin(kz) da,
and

oo

A(k) and B(k) are cos- and sin- Fourier transforms and
1. f(x) is even function iff B(k) = 0;
2. f(x) is odd function iff A(k) = 0.

Therefore

| it@Pde=x [ (AW -+ BOIP) d

(5.1.11)

(5.1.12)

(5.1.13)

(5.1.14)

1. Each function on [0, 00) could be decomposed into cos-Fourier integral

f(z) = /OOO A(k) cos(kz) dk

with 5 foo
A(k) = ;/0 f(x) cos(kx) dx.

(5.1.15)

(5.1.16)

2. Each function on [0, c0) could be decomposed into sin-Fourier integral

flz) = /0 " Bk) sin(kz) dk

with o oo
Bk =2 /0 F(@) sin(kz) da.

(5.1.17)

(5.1.18)



CHAPTER 5. FOURIER TRANSFORM 129

5.1.4 Justification

Let u(z) be smooth fast decaying function; let us decompose it as in Section
4.B (but now we are in the simpler 1-dimensional framework and I' = 27Z):

u(z) = /01 u(k; z) dk (5.1.19)

with

u(k;z) = Z e 2™k My (z 4+ 2mm). (5.1.20)

m=—0Q

Here u(k; ) is quasiperiodic with quasimomentum k
u(k; z + 27n) = e*u(k; ) Vn € Z Vx € R. (5.1.21)

Then e~*2y(k; x) is periodic and one can decompose it into Fourier series

[e.9] o0

u(k;z) = Z emrethre (k) = Z el thlze (k) (5.1.22)

(where we restored u(k; ) multiplying by %) with

1

T or

27
cn (k) / e~ TRy (k1) dae (5.1.23)
0

and

21 ) \cn(k)|2:/0ﬂ]u(k;x)\2dx. (5.1.24)

n=—oo

Plugging (5.1.22) into (5.1.19) we get

1 oo n+1 0o
u(ﬂf) = / Z Cn(k)ei(nJrk)x dk = Z / C<w)eiwx _ / C(w)ei‘”‘r dw
0 . .

n=—oo n=—oo

where C(w) := ¢, (k) with n = |w] and k = w — |w] which are respectively
integer and fractional parts of w. So, we got decomposition of u(z) into
Fourier integral.
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Next, plugging (5.1.20) into (5.1.23) we get

1 21 ) o0 )
C’(w):2—/ e Z e 2™k my (x4 2mrm) do =
T Jo m=—oo
1 2m(m—+1) ' 2T ‘
- —iwy dy = —iwy d
om f, ¢ el dy /_Ooe u(y) dy

where we set y = = 4+ 2mm. So, we got exactly formula for Fourier
transform.
Finally, (5.1.24) implies

o fj /01 |cn(k:)|2dk::/027r</01|u(k:;x)|2dk> dz

n=-—oo
where the left hand expression is exactly

o0

2 3 /nnH]C'(w)|2dw—27r/_ 1C(w)]? dw

n=—00 o0

and the right hand expression is
27 1 00 0 4
/ (/ Z Z MRy (2 + 2mm)a(x + 2nl) dk) dx
0 0 m=—00 |[=—o0
and since fol 2k (=m) qk = §;,,, (1 as [ = m and 0 otherwise) it is equal to

/:W S \u(x+27rm)|2dx:/: u(z)|? dz.

m=—0oQ

So, we arrive to Plancherel theorem.

5.1.5 Discussion: pointwise convergence of Fourier
integrals and series

Recall Theorem 4.4.2. Let f be a piecewise continuously differentiable func-
tion. Then the Fourier series

a - ™ ™
?0 —|—Z<an COS(T> + ay, COS(T)) (5.1.25)

n=1

converges to
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(b) 1(f(z+0)+ f(xz —0)) if z is internal point and f is discontinuous at
T

Exactly the same statement holds for Fourier Integral in the real form
(5.1.26)

/000 (A(k) cos(kx) + B(k) sin(lm)> dk

where A(k) and B(k) are cos-and sin-Fourier transforms.
None of them however holds for Fourier series or Fourier Integral in the

complex form:
> et (5.1.27)
/ C(k)e™ dk. (5.1.28)

Why and what remedy do we have? If we consider definition of the partial
sum of (5.1.25) and then rewrite in the complex form and similar deal with

(5.1.28) we see that in fact we should look at
N
(5.1.29)

: 7
lim g cpe'

N—oo
n=—N

N
lim C(k)e™™ dk. (5.1.30)
N—oo _N
Meanwhile convergence in (5.1.27) and (5.1.28) means more than this:
N T
M%IEOO Z cpe' (5.1.31)
n=—M
N
(5.1.32)

lim C(k)e™ ™ dk
M,N—oo J_ar

where M, N tend to oo independently. So the remedy is simple: understand

convergence as in (5.1.29), (5.1.30) rather than as in (5.1.31), (5.1.32).
For integrals such limit is called principal value of integral and is denoted

by
pv/ G(k) dk.

—00
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BTW similarly is defined

pv/abG(k’) dk = lim (/_ G(k) dk:+/cb G(k) dk)

e—+4+0 e

if there is a singularity at ¢ € (a, b).Often instead of vp is used original (due
to Cauchy) vp (valeur principale) and some other notations.

This is more general than the improper integrals studied in the end of
Calculus I (which in turn generalize Riemann integrals). Those who took
Complex Variables encountered such notion.

5.2 Properties of Fourier transform

5.2.1 Basic properties

In the previous Section 5.1 we introduced Fourier transform and Inverse
Fourier transform

f) = o= [ gt i (FT)
1 oo

Pla) =2 /_ Fk)e= di (IFT)

K
with £ = 1 (but here we will be a bit more flexible):
Theorem 5.2.1. F = f <= f=F. (Already “proved”)

Theorem 5.2.2. (a) Fourier transform: f f 1S a linear operator
L*(R,C) — L*(R,C);

(b) Inverse Fourier transform: F + F is an inverse operator (and also
a linear operator) L*(R,C) — L*(R,C);

(c) If kK = \/%7 these operators are unitary i.e. preserve morm and an
inner product:

1= ([ 15ty as)’, (5:21)

(h9) = [ 1@t (5.22)
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Proof. Easy. Preservation of inner product follows from preservation of
norm. ]

Remark 5.2.1. (a) Here L*(R, C) is a space of square integrable complexample-
valued functions. Accurate definition requires a measure theory (stud-
ied in the course of Real Analysis). Alternatively one can introduce
this space as a closure of the set of square integrable continuous func-
tions but it also require a certain knowledge of Real Analysis.

(b) Properties (a) and (b) are obvious and (c) is due to Plancherel’s the-
orem.

(¢) In Quantum Mechanics Fourier transform is sometimes referred as
“going to p-representation” (aka momentum representation) and In-
verse Fourier transform is sometimes referred as “going to g-representation
(aka coordinate representation). In this case +ikx is replaced by
+ih~'kx and 27 by 27h.

Theorem 5.2.3. (a) g(:ic) = flx —a) = j(k) = e ™ f(k);
(b) g(x)
(c) g(x) =
(d) gx) = zf(x) = (k) = if'(k);
(¢) g(x) = f(Ax) = §(k) = [N f(A1k);

Proof. Here for brevity we do not write that all integrals are over R and
set Kk = 2.

(a) g_fe zk:z d:c—fe zk‘xfx ad:r;—fe zkac—l—a)f( )d $:€_ikaf(]€).
We replaced z by (x + a) in the integral.

(b) = [e*g(x)dx = [ e * e f(x)dx = [e* (k=b)z f () dx f(k—b).
(c) g= [e™*g(x)dx = [e ™ f'(z)dx by parts [(e ™) f(x) dw = ik f(k).
(d) g= [e**g(x)dx = [e*zf(x)ds = [iOp(e”*) f(z)dzx = if (k).

(e) §= [e*glx)de = [e ™ fAx)dr = [e N2 f(2) A\ Tde = A (A 1k).
Here we replaced z by A™'z in the integral and |A|~! is an absolute value
of Jacobian.

2
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O
Corollary 5.2.1. f is even (odd) iff f is even (odd).
5.2.2 Convolution
Definition 5.2.1. Convolution of functions f and ¢ is a function f * ¢:
(f * g)( /f x— (5.2.3)

Theorem 5.2.4. (a) h=fxg — il(k) = %f(k)ﬁ(k):

(b) h(z) = f(2)g(z) = h=rf*g;
Proof.  (a)

h(z) = % / e Fh(z / / T (= y)gly) dady;

replacing in the integral x := y 4+ 2z we arrive to

% / / e W f(2)g(y) dzdy = % / e f(2) dz % / e "*q(y) d=

which is equal to 2 f(k)g(k).

(b) Similarly f * g is a Fourier transform of 5t fg where k; = Pi

5.2.3 Examples

Ezxample 5.2.1. Let f(x) = e * as x > 0 and f(z) = 0 as v < 0. Here
Rea > 0.
=0

f(k):/ e dy = —(o 4 ik) e T — (a4 ik) T
0

provided xk = 27. )
In the general case f(k) = o= (o + k)™
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Ezample 5.2.2. Let f(z) = e~ 2*" with Rea > 0. Here even for Reaw = 0
F.t. exists as integrals are converging albeit not absolutely.
Note that f' = axf. Applying Fourier transform and Theorem 5.2.3
(c),(d) to the left, right we get ikf = —iaf'; solving it we arrive to f =
1

To find C note that C = £(0) = £ [e~3"" dx and for real @ > 0 we

. _1 .
make a change of variables + = a7 2z and arrive to C' = Tora because

2T
fe_22/2 dz = v/27. Therefore

Knowing complex variables one can justify it for complex a with Re v > 0;
we take a correct branch of y/a (condition Re av > 0 prevents going around
origin). In particular, (+i)z = e*T and therefore for o = +if with for
B>0weget f=eT2" and

~ K +

f(k) = W(lﬂm)e

i 1.2
ﬁkl.

5.2.4 Poisson summation formula

Theorem 5.2.5. Let f(x) be a continuous function on the line (00, 00)
which vanishes for large |x|. Then for any a > 0

[e.9]

Y flan)= Y =f(=n). (5.2.4)
Proof. Observe that function

g(@)= 3 fla+an)

n=—0oo

is periodic with period a. Note that the Fourier coefficients of g(z) on the

interval (—%, %) are by, = %X f (27), where f(k) is the Fourier transform of

272
f().
Finally, in the Fourier series of g(z) on (—%,5) plug # = 0 to obtain
g(0) = >, by, which coincides with (5.2.4). O
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5.2.5 Multidimensional Fourier transform, Fourier
integral

Definition 5.2.2. Multidimensional Fourier transform is defined as

f10=(52)" [[[ 1= (FT)

F(x) = (%)n / / / ) F(k)e™ ™ d"k (IFT)

with £ = 1 (but here we will be a bit more flexible).

All the main properties of 1-dimensional Fourier transform are preserved
(with obvious modifications) but some less obvious modifications are men-
tioned:

Remark 5.2.2. Theorem 5.2.3(e) is replaced by

9(x) = f(Qx) = (k) = |det Q| f(Q" k) (5.2.5)

where () is a non-degenerate linear transformation.

Remark 5.2.3. Example 5.2.2 is replaced by the following: Let f(z

e~ 24%% where A is a symmetric (but not necessarily real matrix) A7 = A

with positive definite real part:
Re(Ax - x) > e|x/|? Vx

with € > 0. One can prove that inverse matrix A~! has the same property
and

~ K " 1 1 4-1
k)= — det A|"ze 24 Kk,
o) = (=) et

Remark 5.2.4. Poisson summation formula (Theorem 5.2.5) is replaced by

Y fm) =Y (2m)"|97 f(k). (5.2.6)

mel kel™

(in notations of Section 4.B).



CHAPTER 5. FOURIER TRANSFORM 137

5.2.6 Problems to Sections 5.1, 5.2

Some of the problems could be solved based on the other problems and
properties of Fourier transform (see Section 5.2) and such solutions are
much shorter than from the scratch; seeing and exploiting connections is a
plus.

~

Problem 5.2.1. Let F' be an operator of Fourier transform: f(z) — f(k).
Prove that

(a) F*F = FF* = I;

(b) (F%f)(x) = f(—x) and therefore F?f = f for even function f and
F? = —f for odd function f;

(c) F* =1,

(d) If f is a real-valued function then f is real-valued if and only if f is
even and i f is real-valued if and only if f is odd.

Problem 5.2.2. Let a > 0. Find Fourier transforms of

(a)
(b) el cos(Bx), e~*lsin(Bx) with 3 > 0;
(c) el with 8 > 0;

(d) we=l*l cos(Bz), re~®I*l sin(Bz) with 8 > 0.

Problem 5.2.3. Let o > 0. Find Fourier transforms of

(c) (2% + a®)"tcos(Bx), (2% + o?)~tsin(Br);
(d) z(2? 4+ a?)~L cos(Bz), z(x? + o?)~Lsin(Br).

Problem 5.2.4. Let o« > 0. Based on Fourier transform of e~%%*/2 find
Fourier transforms of

(a) e /2 cos(Bx), e ***/? sin(fBx):;
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(b) xe*/2 cos(Bz), xe /2 sin(fz).
Problem 5.2.5. Find Fourier transforms of

L fz] <a,
0 |z| > a;

(a) f(z) = {

z || <a,

(b) f(x):{o 1z > a;

(¢) Using (a) calculate [~ Smx(gﬁ) dr.

Problem 5.2.6. (a) Prove the same properties as in 5.2.1 for multidimen-
sional Fourier tramsform (see Subsection 5.2.5.

(b) Prove that f if multidimensional function f has a rotational symmetry
(that means f(Qx) = f(x) for all orthogonal transform Q) then f also
has a rotational symmetry (and conversely).

Note. Equivalently f has a rotational symmetry if f(x) depend only on
x|

Problem 5.2.7. Find multidimenxional Fourier transforms of

<wﬂw={1““%

0 |x|>a;

a—x| |x| <a,

0 x| > a,’

o' —x|* |x[<a,

@>ﬂ@={0 o

(d) fla)=eM.

Hint. Using Problem 5.2.6(b) observe that we need to find only £(0, ..., 0, k)
and use appropriate coordinate system (polar as n = 2, or spherical as n = 3
and so one).

Note. This problem could be solved as n =2, n =3 or n > 2 (any).
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5.3 Applications of Fourier transform to
PDEs

In the previous Section 5.1 and Section 5.2 we introduced Fourier transform
and Inverse Fourier transform and established some of its properties; we also
calculated some Fourier transforms. Now we going to apply to PDEs.

5.3.1 Heat equation

Consider problem

U = Ktlyy, t>0, —o0o <z <00, (5.3.1)

uli=o = g(z). (5.3.2)
Making partial Fourier transform with respect to z — £ (so u(x,t) —
u(&,t)) we arrive to

iy = —kE%0, (5.3.3)

=0 = g(&)- (5.3.4)
Indeed, 9, — i€ and therefore 9% — —£2.

Note that (5.3.3) is an ODE and solving it we arrive to @ = A(€)e *’t,
plugging into (5.3.4) we find that A(¢) = ¢(¢) and therefore

(g, 1) = gE)e . (5.3.5)
The right-hand expression is a product of two Fourier transforms, one is §(&)
and another is Fourier transform of IFT of e *¢’* (reverse engineering?).
If we had e¢/2 we would have IFT equal to v/2me *"/2; but we can get
1
from e=¢/2 to e ¥t by scaling & — (2kt) {3} and therefore z — (2kt) 2z
ke3t

(and we need to multiply the result by by (2/{15)’%); therefore e is a

. ~/ 2
Fourier transform of \/—2—7;6 ®[4kt,

Again: u(&,t) is a product of FT of g and of \/ﬂ e~**/4t and therefore
u is the convolution of these functions (multlphed by 1/(2m)):
1 z2 (z— z)

u(x,t) = g * e 1kt = ~ Ak dal. 5.3.6
(@.8) =9 Varkt \/47rk ( )

We recovered formula which we had already.

Remark 5.3.1. Formula (5.3.5) shows that the problem is really ill-posed
for t < 0.
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5.3.2 Schrodinger equation

Consider problem
Uy = ThkUgy, t>0, —c0o<zx<o00, (5.3.7)
uli=0 = g(z). (5.3.8)

Making partial Fourier transform with respect to z — & (so u(x,t) —
u(&,t)) we arrive to

iy = —ikE2Q, (5.3.9)
ali=o = 9(§)- (5.3.10)

Note that (5.3.9) is an ODE and solving it we arrive to @ = A(&)e ¢,
plugging into (5.3.10) we find that A(£) = §(¢) and therefore

(g, 1) = g(&)e . (5.3.11)

The right-hand expression is a product of two Fourier transforms, one is §(¢)
and another is Fourier transform of IFT of e~*#¢’* (reverse engineering?).

As it was explained in Section 5.2 that we need just to plug —ik instead

:E2
of k (as t > 0) into the formulae we got before; so instead of ———e~ 4 we

) ) VAarkt
get \/ﬁef—ikit = \/ﬁe%_fﬁ because we need to take a correct branch
of V=i =e"%. Ast < 0 we need to replace t by —t and i by —i resulting

2
. 1 _mi_ dw=
n —\/me 4~ 4kt ,
Therefore
1 > / j:i—”—i(g”_””/)2 /
u(r,t) = —— g(a)eT i T dx (5.3.12)
VArk|t] J -

as ==t > 0.

Remark 5.3.2. remark-5.3.2 Formula (5.3.11) shows that the problem is
well-posed for both ¢ > 0 and ¢ < 0.

5.3.3 Laplace equation in half-plane

Consider problem
AU 1= Uy + Uy, = 0, y >0, —0o <z < o0, (5.3.13)
Uly=o = g(x). (5.3.14)
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This problem definitely is not uniquely solvable (f.e. u = y satisfies homo-
geneous boundary condition) and to make it uniquely solvable we need to
add condition |u| < M.

Making partial Fourier transform with respect to = +— £ (so u(z,t) —
u(&,t)) we arrive to

>

Uy — €21 = 0, (5.3.15)
aly=o = §(&). (5.3.16)

Note that (5.3.15) is an ODE and solving it we arrive to
(€, y) = A(S)e ™ + B(&)ellv. (5.3.17)

Indeed, characteristic equation o — &2 has two roots oy = +|€|; we take
+|¢] instead of just +¢ because we need to control signs.

We discard the second term in the right-hand expression of (5.3.17)
because it is unbounded. However if we had Cauchy problem (i.e. u|,—¢ =
g(x), uyly=0 = h(x)) we would not be able to do this and this problem will
be ill-posed.

So, @ = A(€)e ¥l and (5.3.16) yields A(&) = §(¢):

(&, y) = g(&)e . (5.3.18)

Now we need to find the IFT of €%, This calculations are easy (do them!)
and IFT is 2y(z? + y*)~!. Then

u(z,y) = 1 /OO g(f)* dx'. (5.3.19)

L . (x —a)? +y?

Remark 5.3.3. Setting y = 0 we see that u|,—o = 0. Contradiction?-No, we
cannot just set y = 0. We need to find a limit as y — +0, and note that

m — 0 except as 2’ = x and L [7 mdﬁ = 1 so the limit

will be g(x) as it should be.
5.3.4 Laplace equation in half-plane. II

Replace Dirichlet boundary condition by Robin boundary condition

AU = Ugy + Uy, =0, y >0, —00 < x < 00, (5.3.13)
(uy — au)|y=o = h(x). (5.3.20)
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Then (5.3.16) should be replaced by

(hy — i) |0 = h(€). (5.3.21)
and then A
A(&) = —(lE] + )7 h(€) (5.3.22)
and
(&, y) = —h(E) (€] + a) e, (5.3.23)

The right-hand expression is a nice function provided o > 0 (and this is
correct from the physical point of view) and therefore everything is fine
(but we just cannot calculate explicitely IFT of (|£] + o)~ te~l€¥).

Consider Neumann boundary condition i.e. set & = 0. Then we have a
trouble: —h(€)(|¢] + o) te ¥ could be singular at € = 0 and to avoid it
we assume that ~(0) = 0. This means exactly that

/ h(z)dx =0 (5.3.24)
and this condition we really need and it is justified from the physical point
of view: f.e. if we are looking for stationary heat distribution and we have
heat flow defined, we need to assume that the total flow is 0 (otherwise the
will be no stationary distribution!).

So we need to calculate IFT of —|zi|~'e”€lv. Note that derivative of
this with respect to y is e €% which has an IFT %xﬂTyQ, integrating with

respect to y we get % log(z? + 4?) + ¢ and therefore

u(x,y) = 1 /_00 h(z')log((z — 2')* + y*) da’ + C. (5.3.25)

2r J_o

Remark 5.3.4. (a) Here C is an arbitrary constant. Again, the same phys-
ical interpretation: knowing heat flow we define solution up to a con-
stant as the total heat energy is arbitrary.

(b) Formula (5.3.25) gives us a solution which can grow as || — oo even
if h is fast decaying there (or even if h(z) = 0 as |z| > ¢). However
as [z] > 1 and h is fast decaying ((z — 2/)* + y?) =~ (2 + y?) (with
a small error) and growing part of u is % log(.ﬁl:2 + y2) ffooo h(z") dx’
which is 0 precisely because of condition (5.3.24).
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5.3.5 Laplace equation in strip

Consider problem

AU = Uyy + Uy, =0, 0<y<b —o0<z<o0, (5.3.26)
uly=o = g(z), (5.3.27)
uly—p = h(z). (5.3.28)

Then we get (5.3.17) again

a(€,y) = AE)e W  B(&)ellv (5.3.17)

but with two boundary condition we cannot diacard anything; we get in-
stead

A(E) + B(§) = (8, (5.3.29)
A(E)e 0 + B(£)eltl = h(¢) (5.3.30)

which implies

() — elélo . 1 P
(&) = mg(f) ~ Zsmh(eD) (),
elglb 1 .
B(§) = —mg(ﬁ) + mh(f)
and therefore
(e, y) = sinh(|¢](b — y)) Sinh(|f|y);l(§)' (5.3.31)

sinh(|£|b) 9(¢) sinh(|£|b)

One can see easily that % nd zllii((l|§|fé)) are bounded as 0 <y < b

and fast decaying as [{] — oo as y > € (y < b — € respectively) with
arbitrarily small € > 0.

FEzercise 5.3.1. Investigate other boundary conditions (Robin, Neumann,
mixed-Dirichlet at y = 0 and Neumann at y = b and so on.).
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5.3.6 1D wave equation

Consider problem

U = Uy, —00 <1 < 00, (5.3.32)
uli=o = g(x), (5.3.33)
Ut‘t:() = h(.ﬁU) (5334)

Making partial Fourier transform with respect to x — £ we arrive to

Uy = —C2E% 0y, (5.3.35)
U= = §(§), (5.3.36)
Qim0 = R(E). (5.3.37)

Then characteristic equation for ODE (5.3.35) is a® = —c?¢? and ay5 =
+ick,

(g, t) = A(E) cos(cst) + B(E) sin(cst)
with initial conditions implying A(¢) = §(€), B(€) = 1/(ci€) - h(€) and

(€, 1) = §(6) cos(cét) + h(e) - ésin(cft). (5.3.39)

Rewriting cos(cét) = 3 (&' + e7'*") and recalling that multiplication of
FT by €% is equivalen to to shifting original to the left by b we conclude
that §(&) cos(c&t) is a Fourier transform of 1(g(z + ct) + g(z — ct)).

If we denote H as a primitive of h then h(g)é sin(cét) = ﬁ(f)%z sin(cét
which in virtue of the same arguments is FT of o= (H (z +ct) — H(z —ct)) =
oF xzjcith(x’ ) dz’.

Therefore

u(z,t) = = (g9(z + ct) + gz — ct)) + — /Hd h(z") dx' (5.3.39)

2C —ct

DN | —

and we arrive again to d’Alembert formula.

5.3.7 Multidimensional equations

Multidimensional equations are treated in the same way:
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5.3.7.1 Heat and Schrdinger equations
We make partial FT (with respect to spatial variables) and we get

(€, t) = g(&)e el

respectively where & = (&1,...,&,), |€] = (&2 +.. .§Z)%; in this case e FlE*t =
[T, e FEil’t is a product of functions depending on different variables, so
IFT will be again such product and we have IFT equal

n
1 o~ lwil? /4Kt _ (47Tkt)f%ef|x\2/4kt
S Arkt
J=1
for heat equation and similarly for Schrdinger equation and we get a solution
as a multidimensional convolution. Here z = (z1,...,7,) and |z| = (2] +
1
o222,

5.3.7.2 Wave equation

We do the same but now

(e, 1) = (&) cos(clelt) + h() - % sin(clelt).

Finding IFT is not easy.

5.3.7.3 Laplace equation
We consider it in R" x I 5 (z;y) with either I = {y : y > 0} or [ = {y:
0 < y < b} and again make partial FT with respect to x but not y.

5.3.8 Problems to Section 5.3
Problem 5.3.1. (a) Consider Dirichlet problem

Ugg + Uyy = 0, —00 < x < oo,y >0, (5.3.40)
uly=o = f(x). (5.3.41)

Make Fourier transform by z, solve problem for ODE for u(k, y) which
you get as a result and write u(z,y) as a Fourier integral.



CHAPTER 5. FOURIER TRANSFORM 146

(b) Consider Neumann problem

Ugg + Uyy = 0, —00 < x < oo,y >0, (5.3.42)
Uyly—0 = f (). (5.3.43)
Make Fourier transform by z, solve problem for ODE for 4(k, y) which

you get as a result and write u(z,y) as a Fourier integral. What
condition must satisfy f?

Problem 5.3.2.  (a) Consider Dirichlet problem

Ugg + Uyy = 0, —o<r<ool<y<l, (5.3.44)
uly—o = f(x), uly=1 = g(2). (5.3.45)

Make Fourier transform by x, solve problem for ODE for (%, y) which
you get as a result and write u(z,y) as a Fourier integral.

(b) Consider Dirichlet-Neumann problem

Upg + Uyy = 0, —o<zr<ool<y<l, (5.3.46)
u|y:0 = f(z), uyly=1 = g(z). (5.3.47)

Make Fourier transform by x, solve problem for ODE for (%, y) which
you get as a result and write u(z,y) as a Fourier integral.

(¢) Consider Neumann problem

Uz + Uyy = 0, —o<zr<ool<y<l, (5.3.48)
Uyly=0 = (),  uyly=1 = g(z). (5.3.49)

Make Fourier transform by x, solve problem for ODE for u(k, y) which
you get as a result and write u(z,y) as a Fourier integral. What
condition must satisfy f, g?

Problem 5.3.3.

Uz + Uyy = 0, —o0 <1 <00,y >0, (5.3.50)
(uy + au)ly=o = f(x). (5.3.51)

Make Fourier transform by x, solve problem for ODE for @(k,y) which you
get as a result and write u(x,y) as a Fourier integral. What condition (if
any) must satisfy f7?

Hint. Consider separately a > 0 and o < 0.
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Problem 5.3.4. (a) Consider problem
A% =0, —00 < x < 00,y >0, (5.3.52)
uly—o = f(z), Uyly—o = g(x). (5.3.53)

Make Fourier transform by x, solve problem for ODE for (&, y) which
you get as a result and write u(z,y) as a Fourier integral.

(b) Consider problem

A% =0, —00 < x < oo,y >0, (5.3.54)
Uyyly=o = f(®), Auyly—o = g(z).  (5.3.55)
Make Fourier transform by z, solve problem for ODE for u(k, y) which

you get as a result and write u(z,y) as a Fourier integral. What
condition must satisfy f, g7



Chapter 6

Separation of variables

In this Chapter we continue study separation of variables which we started
in Chapter 4 but interrupted to explore Fourier series and Fourier transform.

6.1 Separation of variables for heat
equation

6.1.1 Dirichlet boundary conditions

Consider problem

Uy = Klgy, t>0 0<z<l, (6.1.1)
U|z—o = U|zey = 0. (6.1.2)
uli—o = g(x). (6.1.3)

Let us consider a simple solution u(xz,t) = X (z)7T'(t); then separating vari-
ables we arrive to 2o = kX* which implies X" + AX = 0,

T = —kAT (6.1.4)

(explain, how). We also get boundary conditions X (0) = X (I) = 0 (explain,
how).

So, we have eigenvalues A, = (7)* and eigenfunctions X,, = sin(™%)
(n=1,2,...) and equation (6.1.4) for T, which results in

T, = A,e "t (6.1.5)

148
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and therefore a simple solution is

Uy = ApeFrnt sin(”lﬂ) (6.1.6)

Again, taking in account initial condition (6.1.3) we see that

= ™
=Y A,sin(—). 1.
u ; sin( 7 ) (6.1.8)
and therefore l
2
An:7/ g(:v)sin(#)dw. (6.1.9)
0

6.1.2 Corollaries
(a) Formula (6.1.6) shows that the problem is really ill-posed for ¢ < 0.

(b) Formula (6.1.9) shows that as t — 400

u = O(e M), (6.1.10)

(c) Moreover we have as t — +00

u= Are MMEX (z)e FME 4 O(e7 M. (6.1.11)

Consider now inhomogeneous problem with the right-hand expression
and boundary conditions independent on t¢:

up = kg, + f(2), t>0,0<2z<l, (6.1.12)
Ulomo = @, Ulom =¥, (6.1.13)
uli—o = g(). (6.1.14)
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Let us discard initial condition and find a stationary solution u = v(x):

v”:—%f(x), 0<x<lI, (6.1.15)
v(0) = ¢, v(l) = . (6.1.16)
Then (6.1.15) implies

1 xz z
v(z) = —%/ / f(a")dx"da' + A+ Bx = / (x —2)f(a')da' + A+ Bz
o Jo 0
where we used formula of n-th integral (you must know it from the 1st year

calculus)

I.(z) = (nil)!/:(:c—x’)”lf(x’) de n=12,... (6.1.17)

for I, :== [ I,_1(a') do’, Io(z) := f(x).
Then satisfying b.c. A=¢ and B=1(¢—¢+ 7 fol(l — ') f(2) d2’) and

o(z) = / Gl a)f(aydi +6(1 ~ T) 445 (6.1.18)
0
with "
. x'(l—j) 0<2' <ua,
G(x,2') = e , (6.1.19)

x(l—xT) r<z <l

Returning to the original problem we note that u—wv satisfies (6.1.1)—(6.1.3)
with g(x) replaced by g(x) — v(z) and therefore u — v = O(e *"1%). So

u=v+ O(e M), (6.1.20)
In other words, solution stabilizes to the stationary solution. For more

detailed analysis of BVP for ODEs see 6.A.

6.1.3 Other boundary conditions

Similar approach works in the cases of boundary conditions we considered
before:
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(a) Dirichlet on one and and Neumann on the other u|,—o = uz|,—; = 0;
(b) Neumann on both ends u|,—g = Uz|z=; = 0;

(¢) Periodic u|y— = t|peo, Uz|oei = Us|o—o;

(d) Dirichlet on one and and Robin on the other u|,—q = (u;~+0u)|= = 0;
(e) Robin on both ends (u, — au)|,—0 = (ugy + fu)|,=; =0

but in (d), (e) we cannot find eigenvalues explicitly.

6.1.4 Corollaries

All corollaries remain valid as long as A; > 0 which happens in cases (a),
(d) with g >0, (e) with a > 0,5 > 0 except a = § = 0.

Let us consider what happens when A; = 0 (cases (b) and (c)).

First, solution of the problem with r.h.e. and b.c. equal to 0 does not
decay as t — +00, instead

u=A; + O(e ") (6.1.21)

because in (b) and (c¢) X;(z) = 1.
Second, solution of stationary problem exists only conditionally: iff

1/
E/ f@)de— 6+ =0 (6.1.22)
0
in the case of Neumann b.c. on both ends u,|,—o = ¢, uz|.— = ¥ and
1/
—/ f(z)dx =0 (6.1.23)
k Jo

in the case of periodic b.c.

To cover the case when (6.1.22) or (6.1.23) fails (i.e. total heat flow is
not 0 so there is no balance) it is sufficient to consider the case f = p,
¢ =1 = 0; then u = pt with

1/
p= 7/ f(z)dx (6.1.24)
0
and in the general case

u = pt + Ay + Oe *2t), (6.1.25)
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6.2 Separation of variables: Misc equations

In the previous Section 6.1 we considered heat equation.

6.2.1 Schrodinger equation

Consider problem

Uy = 1kUpy, t>0 0<z<l, (6.2.1)
(ouy — au)|z—o = (Bottz + Bu)|z=; = 0. (6.2.2)
Uli=o = g(2) (6.2.3)

where either ag = 0, « = 1 and we have a Dirichlet boundary condition or
ap = 1 and we have either Neumann or Robin boundary condition and the
same at z = [.

Let us consider a simple solution u(z,t) = X (z)T'(t); then separating
variables we arrive to TTI = zk:XT" which implies X" + AX =0,

T = —ikAT (6.2.4)

(explain, how). We also get boundary conditions (apX’ — aX) = (Bo X’ +
BX)(l) =0 (explain, how).

So, we have eigenvalues A, and eigenfunctions X,, (n = 1,2,...) and
equation (6.2.4) for 7', which results in

T, = A,e it (6.2.5)
and therefore a simple solution is
Uy = Ape” "X (2) (6.2.6)
and we look for a general solution in the form

u=Y A Y, (2). (6.2.7)

n=1

Again, taking in account initial condition (6.2.3) we see that

u= iAan(x). (6.2.8)
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and therefore
1

I
A, = W/o g9(x) X, (x) du. (6.2.9)

Remark 6.2.1. (a) Formula (6.2.6) shows that the problem is well-posed
fort <0 and t > 0.

(b) However there is no stabilization.

(c) What we got is a finite interval version of analysis of Subsection 5.3.2.

6.2.2 1D wave equation

Consider problem

U = Uiy, 0<z<l, (6.2.10)
(apuy — au)|z—o = (Botz + Bu)|z— = 0. (6.2.11)
ulizo = 9(x),  wlizo = h(z). (6.2.12)

Actually we started from this equation in Section 4.1 but now we consider
more general boundary conditions. Now we have

T = —kXT (6.2.13)
and we have

A, cos(wpt) + By sin(w,t)  w, = cAas A, > 0,
T,=1 A, + B,t as \, =0, (6.2.14)

A, cosh(n,t) + B, sinh(n,t) n, = c(—)\n)%as An >0,

and respectively we get

u=Y T.(t)X,(x) (6.2.15)
and we find from initial conditions
1 l
A= / o(2) X () da, (6.2.16)
X1 Jo
1
— as A\, >0,
1 on
B, = W/ h(x) X, (z)de x ¢ 1 as A, =0, (6.2.17)
n 0 1
— as A\, <0.
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6.2.3 Laplace equation in half-strip

Consider problem

AU = Ugy + 1y, = 0, y>0 0<z<l, (6.218)
(apuy — at)|z—0 = (Bottz + Bu)|z= = 0, (6.2.19)
Uly—o = g(). (6.2.20)

To make it uniquely solvable we need to add condition |u| < M.
Again separating variables u(x,y) = X (x)Y (y) we get

Y = \Y (6.2.21)
and therefore assuming that A > 0 we get
Y = Ae VNV 4+ BeVV (6.2.22)

We discard the second term in the right-hand expression of (6.2.22) because
it is unbounded. However if we had Cauchy problem (i.e. u|,—o = g(z),
Uy|y=0 = h(x)) we would not be able to do this and this problem will be
ill-posed.

So, u = Ae™V™ and (6.2.20) and

Uy = Ape VX, (z) (6.2.23)

and assuming that all A\, > 0 we get

u = Z Ane VX, (z) (6.2.24)
and (6.2.19) yields
1 !

Remark 6.2.2.  (a) If there is eigenvalue A = 0 we have Y = A + By and
as we are looking for a bounded solution we discard the second term
again; so our analysis remain valid as all A, > 0.


id:sect-6.2.3
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(b) If we have a problem

AU = Ugy + Uy = 0, y>0,0<z<l, (6.2.26)
(ot — o) |2=o = ¢(y), (6.2.27)
(Bottz + Bt |o=1 = P(y), (6.2.28)
uly=o = g() (6.2.29)

with g(z) = 0 we could reduce it by the method of continuation to the
problem in the whole strip and solve it by Fourier transform Subsecion
(see 5.3.5).

(c) Inthe general case we can find u = u(1)+u(2) where u(q solves problem
with g = 0 and w(y) solves problem with ¢ = 1) = 0 (explain how it
follows from the linearity).

(d) One can replace Dirichlet boundary condition u|,—¢ by Robin bound-
ary condition (u, —yu)|,—0 = g(x) (v > 0) but there is an exceptional
case: there is an eigenvalue \g = 0 and as y = 0 we have Neumann
boundary condition.

(e) In this exceptional case (usually as we have Neumann b.c. everywhere—
asx =0, x = [, y = 0) a required solution simply does not exists
unless fol g(z)Xo(z) dzx = 0.

6.2.4 Laplace equation in rectangle

Consider problem

AU = Ugy + Uy, = 0, O<y<b 0<z<a, (6.2.30)
(aouy — aw)|z—o = (Bottz + Bu)|z—a = 0, (6.2.31)
uly=o = g(x), (6.2.32)
Uly=p = h(z). (6.2.33)

Then we get (6.2.21) and (6.2.22) again but with two b.c. we cannot diacard

anything; we get instead

An + Bn = gn?
A, e Vb 1 B, eV = h,

(6.2.34)
(6.2.35)
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where g, and h, are Fourier coefficients of g and h respectively, which
implies

eVAnb 1 b
= 2sinh(v0) 7" 2sinh(VAb) )

e~ VAnb 1
- . Gn + . hn
2 sinh(v/A,b) 2 sinh(v/\,b)

and therefore

sinh(v/ A, (b —y)) N sinh(yv/A y)

snh(vob) 9 Smn(van)
One can see easily that Sinslilr(l;l/(’\g%bf nd ZEE((\/\/%Z)) are bounded as 0 < y < b.
FEzercise 6.2.1. exercise-6.2.1 Investigate other boundary conditions (Robin,
Neumann, mixed).

Ya(y) = (6.2.36)

Remark 6.2.3. (a) There is an exeptional case: there is an eigenvalue

A = 0 and as y = 0 and y = b we have Neumann boundary
condltlons Then solution does not exist unless [ h(z)Xo(z) de —
fo x)dr = 0.

(b) We can consider general b.c. with (agu, — au)|.—o = ¢(y), (Bous +
fu)|z—a = ¥(y). Then we can find u = w1y + u) where v solves
problem with ¢ = h = 0 and wu) solves problem with ¢ = ¢ = 0
(explain how it follows from the linearity). The second problem is
also “our” problem with x and y permutted.

(c) Assume that we have Neumann b.c. everywhere-as z = 0, = = a,
y =0, y = b. Then solution does not exist unless

/Oah(x) dr — /O“g(x) dx+/ob¢(y) dy — /Obgb(y) dy=0 (6.2.37)

which means that the total heat flow is 0. How from two assumptions
we can get one? Well, we just need to consider <b = g =0,v =

h = —2 (explain why) but there is a solution u = ¥ — £ for that.
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6.3 Laplace operator in different
coordinates

6.3.1 Laplace operator in polar coordinates

In the next several lectures we are going to consider Laplace equation in the
disk and similar domains and separate variables there but for this purpose
we need to express Laplace operator in polar coordinates. Recall that (from
Ist year Calculis) polar coordinates are (r,0) connected with Cartesian
coordinates by x = rcos(f), y = sin() and inversely

r= VTR

0= arctan(%);

surely the second formula is not exactly correct as changing (z,y) —
(—z, —y) does not change it ratio but replaces 6 by 6 + 7 (or 0 — 7) as
0 is defined modulo 27mn with n € Z. It does not really maater as we are
interested only in derivatives:

ry = cos(0), r, =sin(f), 0, = —r~'sin(d), 0, =" cos(d). (6.3.1)

Ezxercise 6.3.1. Prove (6.3.1).
Then by chain rule

(6.3.2)

0, = cos(0)0, — r~*sin(0) 0y,
0y = sin(0)0, + r~' cos(0)y

and therefore
A =092+ 095 = (cos(0)9, —r~" sin(9)89)2 + (sin(0)0, + 17" 008(9)89)2
and after tedious calculations one can get
A=0%+ lar + %ag. (6.3.3)
r r

Ezercise 6.3.2. Do it.
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Instead we want to use a different method requiring much less error
prone calculations but more delicate arguments (useful in more complicated
cases).

Note first the identity

// Au-vdedy = — // Vu - Vo dxdy (6.3.4)

provided v = 0 near I' (boundary of D) and integrals are taken over D.

Now let us express the left- and right-hand expression in polar coor-
dinates. Recall that polar coordinates are orthogonal (i.e. level lines of r
(circles) and level lines of 6 (rays from the origin) are orthogonal in the
points where they intersect) and the distance between two close points ds
can be calculated as

ds* = dx* + dy* = dr® + r*db* (6.3.5)

and therefore area element is dA = dxdy = rdrdf.
But what about Vu - Vu? We claim that

1
Vu - Vv = uv, + —ugve. (6.3.6)
T

Indeed, Vu is a vector of the different nature than ds = (dz, dy). They are
connected by du = Vu - ds and when we change coordinates ds = QQds with
some matrix () and since

du=Vu-ds=Vu -ds' =Vu' - Qds=Q'Vu' -ds

we conclude that ds’ = QT ~'Vu where 7 means transposed matrix. Such
dual vectors mathematicians call covectors.

Remark 6.3.1. (a) While mathematicians talk about vectors and covec-
tors physicists often call them covariant and contravariant vectors.

(b) Also there are notions of pseudo-vectors (and pseudo-covectors) and
pseudo-scalars which change signs when right-oriented coordinate sys-
tem is changed to the left-oriented one. F.e. if we restrict ourselves
to Cartesian coordinates, vector-product of two vectors is a pseudo-
vector, and oriented volume is a pseudo-scalar. Curl of a vector field
is a pseudo-vector field. Intensity of magnetic field is a pseudo-vector.
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(¢) However for more general coordinate systems there are also densities
which in addition to usual transformations “reflect” the change of
volume.

For us here important is only the difference between vectors and covec-
tors.
Therefore (6.3.4) becomes

// Au-vrdrdd = — //(urvr + Ti?u@vg)r drdf =
_ //(rurvr + %Ug’l}g) drdf = //((rur)r+(%ue)9)v drdf

where we integrated by parts. This identity

//TAu.vdrdH = //((r“r)r+(%ue)9)vdrd9.

holds for any v vanishing near I' and therefore we can nix integration and
v:

1
rAu :(ruT)T—i- (;u(;)e.
Ezxercise 6.3.3. Think about this. Finally we get

1

du =), + (L),

which is exactly (6.3.3).
It may look too complicated for polar coordinates but in more general
cases this approach is highly beneficial.

6.3.2 Laplace operator in spherical coordinates
Spherical coordinates are p (radius), ¢ (latitude) and € (longitude):
x = psin(¢) cos(6),

y = psin(¢) sin(0)
z = pcos(¢).
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Conversely

p= VETF T
VR
z

0= arctan(%) ;

o= arctan(

Y

and using chain rule and “simple” calculations becomes rather challenging.

Instead we recall that these coordinates are also orthogonal: if we fix ¢
and 0 we get rays from origin, which are orthogonal to the speres which we
get if we fix r. On the spheres if we fix 6 we get meridians and if we fix ¢
we get parallels and those are also orthogonal. Then

ds® = da® + dy* + dy® + dz* = dp? + p*d¢* + p®sin®(¢)dh*  (6.3.5)

where dp, pd¢ and psin(¢p)df are distances along rays, meridians and par-
allels and therefore volume element is dV = dzdydz = p? sin(0)dpdpdo.
Therefore

1
Vu-Vou = UpV, + /?quvqg + UpVg - (636)’

1
p*sin(¢)
Plugging this into

/// Au - vdrdydz = —/// Vu - Vo dedydz (6.3.4)

we get

/ / / Au - vp® sin(¢) dpddf) =
/// el ¥ u¢v¢ T e Sl @ ugvg) p° sin(¢) dpdpd =
/// G Sin(¢>u")p+ ( Sin(gb)%)gﬂ_(@ue)e)v dpdpdo.

Then we can nix integration and factor v:

Au - p*sin(¢) =(p? sin(gb)up)p—l—(sin(¢)u¢)¢+(sin(¢) u@)g
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and then

Au = — _1 ((p2 Sin(gzﬁ)up) —|—(Sin(¢)u¢) +( _ L u@)0>

p*sin(o) ¢ Ysin(¢)

and finally

A=9+ gap + %(aj, +cot(9)dy) + 55— ,12 ;. (6.3.7)

PR 2 n(0)
(compare with (6.3.3))
Definition 6.3.1.
A = 02 4 cot(6)D, + @aﬁ (6.3.8)

is a spherical Laplacian (aka Laplace-Beltrami operator on the sphere).

6.3.3 Special knowledge: Generalization

If the length element is

ds® = Z girdg’ dg* (6.3.5)”
gk
where ¢ = ¢', ..., ¢") are new coordinates and we prefer to write dg¢’ rather

than dg; (to half-follow Einstein’ notations), g;; is symmetric matrix, then

Vu- Vv = Zgjkquuqk (6.3.6)”
jik
where (¢/F) is an inverse matrix to (g;x): ., 0% gu = . gg"™ = 7.
Then volume element is | det(gjk)ﬁ dqy - - - dg,, and

_1 0 1o 0u
Au = |det(gs)| 2 a—qj(l det(gjk)Pg”ka—qk) (6.3.9)
7.k

Remark 6.3.2. Formula (6.3.9) defines Laplace operator on Riemannian
manifolds (like surfaces in 3D) where Cartesian coordinates do not exist at
all. Such manifolds are studied in the Riemannian geometry and are used
f.e. in General relativity (actually GR uses pseudo-Riemannian manifolds).
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6.3.4 Secret knowledge: elliptic and parabolic
coordinates

Elliptic coordinates on R? are (a,7):

{ x = ccosh(o) cos(T),

y = csinh(o) sin(7). (6.3.10)

Level lines 0 = const are ellipses with foci at (—¢,0) and (¢,0) and level
lines 7 = const are hyperbolae with the same focai; so we have confocal
ellipses and hyperbolae.

5
W
71
0 6
2
1 s /12
0o
2 © o 52T
3/ 2
/ T™®a/ 12
4 ] 4
41T
\ 17171231772 9 /
-1.5

These coordinates are not only orthogonal but they are conformal (ds?
is proportional to do? + d7?)

ds* = (sinh®(o) + sin®*(7)) (do® + dr?) (6.3.11)

and therefore )
A= 92+ 02). 6.3.12
c? (SinhQ(a) + sin®(7)) (05 + ) ( )
FElliptic cylindrical coordinates in R® are obtained by adding z to elliptic
coordinates.

Parabolic coordinates on R? are (o, 7):

T =0T,
1 6.3.13
Y= 5(02—72)- ( )


http://en.wikipedia.org/wiki/Elliptic_coordinate_system
http://en.wikipedia.org/wiki/Elliptic_cylindrical_coordinates
http://en.wikipedia.org/wiki/Parabolic_coordinates
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Level lines 0 = const and 7 = const are confocal parabolae.

These coordinates are also conformal

ds® = (0 + 7%)(do® + dr?) (6.3.14)
and therefore .
A= 2 4 9%). 3.1
o (05 + 027) (6.3.15)

Three-dimensional parabolic coordinates are obtained by rotating the
two-dimensional system about the symmetry axis of the parabolae.

Parabolic cylindrical coordinates in R are obtained by adding z to
parabolic coordinates.

6.4 Laplace operator in the disk:
separation of variables

6.4.1 Separation of variables
So, consider problem

Au=0 as o +y* < a?

u=yg at 2® +y° =d’.


http://en.wikipedia.org/wiki/Parabolic_coordinates#Three-dimensional_parabolic_coordinates
http://en.wikipedia.org/wiki/Parabolic_cylindrical_coordinates
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In the polar coordinates it becomes

1 1

Upy + ~ Uy + —ugp = 0 as r < a, (6.4.1)
r r

u=g(0) at r=a. (6.4.2)

First let us forget for a while about (6.4.2) and consider a simple solution
u = R(r)©(#) to equation (6.4.1). Then

1 1
R'© + -R'© + - RO" = 0.
T T

To separate 7 and 6 we must divide by R® and multiply by r*:

7’2R”+7“R/ @//
—r ‘e~ "
| I T

Then repeating our usual separation of variables magic spell both expres-
sions are constant, say A and —A\:

R’ +rR — AR =0, (6.4.3)
0" + 10 = 0. (6.4.4)

Now we need boundary conditions to © and those are periodic:
O(2r) = 6(0), O'(2r) = ©'(0). (6.4.5)

We already know solution to (6.4.4)—(6.4.5):

Ao =0, A = 12, n=12.... (6.4.6)
1
O = 5 ©,.1 = cos(nh), On2 = sin(nh). (6.4.7)

Equation (6.4.3) is an Euler equation, we are looking for solutions R = r™.
Then
mm—1)+m—-A=0 = m?>= )\ (6.4.8)

Plugging \,, = n? into (6.4.3) we get m = +n and therefore R = Ar™+ Br—"
asn # 0 and R = A+ Blogr as n = 0. Therefore
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u = %(AO + By logr)+
Z <(An7’” + B,r~") cos(nf) + (Cpr™ + Dpr™") sin(né’)). (6.4.9)

n=1

Here we assembled simple solutions together.

As we are looking for solutions in the disk {r < a} we should discard
terms singular as r = 0; namely we should set By = 0, B, = D,, = 0 for
n =1,2,... and therefore

= —AO + Z (A cos(nd) + C, sm(nQ)) (6.4.10)

If we consider equation outside of the disk (so as r > a) we need to impose
condition max |u| < oo and discard terms singular as r = oo; namely we
should sety Bp =0, A, =C, =0 forn=1,2,... and therefore

_! AO + Z <B cos(nd) + D, sm(ne)) (6.4.11)

Finally, if we consider equation outside in the annulus (aka ring) {a < r < b}
we need b.c. on both circles {r = a} and {r = b} and we discard no terms.

6.4.2 Poisson formula

But we are dealing with the disk. Plugging (6.4.10) into (6.4.2) we get
= —Ag + Z <A cos(nf) + C,, Sln(n0)> (6.4.12)

and therefore

o
3
I
3| =

27
a™" / g(0") cos(nb") db’,
0

2
I
3| =

2
a " / g(0") sin(nb’) db'.
0
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Plugging into (6.4.10) we get

2T
u(r, 0) = / G(r,0,0)9(0') db! (6.4.13)
0
with

G(r,0,0) : (1 + QZT a”"(cos(nf) cos(nd') + sin(nf) s1n(n9))> =

(—l-QZra cos(n(f — 9)))
217r <1+2Rez rate'?- 6“))”) =

n=1

1 ra~te' =)
1+2Re : )
o ( + 1 —ra—1ei@=9)
where we summed geometric progression with the factor z = ra='e/®=?)
(then |z] = ra™! < 1).
Multiplying numerator and denominator by a?—rae~* %) we get rae=#0—%) —

r? and a® — rale”"=%) 4 0] 4 2672 = 4% — 2racos(d — ') + r? and
therefore we get

racos(f — 0) >

1
N=—(1+2
G(r,0,0) 271( + a? — 2racos(6 — 0') + r?

and finally
G(r,0,0) = o (6.4.14)
21 a2 — 2racos(f — 0') + r2’ o
Recall that r < a.
Formula (6.4.13)—(6.4.14) is Poisson formula.
FEzercise 6.4.1. Prove that in the center of the disk (as r = 0)
1 2m
w(0) = - / o(0') 6! (6.4.15)
2 Jo

and the right-hand expression is a mean value of u over circumference {r =

a}.
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Exercise 6.4.2. (a) Using (6.4.11) instead of (6.4.10) prove that for the

problem
1 1
Upp + —Up + —ugp =0 as a <r, (6.4.16)
r r
u=g(0) at r=a, (6.4.17)
max |u| < 0o (6.4.18)

solution is given (for r > a) by (6.4.13) but with

1 r? — a?
G(r, 0,0 4.1
(r,9,0) = 21 a2 — 2racos( — 0') 4+ r2’ (6.4.19)
(b) As a corollary, prove that
1 27
=i = — ') do). 4.2
uloc) = lim =5 [ g(0')d0) (6.4.20)
6.5 Laplace operator in the disk. II
6.5.1 Neumann problem
Consider now Neumann problem
1 1
Upp + —Up + —Ugp =0 as r < a, (6.5.1)
r r
u, = h(0) at r=a. (6.5.2)
Plugging in (6.5.2) expression (6.4.10)
= —Ao + Z <A cos(nb) + C,, sm(n@)) (6.4.10)
we get
Zna (A cos(nf) + C TSlH(TL@)) h(0) (6.5.3)

and feel troublel!
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(a) We cannot satisfy (6.5.3) unless h(f) has “free” coefficient equal to 0
ie.

/ 10y do =0, (6.5.4)

(b) Even if (6.5.4) holds we cannot find Ay so in the end solution is defined
up to a constant.

So to cure (a) assume that (6.5.4) is fulfilled and to fix (b)impose con-
dition

// u(z,y) dxdy = 0.

(6.5.5)
(Indeed, it is [[ u(r,0) rdrdd = ma®Ap). Then Ay =0 and
1 . 2
A - N / / /
n=—_-a /0 h(0") cos(nb") db’,
1 2m
C,=—a'"™" / h(0) sin(nd) db.
™m :
Plugging into (6.4.10) we have
2m
u(r,0) = / G(r,0,0")g(0') do’ (6.5.6)
0
with

(Z —r"a'~" (cos(nf) cos(nb') + sin(nd) sin(ne))) —
(Z Zrhgtn cos(n (9—9’))) —

a > 1 1 i(0—p\ "
;(RQ;E(W Ll 9)) >

—% Relog(1 — m_lei(e_el))

~ 1 2" = —log(l — 2) (indeed, if we denote it by
= >, 2"t = (1-2)""and f(0) = 0) and plugged
with |z] < 1. The last expression equals

where we used that Y oo, 1
7(z) then £'(2)

2z = ra tei0-0)
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— log [a_Q(l — ra—lei(G—G’)) (1 _ ra—le—z’(e—e’)”

2m
= —% log[a™?(a® — 2ar cos(0 — 0') +r°)].
with
G(r,0,0) = - log[a™?(a® — 2ar cos(d — 0') +17)]. (6.5.7)

27
Recall that » < a.

Considering outside of the disk we should use (6.4.11)
= —AO - Zr (B cos(nb) + D, sm(n9)> (6.4.11)

Again we need to impose condition (6.5.4); condition (6.5.5) is now replaced
by

lim u = 0. (6.5.8)
r—00
Then Ag = 0 and
11 n+1 o / / /
B,=———a h(0") cos(nb") db’,
™n 0
11 n+1 o AN / /
D, =———a h(0") sin(nd") do'.
™n 0

Plugging into (6.4.11) we get (6.5.6) with

G(r,0,0) = 21 log[r~*(a® — 2ar cos(6 — 6') + r?)]. (6.5.9)
m

6.5.2 Laplace in the sector

Consider now our equation in the sector {r < a, 0 < # < a} and impose 0
Dirichlet boundary conditions at radial parts of the boundary and non-zero
on the circular part. Consider now Neumann problem

1 1
Upy + ~ Uy + —ugp = 0 as r<a, 0<f0<a (6.5.10)
r r

u(r,0) = u(r,a) =0 0<r<a, (6.5.11)
u = h(0) at r=a, 0<0<a. (6.5.12)


./S6.4.html#mjx-eqn-eq-6.4.11
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Remark 6.5.1. We can consider different b.c. on these three parts of the
boundary, trouble is when Neumann is everywhere.

Then separating variables as in Section 6.4 we get

Q"+ X6 =0,
©(0) =0(a) =0
and therefore
TN, 2 b
)\n = \— ) @n = si - - 17 27
() an(")
and plugging into (6.4.3)
PR+ rR — AR =0 (6.4.3)
we get
R, = Apr'e 4+ By« (6.5.13)
and therefore
= n _may . ,7NO
u= Z(Anr o + B,r~ o ) sin(—) (6.5.14)

(0%
n=1

where for sector {r < a, 0 < # < a} we should set , = 0 (for domain
{r >a, 0 <0 < a} we should set A, =0 and for domain {a <7 < b, 0 <

0 < a} we don’t nix anything). The rest is easy except we don’t get nice
formula like Poisson formula.

6.A Linear second order ODEs

6.A.1 Introduction

This is not a required reading but at some moment you would like to see
how problems we discuss here for PDEs are solved for ODEs (consider it as
a toy-model)

We consider ODE

Ly :=y" + a1(x)y + az(z)y’ = f(x). (6.A.1)
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Let {y1(x), y2(x)} be a fundamental system of solutions of the corresponding
homogeneous equation

Ly :=9" + a1(2)y + as(x)y’ = 0). (6.A.2)

Recall that then Wronskian

oy (@) ()
does not vanish.
6.A.2 Cauchy problem (aka IVP)
Consider equation (6.A.1) with the initial conditions
y(zo) = by, y' (o) = bo. (6.A.4)
Without any loss of the generality one can assume that
=1, y =0,
o1(z0) v (o) (6.A.5)
Y2(70) =0, yy(zo) = 1.

Indeed, replacing {y:1(z), y2(x)} by {z1(2), 22(x)} with z; = aj1y1 + ajoye
we reach (6.A.5) by solving the systems

a1y (o) + aa2ye(zo) = 1, a21y1 (o) + ao2ya(z9) =0
an1yy (o) + arys(20) = 0, a1y (o) + aaayy (o) = 1

which have unique solutions because W (yy, ya; o) # 0.
Then the general solution to (6.A.2) is y = Cy; + Cyys with constants
C1, Cy. To find the general solution to (6.A.1) we apply method of variations

of parameters; then
Ciyr + Cayz = 0,

Cy) + Coyy = f(x)
1 1

Cy = _Wy2fa Cy = Wyﬂf (6.A.7)

(6.A.6)

and then
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and
* ]' / / /
Ci(z) = — /xo Wyg(x Vf(2") da' + ¢, s
@) = [ Grn) )i o

and
va) = [ Glaia)f(a!)da' + bup(o) + ba(o) (6..9)

with
G(x;a’) = @(yg(x)yl(m') — y1(2)y2(a")) (6.A.10)

and ¢; = by, co = by found from initial data.

Definition 1. G(x,z’) is a Green function (called in the case of IVP also
Cauchy function).

This formula (6.A.9) could be rewritten as

y(z) = /m G(x;2) f(2') do’ + GL(x;20) by + G(z; 20) ba. (6.A.11)

zo

6.A.2.1 BVP

Consider equation (6.A.1) with the boundary conditions

y(r1) = b1,  y(x2) = by (6.A.12)

where 1 < x5 are the ends of the segment [z, x5).
Consider first homogeneous equation (6.A.2); then y = c1y; + coy2 and
(6.A.12) becomes
c1y1(z1) + o) = by,
cy1(r2) + cay(w2) = by
and this system is solvable for any b1, by and this solution is unique if and
only if determinant is not 0:

yi(r1) ya(z1)

y1(xa)  ya(z2) (6.A.13)

Assume that this condition is fulfilled. Then without any loss of the gener-
ality one can assume that

yi(z1) =1, yi(ze) =0, yo(z1) =0, yolza) =1; (6.A.14)
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otherwise as before we can replace them by their linear combinations. Con-
sider inhomogeneous equation. Solving it by method of variations of pa-
rameters we have again (6.A.7) but its solution we write in a form slightly
different from (6.A.8)

Ci(a) = — %ﬁf/)ym’) @) de' + e, .
Cala) == | g @) @) e’ + ex
Then
y(x) = L - G(z;2") f(2)) da’ + eyyr () + coya(z) (6.A.16)
where 1
;') = —W(lx,) {iig:;ﬁg ?:;/:;; (6.A.17)

From boundary conditions one can check easily that ¢; = by, co = by. One
can also yy(z) = =G (2;2) |y =ay, Y2(2) = =G (2;2")| 7=z, and therefore

y(z) = / Y ) f) do!

1

— G2 | =y 1 + G (23 2") | 5=y D (6.A.18)

Definition 2. G(z,2’) is a Green function.

6.A.3 BVP.II

Assume now that (6.A.13) is violated. Then we cannot expect that the
problem is uniquely solvable but let us salvage what we can. Without any
loss of the generality we can assume now that

yo(21) = y2(x2) = 0; (6.A.19)

Using for a solution the same formulae (6.A.8), (6.A.10) but with z( re-
placed by z, plugging into boundary conditions and using (6.A.19) we
have

ciyr(z1) = by, (01 - /”32 myz(f) df/)yl(ﬁz) = by
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which could be satisfied if and only iff
2] N by by
— () dax’ — + =0 6.A.20
L e = i+ e (0:4:20)

but solution is not unique: it is defined modulo cays ().
Remark 1 More general boundary conditions

oy (x1) + Biy(zr) =bi, @y (x2) + Pay(x2) = by (6.A.21)

could be analyzed in a similar way.

6.6 Problems to Chapter 6

Problem 6.6.1. (a) Find the solutions that depend only on 7 of the equa-
tion
AU = Ugg + Uyy + Uy, = k*u,

where k is a positive constant. (Hint: Substitute u = v/r)
(b) Find the solutions that depend only on r of the equation
AU = Upy + Uy + Uy, = —k?u,

where k is a positive constant. (Hint: Substitute u = v/r)

Problem 6.6.2. (a) Try to find the solutions that depend only on r of the
equation
AU = Ugy + Uyy = k*u,

where k is a positive constant. What ODE should satisfy w(r)?
(b) Try to find the solutions that depend only on 7 of the equation
AU = Uyy + Uy = —k?u,
where k is a positive constant. What ODE should satisftfy w(r)?
Problem 6.6.3. (a) Solve

A= Uy + Uy =0 inr<a
Ulr=a = f(0).

1 0<f0<nm

where we use polar coordinates (r,6) and f(0) = { 1 <fh <2
— T .


id:rem-6.A.1
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(b) Solve
A= Uy + Uyy = 0 inr>a
u’r:a = f(9>7
max |u| < o0o.
. 1
where we use polar coordinates (r,6) and f(6) = { )
Problem 6.6.4. (a) Solve
A= Ugy + Uy, =0 inr<a
Urlr=a = f(0)
. 1
where we use polar coordinates (r,6) and f(0) = { )
(b) Solve
A= Ugy + Uy, =0 inr>a
ur|r:a - f(9>7
max |u| < oo.
. 1
where we use polar coordinates (r,6) and f(0) = { )
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0<bl<m
T <0 <2m.

O<fO<m
T <0 <27,

O<bl<m
T <0 <27,

Problem 6.6.5. Describe all real-valued solutions of biharmonic equation

Ugzrs + 2uxxyy + Uyyyy = 0

(6.6.1)

which one can obtain by a method of separation u(z,y) = X (x)Y (y).
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Laplace equation

7.1 General properties of Laplace equation

7.1.1 Existence and unicity

Consider problem

Au—cu=f in D, (7.1.1)
u=20 on I'_ (7.1.2)
Oyu —au =0 on I'y (7.1.3)

where D is a connected bounded domain, I" its boundary (smooth), consist-

ing of two non-intersecting parts I'_ and I',, and v a unit interior normal to

I', 0,u := Vu - v is a normal derivative of u, ¢ and « real valued functions.
Then

—/ fudxdyz—/(uAu—ch)da:dy

D D

:/(|Vu|2+cu2)dxdy+/u8,,uds
D r

:/(|Vu|2+cu2)da:dy+/ au® ds
D r.

as we can integrate over I',.. Therefore assuming that

c >0, a >0 (7.1.4)
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we conclude that f =0 = Vu = 0 and then u = const and unless
c=0, a=0, r_=19 (7.1.5)

we conclude that u = 0.

So, if (7.1.4) is fulfilled but (7.1.5) fails problem (7.1.1)—(7.1.3) has no
more than one solution (explain why). One can prove that the solution
exists (sorry, we do not have analytic tools for this).

Theorem 7.1.1. If (7.1.4) is fulfilled but (7.1.5) fails problem (7.1.1)-
(7.1.3) is uniquely solvable.

Assume now that (7.1.5) is fulfilled. Then u = C' is a solution with
f =0. So, problem has no more than one solution modulo constant. Also

/fd:vdy:/Audxdy:—/&,uds
D D r

and therefore solution of

Au=f in D, (7.1.6)
du=nh on I' (7.1.7)

does not exist unless

/Dfda:dy—i-/rhds:o. (7.1.8)

One can prove that under assumption (7.1.8) the solution exists (sorry, we
do not have analytic tools for this).

Theorem 7.1.2. If (7.1.5) is fulfilled problem (7.1.6)—(7.1.7) has a solution
iff (7.1.8) is fulfilled and this solution is unique modulo constant.

7.2 Potential theory and around

7.2.1 Gauss formula and its applications

Consider Gauss formula

/V-UdV:—/U-de (7.2.1)
Q ¥



CHAPTER 7. LAPLACE EQUATION 178

where €2 is a bounded domain with the boundary X, dV is a volume lement,
dS is an area element, dv is a unit interior normal to ¥ , U is a vector field
and V - U its divergence.

Remark 7.2.1. Usually v would denote an exterior normal and then there
would be no sign — on the right of (7.2.1).

Let us plug U = Vu into (7.2.1). We get

/ Audv = — [ Pgs (7.2.2)
Q

Zal/

where Au = V - Vu is Laplacian of u, % = Vu - v is a derivative of u in

direction v.
Let us plug U = Vu into (7.2.1). We get

/(wAu + Vu - Vw)dV = — / wVu-vdS. (7.2.3)
Q

by

Antisymmetrizing (7.2.3) by u,w (permutting u, w and subtracting from
original formula) we get

ow ou
/Q(wAu —ulAw) dV = /E(ug - w%) ds. (7.2.4)

Consider now point y not on ¥ and a function w = |z — y|*~" where n is

a dimension (as n = 2 we take w = —log|r — y|). As y € Q e cannot
plug it in our formulae as w is singular at x = y. So we consider B, ball of
small radius € with a center y, Q. = Q\ B, domain ) with removed B, and
Y = X U S, its boundary, where S, is the sphere of radius € with a center
y. We get

ow ou
/Qe (wAu — qu) dV = /E(u% — w@) dS
ow ou

Let us consider the last term in (7.2.5) as ¢ — 0. Note that on S,
w = 7" and therefore | [ w3 dS| does not exceed Ce"™! x & = Ce
so it tends to 0. We used that the area of S, is 0,6""! (where oy = 2,
O3 = 471')
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For |, u22 dS we need more sophisticated arguments because 22 =
Se T Ov ov

(n—2)e!™™ on S, (really, here v is a radial direction away from y; as n = 2
we get —e~1). Consider
ow

dS / u—u(y)) = dS + u(y) i ds (7.2.6)

(old trick to add and subtract constant). An absolute value of the first term
u(z) —u(y)] — 0 as € — 0. The first term just

equals (n — 2)o,u(y).
FExercise 7.2.1. Prove that Aw =0 as x # y.
Therefore (7.2.5) becomes

ow ou
/QwAu dV = /(u% — U)%) dS + (n — 2)o,u(y)

where the term on the left is a usual improper integral and we have proven

Theorem 7.2.1. As () is bounded domain with a boundary X, and y € €2
(and in particular, y ¢ X)

u(y) :/QG(x,y)Au(x) dVv

+ /Z(_u(aﬂ) gi (z,y) + G(x,y)%(w)) ds (7.2.7)
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with

( 1 9

_ _ oyl 9
1

__"m_yyil n:37

G(z,y) = 417T (7.2.8)

%log|x—y| n =2,
1
Zlp— -1
512 =yl n

7.2.2 Potential

Definition 7.2.1. G(z,y) is a potential. In particular, as n = 3 we get a
Coulomb potential (aka Newton potential), and as n = 2 we get a logarithmic
potential.

Therefore if we know that Au = f in Q, uly, = ¢g and % = h (which is
overdetermined problem as only one boundary condition is in fact needed)
we get

uly) = /Q Gl y) f(z) dV (7.2.9)
+/EG(x,y)h(x) as

oG
_/zg(x>3Vx ds.

Definition 7.2.2. (a) The first term in the right-hand expression is a
potential created by a charge with density f,

(b) The second term in the right-hand expression is a potential created
by a charge with surface density h (aka single layer potential),

(¢) The third term in the right-hand expression is a double layer potential.

Remark 7.2.2. In fact we can consider two surfaces ¥~ — = 3 and X' on
the distance exactly € from X on its “outer” side and density —e~'g on 3~
and g on X1 (we can extend g and as long as this extension is smooth
it does not matter how), consider corresponding single layer potential, and
then tend € — +-0.
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E-i—

Remark 7.2.3. Tt is known that volume on n-dimensional ball is

71'”/2
— for even n,
e
" 9(n+1)/2 -(n—1)/2
n for odd n,
n!l
where m!! = m(m — 2)(m — 4) --- (the last factor 2 or 1 for even and odd

m) and o, = nw,.

7.2.3 Laplace equation in R"

This formula (7.2.9) as we expand €2 to the whole space becomes R™

Theorem 7.2.2. Let n > 3. If f decays fast enough at infinity then

u(y) = /n G(z,y)Au(x) dV (7.2.10)

solves equation
Au=f (7.2.11)
with conditions at infinity

u=0(r*"), (7.2.12)
ou=0(r'"") as r=|r|] - o0 (7.2.13)
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7.2.4 Mean-value theorem

Consider €2 a ball of radius r with a center in y. Let u be a harmonic
function (i.e. Au=0) in 2. Then

(a) The first term in the right-hand expression of (7.2.7) is 0,
(b) Breaking the second term of (7.2.7) into

—/Eu(x)gli(x,y)d5+/G(m,y)%(az)ds

%

in the second part we can drag factor G(x,y) out of integral where
remains [;, 2% dS = — [, AudV =0

(c) In the first part we can drag factor gTG out of integral where remains

Jx udS and we get

u(y) = —— /Z u(z) dS. (7.2.14)

So we proved statement (a) of

Theorem 7.2.3. (a) If u is harmonic in the ball B(y,r) of radius r then
in its center y the value of u is a mean value of u over the sphere
S(y,r) bounding this ball.

(b) If w is harmonic in the ball B(y,r) of radius r then in its center the
value of u is a mean value of u over this ball.

Proof. To prove (b) one should note from (a) that fs(y 5 u(z)dS = o,p" u(y)
for any p € (0,r) and then

/ u(z)dr = / (/ u(z)dS) dr = u(y) x an/ P tdp
B(y,r) 0 JS(y,p) 0

and that o, [ p"dp is a volume of B(y,r). O
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7.2.5 Maximum and minimum principle

Theorem 7.2.4. If u is a harmonic function in the bounded domain 2 with
a boundary X then

(a) maxqu = maxy u and ming v = miny, u;

(b) If Q is connected and u(y) = maxqu (or u(y) = mingu) for some
inner point y then u = const.

Proof. Assume that u(y) = maxq u for some inner point y. Consider the
largest ball B(y, ) containing in ). By mean-value theorem u(y) is a mean-
value of u over this ball but it is also a maximal value of w in this ball and
therefore u(x) = u(y) in this ball. Then any point on S(y,r) could be used
as a ‘new y” and we can continue. Eventually each point of x which could
be connected to y by a continuous curve inside of {2 will be covered and then
in this point u(z) = u(y). So, in the connected component of {2 containing y
u = u(y) and it will be true on its border. Then maxy u > u(y) = maxg u;
but maxg v > maxy v and therefore (a) has been proven.

It also proves (b) as now we assume that 2 is connected. ]

7.2.6 Unicity for Dirichlet Problem

Theorem 7.2.5. (a) Let () be a bounded domain. Then solution of Dirich-
let problem in Q2 for Laplace equation is unique.

(b) Let Q be an unbounded domain. Then solution of Dirichlet problem in
Q for Laplace equation is unique under condition at infinity: |u| — 0
as |xz| — oo.

Proof. Consider u solving Au = 0, u|s = 0) and satisfying condition at
infinity in (b)).

(a) Due to maximum and minimum principle

O:mzinugu(y)gmgxu:o for y e QL.

(b) Consider ball B(0, R) and domain Qz = QN B(0, R). Its boundary is
Yp:=(XNB0,R)UKNS0,R)). Then as R > |y|

1 < <
mine < u(y) < max u
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but
minu = min(_min_u, min_u) (7.2.15)
XRr YNB(0,R)  QNS(0,R)
if ¥ N B(0,R) # 0, otherwise the we get just mingngo,r) u. However
mingng(o,r) v — 0 as R — oo due to condition to infinity. Also mingnpor) u =
0 and therefore the left-hand expression in (7.2.15) tends to 0 as R — oo.

Similarly the right-hand expression in (7.2.15) tends to 0 as R — oo and
we have 0 < u(y) < 0. O

7.3 Green function

7.3.1 Newton shell theorem

Let n > 3. Consider spherically symmetric density f (thus depending on
r = (22 + 22+ ...+ 22)z only). Then it creates a density which is also
spherically symmetric.

Assume first that f = 0 in B(0, R) and consider v in B(0, R). Here u
must be harmonic and then due to mean-value theorem u = u(0) is constant
(in particular Vu = 0). More precisely

1 oo
= — d 7.3.1
u n—Q/R pf(p)dp (7.3.1)
where we replaced lower limit 0 by R since f(p) =0 as r < R.

Assume now that f = 0 in {r > R} and consider u there. Then u =
r*"A+ B.

FEzercise 7.3.1. Prove that if f is spherically symmetric and f =0 in {r >
R} then v = r* " A + B there.

To have potential at infinity equal to 0 we must take B = 0. Further
plug it into (??7) with Q@ = B(0,R). The left-hand expression becomes
the total charge [ B(O.R) f(z)dV while the right-hand expression becomes
—(n — 2)0,A and therefore

1 2 / Loy /R -1
u=—-—————r" fdr=— re" P f(p)dp. (7.3.2
(n —2)o, B(0,R) n—2 0 (v) ( )




CHAPTER 7. LAPLACE EQUATION 185

Then in the general case we to calculate u we break f = f; + fo where
fi=0forr > R and f;, = 0 for r < R and then calculate v as r = R and
finally set R =r:

1
n— 2

/OO pfp)dp - — i 5 /0 fp)dp. (7.3.3)

u=—

In particular, if
Theorem 7.3.1. Let f be spherically symmetric. Then

(a) If f = 0 as r > R then u coincides with a potential created by the
same mass was concentrated in the origin.

(b) If f =0as r < R then u = const there.

Remark 7.3.1. Statement (b) is often expressed by a catch phrase “There is
no gravity in the cavity”. In particular if f(r) = const as Ry < r < Ry and
f(r)=0asr < Ryorr > Ry, then all calculations are easy. Amazingly, the
same is true for a shell between two proportional ellipsoids (Ivory theorem).

7.3.2 Green function. I

Recall (7.2.7)—(7.2.8)

u(y) :/QGO(x,y)Au(x) dVv

0G° 0 ou
+ /E(—u(x)a—yz(x,y) +G (x,y)a(x)) ds (7.2.7)
with ) 1
—m\x—y\H n# 2,
1 _
0 _4_|$ - y| ! n= 37
G (z,y) = « 17T (7.2.8)
%log\x—y\ n=2,
1
\ §|$ -y n=1

where we changed notation G instead of G as we will redefine G later.
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Let g(x,y) be solution to problem

Agg(z,y) =0 in €, (7.3.4)
g(x,y) = —G°(z,y) as T €Y (7.3.5)

and condition u — 0 as |z| — oo if  is unbounded. In virtue of (7.3.4)
and (7.2.5)

O:/Qg(x,y)Au(x)dV+

/E(_U(x)gi (z,y) + g(, y)%(z)) ds. (7.3.6)

Adding to (7.2.7) we get

u(y) :/QG(x,y)Au(x) dV +

/E(W(x)gi_ (z,y) + G(:c,y)%(x)) ds (7.3.7)
with
G(z,y) =G (z,y) + g(z,y). (7.3.8)

So far we have not used (7.3.5) which is equivalent to G(z,y) = 0 as x € X.
But then

oG
u(y) = /QG(x,y)Au(:v) dV — . an, (z,y)u(x)dS
and therefore
oG
) = [ Gaaf@av - [ Zwpewds (139
is a solution to
Au=f in Q, (7.3.10)

u=¢ on X. (7.3.11)
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Similarly if we replace (7.3.5) by Robin boundary condition
( dg dGY

o, ag)(z,y) = —( 9. aG) (z,y) as r€X
we get (% —aG)(z,y) =0 as z € ¥ and rewriting (7.3.7) as

u(y) :/QG(x,y)Au(x) dvV+

/E(_U(JC) [SZ — ozG} (z,y) + G(z,y) [% — ozu]) ds

we get

a(y) = [ Gla.y)fx)dv + / G, y)(x) dS

Q 2

for solution of the (7.3.10) with the boundary condition

0
a—z —au =1 on X.
Finally, if we take g satisfying mixed boundary condition
g(z.y) = —G(x,y) as z €Y,
dg 0G°

(31/:1; —ag)(z,y) = —( o aG%)(z,y) as zeX’
we get

) = [ Glaaf@)av+ | Gl ds-

G (z,y)
/E o) as

for solution of the (7.3.10) with the boundary condition

u=q on Y/,
0

A ou= P on X,
v

where X =YX UY" and X' NX" = (.

187

(7.3.12)

(7.3.13)

(7.3.14)

(7.3.15)

(7.3.16)

(7.3.17)

(7.3.18)

(7.3.19)
(7.3.20)
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Definition 7.3.1. G(z,y) (defined for corresponding boundary problem)
is called Green’s function.

2
lz—y|

Remark 7.3.2. It is similar (by usage) to heat kernel #He’ ke .

One can prove

Theorem 7.3.2.
G(z,y) = Gy, z). (7.3.21)

7.3.3 Green function. 11

Consider now purely Neumann problem in the connected domain. We can-
not solve Ag = 0 with the boundary Condltlon = %G as such problem
requires one solvability condition to the right- hand expression and bound-

ary value

Fdv+ [ $dS=0 (7.3.22)
Ry

and this condition fails as fz 2 dS #0 (one can prove it).
To fix it we consider g satlsfymg

Agg(x,y)=c in €, (7.3.23)
dg 0G°
a—ym(x,y) = —a—yz(x,y) as T € X (7.3.24)

with unknown constant ¢; chosing it correctly one can satisfy solvability
condition. Then

uty) = [ Glepre)av+ [

3

G(z,y)Y(x) dS+c/ udx

|4

and therefore

u(y) = /QG(x,y)f(x) dv + / G(z,y)(x)dS + C (7.3.25)

3

gives us solution if it exists (and it exists under solvability condition (7.3.24)).
This solution is defined up to a constant.
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7.3.4 Problems to Chapter 7

Problem 7.3.1.  (a) Find the solutions that depend only on r of the equa-
tion
AU = Ugy + Uy, = 0.

(b) Find the solutions that depend only on p of the equation

AU = Ugg + Uyy + Uz, = 0.
(c) (bonus) In n-dimensional case prove that if u = u(r) with r = (2% +
22+ ... +122)2 then

n—1
r

Au = u,, + u, = 0. (7.3.26)

(d) (bonus) In n-dimensional case prove (n # 2) that u = u(r) satisfies
Laplace equation as x # 0 iff u = Ar>~" + B.
Problem 7.3.2. Using the proof of mean value theorem (see Subsection ?7?)
prove that if Au > 0 in B(y,r) then

(a) u(y) does not exceed the mean value of u over the sphere S(y,r)
bounding this ball:

u(y) < ! / udS. (7.3.27)
S(yr)

o,r1

(b) u(y) does not exceed the mean value of u over this ball B(y,r):

1
u(y) < / udV. (7.3.28)
B(y,r)

Wy T™
(c¢) Formulate similar statements for functions satisfying Au < 0 (in the
next problem we refer to them as (a)” and (b)’).

Problem 7.3.3. (a) Functions having property (a) (or (b) does not matter)
of the previous problem are called subharmonic.

(b) Functions having property (a)’(or (b)’ does not matter) are called
superharmonic.
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Problem 7.3.4. (a) Using the proof of maximum principle prove the max-
imum principle for subharmonic functions and minimum principle for
superharmonic functions.

(b) Show that minimum principle for subharmonic functions and maxi-
mum principle for superharmonic functions do not hold (Hint: con-
struct counterexamples with f = f(r)).

(¢) Prove that if u,v,w are respectively harmonic, subharmonic and su-
perharmonic functions in the bounded domain €2, coinciding on its
boundary (u|y = v|y = w|g) then in w > u > v in .

Problem 7.3.5 (bonus). Using Newton shell theorem (see Subsection 7.3.1)
prove that if Earth was a homogeneous solid ball then the gravity pull inside
of it would be proportional to the distance to the center.

Problem 7.3.6. Find function v harmonic in {#?+y*+2? < 1} and coinciding
with g =23 as 22 + 92 + 22 = 1.

Hint. According to Section 8.1 solution must be a harmonic polynomial
of degree 3 and it should depend only on 2% + 4* + 22 and z (Explain why).
The only way to achive it (and still coincide with g on {22 4+ y* + 22 = 1})
is to find

u=2"+az(l —2*—y* - 2%

with unknown coefficient A.

Problem 7.3.7. Apply method of descent described in Subsection 9.1.4 but
to Laplace equation in R? and starting from Coulomb potential in 3D

1 1
Us(z,y,z) = —E(xQ + 2+ zQ) 2 (7.3.29)
derive logarithmic potential in 2D

1 1
Us(w,y,2) = o log(2” + y?)2, (7.3.30)
77
Hint. You will need to calculate diverging integral [ Us(z,y,z). Instead
consider fON Us(z,y, z), subtract constant (f.e. fON Us(1,0, 2)) and then tend

N — oo.

Problem 7.3.8. Using method of reflection (studied earlier for different equa-
tions) construct Green function for
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(a) Dirichlet problem
(b) Neumann problem
for Laplace equation in

a. half-plane
b. half-space

as we know that in the whole plane and space they are just potentials

=

% 108;((451 - 91)2 + (22 — y2)2) ; (7.3.31)
1

— (@1 =90 + (2 = 92) + (s = 9)?)

[N

(7.3.32)

respectively.

Problem 7.3.9. Apply method of descent but now looking for stationary
solution of —Au = f(xy, x5, x3) instead of non-stationary solution of

Ut — AU == f(x17x27x3)7
U’t:O = Q(I1,$2,$3),

ut‘t:O = h($17 T2, x3>

start from Kirchhoff formula (9.1.12) and derive for n = 3 (7.2.10) with
G(z,y) equal to (7.3.32) here.



Chapter 8

Separation of variables

8.1 Separation of variable in spherical
coordinates

8.1.1 Laplace equation in the ball
Consider Laplace equation in spherical coordinates defined by (6.3.7)—(6.3.86.3.8)

2 1
A:a§+;8p+;/\ (8.1.1)

with o ) ;

A = (95 + cot(¢)dy) + S0 ;. (8.1.2)

Let us plug u = P(p)Y (¢,0) into Au = 0:
P/(p)Y(6.0) + P ()Y (6.0) + P(p)AY (6.0) = 0

which could be rewritten as
p*P"(p) + pP'(p) | AY(9,0)
P(p) Y (¢,0)

and since the first term depends only on p and the second only on ¢, 0 we
conclude that both are constant:

p*P" 4+ 2pP' = \P, (8.1.3)
AY (¢,0) = =AY (¢, 0). (8.1.4)

=0

192
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The first equation is of Euler type and it has solutions P := p' iff A = [(I+1).
However if we are considering ball, solution must be infinitely smooth in
its center due to some general properties of Laplace equation and this is
possibleiff { = 0,1, 2, ... and in this case v must be a polynomial of (x,y, z).

Definition 8.1.1. Such polynomials are called harmonic polynomials.
One can prove

Theorem 8.1.1. Harmonic polynomials of degree | form (21+1)-dimensional
space.

[ Basis in the space of harmonic polynomials

1

z, Yy, 2

xy, 12, Yz, 12—y, x? — 22

x® — 322,y — 3y2?, x2? — ay?, 2 — ya?,
ryz, 122 — y?z, 223 — 3%z — 3y

W N = O

Table 8.1

Then
AY (9,0) = =1l +1)Y(9,0). (8.1.5)

Definition 8.1.2. Solutions of Av = 0 are called spherical harmonics.

To find spherical harmonics we apply method of separation of variables
again: Y (¢,0) = ®(¢)O(#). Recalling (8.1.2) we see that

sin®(¢) (& ; D) L1+ 1) sin2(g) + % =0 (8.1.6)

Therefore again both terms in the left-hand expression must be constant:
sin®(¢) (®” + cot(¢)®') = —(I(1 + 1) sin®(¢) — u) @, (8.1.7)
0" = —uo. (8.1.8)

The second equation is easy, and keeping in mind 27-periodicity of © we
get p=m?and © = e ™ with m = —1,1 —1,...,1 — 1,1 (for |m| > [ we
would not get a polynomial).
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Therefore (8.1.7) becomes
sin®(¢)®” + 2sin(¢) cos(¢)®' = —(I(1 + 1) sin*(¢) — m*) P, (8.1.9)
One can prove that ® is a polynomial of cos(¢):

Theorem 8.1.2. ®(¢) = L(cos(¢)).

Such polynomials are called Legendre polynomials as m = 0 and Asso-
ciated Legendre polynomials as m # 0.

Therefore we number spherical harmonics by [,m: we have Y}, with
[=0,1,...andm=—-0,1—1,...,[—1,m.

Remark 8.1.1. (a) We are talking now about spherical harmonics with
separated ¢, 0; linear combination of spherical harmonics with the
same [ but different m is again a spherical harmonic albeit without
separated o, 0.

(b) Such harmonics for a basis in the linear space of spherical harmonics
with fixed [;

(c) Choice of the polar axis z matters here: selecting other direction bring
us a different basis.

8.1.2 Laplace equation outside of the ball

Consider solutions of the Laplace equation for p > 0 decaying as p — oc.
Since spherical harmonics are already defined we have A = —[(l + 1) and
then P = p* with k < 0 satisfying k(k + 1) = [(I + 1) which implies that
k = —1 —1[. In particular we get from Table 8.1

[ Basis in the space of homogeneous harmonic functions

1
x/p’, y/p’, 2/’
xy/p°, xz/p°, yz/p®, (a® —y?)/p°, (a* — 2°)/p°

Table 8.2

N = O

with p = (22 + 2 + 22)V/2.


http://en.wikipedia.org/wiki/Legendre_polynomials
http://en.wikipedia.org/wiki/Associated_Legendre_polynomials
http://en.wikipedia.org/wiki/Associated_Legendre_polynomials
http://en.wikipedia.org/wiki/Spherical_harmonics
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8.1.3 Applications to the theory of Hydrogen atom

Spherical harmonics play crucial role in the mathematical theory of Hydrogen-
like atoms (with 1-electron):
h? Ze?
SN L, o) (8.1.10)
24 p
Here h is a Planck constant, —Ze is the charge of the nucleus, e is the
charge of electron, p is its mass, £/ < 0 is an energy level.
After separation of variables we get ¥ = P(p)Y),(¢, 6) with P satisfying

I(1+1)

2

2
_P//——Pl—ﬂp—i_
p p p

P =—a*P (8.1.11)

with n = 2uZe?h ™2, a = (—QE,u)%hfl.
Solutions are found in the form of e=*?p'Q(p) where Q(p) is a polynomial
satisfying

pQ" + (21 + 2 — 2ap) + (n — 2a)p — 2ad)Q = 0 (8.1.12)

It is known that such solution (polynomial of degree exactly n — 1 — 1,
n =1+1,142,...) exists and is unique (up to a multiplication by a
constant) iff 2a(n — 1) +2a —n =01ie o = 3= and also I <n — 1. Such
polynomials are called Laguerre polynomials.

Therefore E, = —75 (one can calculate x) and has multiplicity

S 1= 2+ = dn(n+1).

m=

Remark 8.1.2. We see that E,, are very degenerate. Different perturbations
decrease or remove degenerations splitting these eigenvalues into clusters of
less degenerate or non-degenerate eigenvalues.

8.1.4 Applications to wave equation in the ball

Consider now 3D-wave equation in the ball
Uy — Au =0 p<a (8.1.13)

with Dirichlet or Neumann boundary conditions. Separating t and the
spatial variables u = T'(t)v(z,y, z) we get Helmholtz equation

Av=—)\v p<a (8.1.14)


http://en.wikipedia.org/wiki/Laguerre_polynomials
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with the same boundary condition and
T = —\T (8.1.15)

Separating p from spherical variables ¢, 6 we get

p?P" +2pP" + \P N AY
p2P Yy

1 1 | M—

0

and therefore both selected expressions must be p and —pu respectively. So
Y (¢,0) is a spherical harmonic and p = [(I 4+ 1). Then

p*’P" 4+ 2pP" + (\p* — (I +1))P = 0. (8.1.16)

As A = 1 Ssolutions are spherical Bessel functions j; and y; which are called
spherical Bessel functions of the 1st kind and of the 2nd kind, respectively,
and the former are regular at 0.

So P = j;(pV/A) and for u to satisfy Dirichlet or Neumann boundary
conditions we need to impose the same conditions to P resulting in

0, (8.1.17)
) =0, (8.1.18)

and then A = 27 a™2 and A = w?, a~? respectively where 2, and w;,, are
n-th zero of j; or jj respectively.

8.2 Separation of variable in polar and
cylindrical coordinates

8.2.1 Helmholtz equation in the disk

Consider Helmholtz equation in the disk (recall that such equation is ob-
tained from wave equation after separation of ¢ from spatial variables):

Vpr + 1720, — 17 2099 = — D0 r <a. (8.2.1)
Separating variables v = R(r)®(¢) we arrive to

rR"+rR + MR n Phi” _0
R |Phi



http://en.wikipedia.org/wiki/Bessel_function#Spherical_Bessel_functions:_jn.2C_yn
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and therefore

o" = —uPhi, (8.2.2)

PR +rR + (M —u)R=0 (8.2.3)
and p = —12, ® = e and

R +rR + (M — )R =0. (8.2.4)

As A = 1 it is Bessel equation and solutions are Bessel functions J; and
Y, which which are called Bessel functions of the 1st kind and of the 2nd
kind, respectively, and the former are regular at 0. Therefore R = Jl(r\/X)
and plugging into Dirichlet or Neiumann boundary conditions we get re-
spectively

Ji(aVA) =0, (8.2.5)
Ji(aVA) =0, (8.2.6)
and then X\ = 27,a™ and A = w},a~? respectively where z,, and w, are

n-th zero of J; or J] respectively.
Remark 8.2.1. Bessel functions are elementary only for half-integer [ =

%, %, g, ... when they are related to spherical Bessel functions.

8.2.2 Helmholtz equation in the cylinder

Consider Laplace equation in the cylinder {r < a,0 < z < b} with homo-
geneous Dirichlet (or Neumann, etc) boundary conditions:

Upr + 7 0y 4 7 2009 + Uy = —w3u, (8.2.7)
ul.=0 = ul.=p = 0, (8.2.8)
U|p=q = 0. (8.2.9)
Separating Z from r,0 u = Z(z)v(r,0) we get
Av 2" 9
R

and then Z” = —BZ, and Av := v, +7 0, +17 2099 = — v with A = w? - f
and from boundary conditions to Z we have 3 = 7?m?b~? and separating
r,¢: v = R(r)®(¢) we arrive like in the previous Subsection to (8.2.4).
One can prove that there are no nontrivial solutions as A < 0 and therefore
A > 0 and everything is basically reduced to the previous Subsection.

FEzercise 8.2.1. Do it in detail.


http://en.wikipedia.org/wiki/Bessel_function
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8.3 Laplace equation in the cylinder

Consider Laplace equation in the cylinder {r < a,0 < z < b} with homo-
geneous Dirichlet (or Neumann, etc) boundary conditions on the top and
bottom leads and non-homogeneous condition on the lateral boundary:

Upr + 7 0y 4 7 2009 + Uy = —w3u, (8.3.1)
ulz=0 = ulz= =0, (8.3.2)
Ulr=a = g(2,0). (8.3.3)

Separating Z from r, 0 Separating Z from r,0 uw = Z(z)v(r, 0) we get

Av n z" 0
v 7z
and then Z"” = —fZ, and Av := v, + 77 v, + (=8 + r 2vg) = 0. and

from boundary conditions to Z we have 8 = 72m?b~2 and separating r, ¢:

v = R(r)®(¢) we arrive like in the previous Subsection to
R+ rR + (=pr* = *)R = 0. (8.3.4)

However now 8 > 0 and we do not need to satisfy homogeneous condition
as r = a (on the contrary, we do not want it to have non-trivial solutions.
Then we use modified Bessel functions I; and K; and R = CT;(rv/B).

8.A Separation of variable in elliptic and
parabolic coordinates

Recall that elliptic and parabolic coordinates, and also elliptic cylindrical
and parabolic cylindrical coordinates are described in Subsection 6.3.4.

8.A.1 Laplace equation in the ellipse
Consider Laplace equation in the elliptic coordinates (u,v):

1 2 L 52y —
Au= c2(sinh? () + sin®(v)) Out OJu=0 A



http://en.wikipedia.org/wiki/Bessel_function#Modified_Bessel_functions:_I.CE.B1.2C_K.CE.B1
../Chapter6/S6.3.html#sect-6.3.4
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which is obviously equivalent to
(0% 4 0))u = 0; (8.A.2)

separating variables u = M (u)N(v) we arrive to M" = aM, N”" = —aN
with periodic boundary conditions for N; so N = cos(nv),sin(nv), a = n?
and N = Acosh(nu) + Bsinh(nu). So

u, = Acosh(np) cos(nv) + B cosh(npu) sin(nv)+
C'sinh(np) cos(nv) + D sinh(np) sin(nr) (8.A.3)
asn = 1,2, ... and similarly

uy = A+ Bu. (8.A.4)

8.A.2 Laplace equation in the parabolic annulus
Consider Laplace equation in the parabolic coordinates (o, 7):

1

o2+ 72

Au = (924 92) = 0. (8.A.5)

Then again formulae (8.A.3) and (8.A.4) work but with (u,v) replaced by

(o,7).
8.A.3 Helmholtz equation in the ellipse

Consider Helmholtz equation in the elliptic coordinates (u, v):

1
Au = O+ 0)u=—k 8.A.6
YT (sinh?(u) + sin®(v)) (O + ) " ( )

which can be rewritten as
2 12,25 1.2 2 | 2 _
<6u + k*c¢®sinh”(u) 4+ 07 + sin (V))u =0 (8.A.7)
and separating variables we get

M" + K*¢ (sinh?(u) + \) M = 0, (8.A.8)
N" + k*c¢*(sin®(v) — A)N = 0.
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8.A.4 Helmholtz equation in the parabolic annulus
Consider Helmholtz equation in the parabolic coordinates (o, 7):

1

Au=— i (02 + 0%) = —k*u (8.A.10)
which can be rewritten as
(aﬁ 42024+ 02+ k272)u —0 (8.A.11)
and separating variables we get
S"+k*(0?+X)S =0, (8.A.12)
N"+ k(> = \)T =0. (8.A.13)

FExercise 8.A.1. Consider Laplace and Helmholtz equations in elliptic cylin-
drical and parabolic cylindrical coordinates.



Chapter 9

Wave equation

9.1 Wave equation in dimensions 3 and 2

9.1.1 3D-Wave equation: special case

Consider Cauchy problem for 3-dimensional wave equation

Uy — Au = f, (9.1.1)
Ulp—o = g, (9.1.2)
ut|t:0 = h. (913)

Assume first that f = g = 0. We claim that in this case as t > 0

1
t) = h(y)d 14
et = o [ o (91.4)

where we integrate along sphere S(x,ct) with a center at x and radius ct;
do is an area element.

Let us prove (9.1.4) first as h(z) = ¢ with £ € R3\ 0; we use the
standard notation x - £ = x1&; + 22& + x3&3. In this case

u(z,t) = eS¢ sin(et|€]) (9.1.5)

is obviously a solution to Cauchy problem (9.1.1)—(9.1.3).
On the other hand, the right-hand expression of (9.1.4) becomes

1 . 1 . .
/ / eV do = e / / o
42t S(z,ct) dmc?t S(0,ct)

201
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where we changed variable y = x + z with z running S(0, ct) (sphere with a
center at 0) and we need to calculate integral in the right-hand expression.
Let us select coordinate system in which £ = (0,0,w) with w = |£| and
introduce corresponding spherical coordinates (p, ¢, #); then on S(0, ct) p =
ct, z - & = z3w = ctw cos(¢) and do = c*t?sin(¢)d¢dl; so integral becomes

s 21
C2t2/ eictw cos(o) sm(gb) d¢/ do =
0 0

T 1 . .
. 27TC2t2/ pletw cos(¢) dCOS(¢) — 27TC2t2 (elctw . e*lctw) _
0

1ctw
4rretw™ ! sin(ctw)
and multiplying by € and dividing by 4mc*t we get et €| 71 sin(ct[€])
which is the right-hand expression of (9.1.5).
So, for h(z) = €% (9.1.4) has been proven. However the general func-
tion h(x) could be decomposed into such special functions using multidi-

mensional Fourier transform and multidimensional Fourier integral which
is nothing but repeated 1-dimensional Fourier transform and Fourier inte-

gral.
h(z) = / / / h(€)e™E de, (9.1.6)
h(E) = (2m)" / / / h(z)e € da (9.1.7)

and therefore (9.1.4) extends to general functions as well.

Remark 9.1.1. We should deal with the fact that only decaying functions
could be decomposed into Fourier integral, but this is easy due to the fact
that integral in (9.1.4) is taken over bounded domain.

9.1.2 3D-Wave equation: general case

To cover t < 0 we replace (9.1.4) by

1
u(e,t) = / /S RO (9.1.8)

which is obvious as v must be odd with respect to t.
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Consider now g # 0. Let v be given by (9.1.8) with h replaced by h;
then

vy — EAv =0,
U’t:o = 07
Ut’t:O =g

Then Av|i—g = 0 and therefore vyl = 0 and therefore differentiating
equation with respect to t we conclude that u := v; solves

tt — CQAU = 0,
u|t:0 =9,
Utltzo =0

Now

(1) = %(4;0% / /S 0w o). (9.1.9)

Therefore solving separately (9.1.1)—(9.1.3) for f = g = 0 (given by (9.1.8))
and for f = h = 0 (given by (9.1.9) and adding solutions due to linearity
we arrive to

t) d Ydo  (9.1.10
u(z, 1) T ot 4770t//5(mct| U 4”Ct//zclt> 7! )

covering case f = 0.
To cover case of arbitrary f but ¢ = h = 0 we apply Duhanel integral
formula (see Subsection 2.5.1). Consider problem

Utt — CQAU = O,
U|t:7’ = 07
Ut‘t:‘r = f(fE,T).

Its solution is given by

1
= d
Ut t.7) dme?(t — 1) //S(:):,ctTD fy, 7)do
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and therefore

! 1
U(l',t) :A m//‘s(%dt_ﬂ) f(y,T) dodr. (9111)

Assembling (9.1.10) and (9.1.11) together we arrive to Kirchhoff formula

t d y)d
u(z,1) 47rc t //5(3; c\tl O 47T0275 // xcm) ot
d d 9.1.12
/ 47TCQ t— T //S’(:): clt—rl) y7 7 ( )

providing solution to (9.1.1)—(9.1.3).

Remark 9.1.2. Ast > 0 one can rewrite the right-hand expression in (9.1.11)

as
1
///B(x,ct) drc?|x — y| ( | ) ( )

where we we integrate over ball B(z, ct) of radius ¢t with the center at x.

9.1.3 Spherical means

Definition 9.1.1. M, (h,z) = ﬁ fs(x "
Recall that 4772 is an area of S(z,r).

h(y) do is a spherical mean of h.

Therefore (9.1.8) is exactly u(x,t) = tMycjtj}(h,x) and all other for-
mulae (9.1.9)—(9.1.13) could be modified similarly.

9.1.4 2D-wave equation: method of descent

Consider now the same problem (9.1.1)—(9.1.3) but in dimension 2. To
apply (9.1.12) we introduce a third spatial variable x3 and take f, g, h
not depending on it; then u also does not depend on x3 and solves original
2D-problem.

So, the right-hand expression in (9.1.8) becomes for +t > 0

y)do = :l:— // dy (9.1.14)
dmc?t //S(:r clt)) 2me J Bt \/Czt2 \37 yl?
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where y = (y1,y2) and we took into account that S(z,ct) covers disk
ct

B(z, c|t]) twice (so factor 2 appears) and do = i\/m dy, dy =

dy1dys.
Thus (9.1.12) implies that for +¢ > 0

u(zx,t) // )
27TC B(z,clt]) \/c2t2 — |x — y|2
27TC // B(z,clt]) \/02252 |:v — y|2

t
f(y,7)

j:/ —// dydr. 9.1.15

o 4mC B cli—r) /(= 7)2 = |z —y]? ( )

9.1.5 Limiting amplitude principle

Let n = 3. Consider solution to inhomogeneous wave equation with a
special right-hand expression

Au — ¢ 2uy = f(x)e™ (9.1.16)

where w # 0 and f(x) does not depend on ¢ and fast decays as |z| — 0.
Assume that g(z) = u(z,0) and h(z) = u(z,0) also fast decay as |z| — oc.
Plugging all these functions into Kirchhoff formula (9.1.12) and considering
|t| > 1 and fixed = we see that

lu(z,t) — v=(z)e™| — 0 as t — foo (9.1.17)

w

1 —
vE = —— /// |z — y| LT vl gy, (9.1.18)

One can check easily that v = v= satisfies Helmholtz equation

with

2

(A+5)v = fla) (9.1.19)
with Sommerfeld radiating conditions
v =o0(1) as r — 0o, (9.1.20)
(0, Ficlw)v =o(r ™) as r — 0o (9.1.21)
where 7 := |z| and 0, := |z|'x - V.

This is called Limiting amplitude principle
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Remark 9.1.3.  (a) Formula (9.1.18) gives us Green function for problem
(9.1.19)-(9.1.21)

1 N
Gi(m, y) = —E|x — y|_1e:F“"C Ll (9.1.22)

which coincides as w = 0 with a Green function G(z,y) = —1=|z —
yI™h

(b) However now we have two Green functions as (9.1.22) distinguishes
and between them and u(x,t) has different amplitudes v as tto =+ oo.

(¢) For fast—decaying f one can replace in (9.1.20) and (9.1.21) o(1) and
o(r71) by O(r=') and O(r~?) respectively.

9.1.6 Remarks

Remark 9.1.4. Formulae (9.1.13) and (9.1.15) could be generalized to the
case of odd n > 3 and even n > 2 respectively. These formulae imply that
u(z,t) does not depend on ¢(y), h(y) with |y — z| > ¢t and on f(y, ) with
|y — x| > ¢|t — 7|. This could be interpreted as “nothing propagates with a
speed exceeding ¢”. We will prove it again by completely different method
in the next Section 9.2

Remark 9.1.5.  (a) Asn > 3isodd u(z,t) is given by the following formula

o /10\T
w(z,t) = "k — <——> tt // do
(z,1) 5 \ 7 52 ( S(Wl)g(y)
10\
+ct g, <——> ! // h(y) do 9.1.23
L9 ( St (y) ( )

provided f = 0 (which could be generalized to f # 0 using Duhamel
principle).

(b) Asn > 2is even u(z,t) is given by the following formula obtained by
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the method of descent

ZCI_”“ngt G%) (///B(:rdtl G |x)_y| gk )
g Gg) (///B(xdtl @ |j>_y|) dy) (9.1.24)

provided f = 0 (which could be generalized to f # 0 using Duhamel
principle).

(c) Here k, is a numerical coefficient which could be easily calculated
fromg=1, h=0, f=0 = u=1.

(d) In particular, for odd n > 3 solution u(x,t) does not depend on
9(y), h(y) with |y — z| < ¢t and on f(y,7) with |y — x| < c|t — 7.
This could be interpreted as “no leftovers after front passed with a
speed ¢”. In mathematical literature this is called Huygens principle
(there is another Huygens principle aka Huygens-Fresnel principle).
This property is a rare commodity: adding lower-order terms to the
equation breaks it.

9.2 Wave equation: energy method

9.2.1 Energy method: local form

Consider wave equation
uy — A Au = 0. (9.2.1)

Multiplying by u; we arrive to
_ 2 I PN 2 _
0 = wuy — cuAu = 28t(ut) V- (uVu) + ¢*Vuy - Vu =
1
éat (v + A Vul’) = &V - (wVu)

that is .
5& (v + | Vul’) = &V - (w,Vu) = 0. (9.2.2)


http://en.wikipedia.org/wiki/Huygens%E2%80%93Fresnel_principle

CHAPTER 9. WAVE EQUATION 208

This is an energy conservation law in the local form.
If we integrate over domain 2 C R, x R} we arrive to

// ((u? + |Vul)v — wVu - yx> do=0 (9.2.3)
2

where ¥ is a boundary of €2, v is an external normal and do is an alement
of “area”; v; and v, are its t and x components.

9.2.2 Classification of hypersurfaces
Consider a quadratic form
Q(Up, U) = U + |U|> = 2Uyev; 'y, - U, (9.2.4)

Proposition 9.2.1. (a) If c|lv.| < || then Q is positive definite (i.e.
Q(U(]?U) >0 and Q(U()?U) =0 Zﬁ UO =U-= 0)7

(b) If c|v.| = || then Q is non-negative definite (i.e. Q(Uy, U) > 0);
(c¢) If c|lvg| > || then Q is not non-negative definite.
Proof. is obvious. O

Definition 9.2.1. (a) If ¢|v,| < || then X is a space-like surface (in the
given point).

(b) If c|v,| = || then ¥ is a characteristic (in the given point).
(c) If clvy| > || then X is a time-like surface (in the given point).

Remark 9.2.1. Those who studied special relativity can explain (a), (c).

9.2.3 Application to Cauchy problem

Consider now bounded domain 2 bounded by ¥ = ¥, UX_ where c|v,| <
—v; at each point of ¥_ and c|v,| < v, at each point of ¥, . Assume that u
satisfies (9.2.1)

u=1u =0 on X_. (9.2.5)

Then (9.2.3) implies that

// <(uf + |Vul*) vy — Fu,Vu - z/x) do =0
Xy
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which due to assumption about ¥, implies that integrand is 0 and therefore
u; = Vu = 0 in each point where c|v,| < 1.

Xy

¥

We can apply the same arguments to Qr = QN {t < T} with the
boundary ¥r = XN {t < T} U Sr, Sy := QN {t = T}; note that on Sy
v,=1,v,=0.

5,

3

Therefore u; = Vu = 0 on St and since we can select T arbitrarily we
conclude that this is true everywhere in €2. Since u = 0 on X_ we conclude
that © = 0 in €. So we proved:
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Theorem 9.2.1. Consider a bounded domain €2 bounded by > = >, UX_
where clv,| < —vy at each point of X_ and c|v,| < v at each point of ¥
Assume that u satisfies (9.2.1), (9.2.5). Then u =0 in .

It allows us to prove

Theorem 9.2.2. Consider (y,7) with 7 > 0 and let K~ (y,7) = {(z,?) :
t <7, ly—z| <c(r—1t)} be a backward light cone issued from (y,7). Let

(a) u satisfy (9.2.1) in K~ (y,7) N {t > 0},
(b) u=u =0 at K (y,7)N{t =0}.
Then u =0 in K~ (xz,t)N{t > 0}.

Proof is obvious: we can use 2 = K~ (x,t) N {t > 0}. Note that the
border of K~ (x,t) is characteristic at each point and v, > 0.

9.2.4 Application to IBVP

Consider domain D C R" with a boundary T'.

Theorem 9.2.3. Consider (y,7) with 7 > 0 and let K~ (y,7) = {(z,1) :
t <7, |ly—z| <c(r—1t)} be a backward light cone issued from (y,T). Let

(a) u satisfy (9.2.1) in K~ (y,7)N{t >0} N {x € D},
(b) u=u=0at K (y,7)N{t =0} {zx € D},

1 - ; ou
(c) At each point of K~ (y,7)N{t >0} N{x € '} eitheru=0 or 5¢ =0
where n 1s a normal to .

Thenu=0 i K (y,7)N{t >0} N {x € D}.

Proof. Proof uses the same energy approach but now we have also integral
over part of the surface K~ (y,7) N {t > 0} N {z € '} (which is time-like)
but this integral is 0 due to (c). O

9.2.5 Remarks

Remark 9.2.2. The energy approach works in a very general framework
and is used not only to prove unicity but also an existence and stability of
solutions.
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Variational methods

10.1 Functionals, extremums and variations

10.1.1 Functionals: definitions

Definition 10.1.1. Functional is a map from some space of functions (or
subset in the space of functions) H to R (or C):

®:H>u— Pul eR. (10.1.1)

Remark 10.1.1. Important that we consider a whole function as an argu-
ment, not its value at some particular point!

Ezample 10.1.1. (a) On the space C(I) of continuos functions on the
closed interval I consider functional ®[u] = u(a) where a € I (value
at the point);

(b) On C(I) consider functionals ®[u] = max,ec; u(x), ®u] = minge; u(z)
and ®[u] = max,es |u(z)], Plu] = minger |u(z)l;

(c) Consider ®[u] = [, f(z)u(z)dx where f(z) is some fixed function.

(d) On the space C*(I) of continuos and continuously differentiable func-
tions on the closed interval I consider functional ®[u] = u/(a).

Definition 10.1.2. (a) Sum of functionals ®; + @, is defined as (P; +

(b) Product of functional by a number: A® is defined as (A®)[u] =
A(Plul);

211
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(¢) Function of functionals: F'(®q, ..., ®y)is defined as F/(Py, ..., Dy)[u] =
F(®Qpu, ..., 04ul).

Definition 10.1.3. Functional ®[u] is called linear if
Plu + v] = Ou] + P[v], (10.1.2)
O[Au] = AD[u] (10.1.3)
for all functions v and scalars .

Remark 10.1.2. Linear functionals will be crucial in the definition of distri-
butions later.

Exercise 10.1.1. Which functionals of 10.1.1 are linear?

10.1.2 Variations of functionals

= ///Q L(z,u,Vu)dz (10.1.4)

where () is n-dimensional domain and L is some function of n + 2 variables.
Let us consider u + du where du is a “small” function. We do not formalize
this notion, just e¢ with fixed ¢ and € — 0 is considered to be small. We
call du variation of u and important is that we change a function as a whole
object. Let us consider

Let us consider functional

Plu + du| — /// (x,u+ ou, Vu+ Viu) — L(z,u, Vu)) dx

oL
/// —5u p 'na%jéuxj) dx (10.1.5)

where we calculated the linear part of expression in the parenthesis; if du =
e¢ and all functions are sufficiently smooth then =~ would mean “equal
modulo o(¢) as € — 0.

Definition 10.1.4. (a) Function L we call Lagrangian.

(b) The right-hand expression of (10.1.5) which is a linear functional with
respect to du we call variation of functional ® and denote by 6®.
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Assumption 10.1.1. All functions are sufficiently smooth.

Under this assumption, we can integrate the right-hand expression of
(10.1.5) by parts:

OL
oD —// —(5u 2 nauxjéumj> dx
L
:/// gz 8—8 (5ud33—// j>(5ud0
o \ou . (%Uj 8uz o0 M2, 8ux]

<

where do is an area element and v is a unit interior normal to 0f2.

10.1.3 Stationary points of functionals

Definition 10.1.5. If 0 = 0 for all admissible variations du we call u a
stationary point or extremal of functional ®.

Remark 10.1.3.  (a) We consider u as a point in the functional space;

(b) In this definition we did not specify which variations are admissible.
Let us consider as admissible all variations which are 0 at the bound-
ary:

duloq = 0. (10.1.7)
We will consider different admissible variations later.

In this framework

oL 0 0L
5O — ///Q <% - I;<n 5 )5u da. (10.1.8)

Lemma 10.1.1. Let f be a continuos function in Q. If [[[ f(x)d(x) dx =
0 for all ¢ such that ¢laq =0 then f =0 in Q.

Proof. Indeed, let us assume that f(Z) > 0 at some point z € 2 (case
f(z) < 0 is analyzed in the same way). Then f(x) > 0 in some vicinity
V of z. Consider function ¢(z) which is 0 outside of V, ¢ > 0 in V and
¢(Z) > 0. Then f(x)¢(x) has the same properties and [f [, f(z)p(z) dzx >
0. Contradiction! O
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As a corollary we arrive to

Theorem 10.1.1. Let us consider a functional (10.1.4) and consider as
admissible all du satisfying (10.1.7). Then u is a stationary point of ® if
and only if it satisfies Euler-Lagrange equation

® OL L
¢ _9L_ 0 ( 0 ) = 0. (10.1.9)

dou  Ou — Ox; \ Ouy,
1<j<n j

10.1.4 Extremums of functionals

Definition 10.1.6. If ®[u] > ®[u + du] for all small admissible variations
du we call u a local mazimum of functional ®. If ®[u] < ®[u + du] for all
small admissible variations du we call u a local minimum of functional .

Here again we do not specify what is small admissible variation.

Theorem 10.1.2. If u is a local extremum (that means either local mini-
mum or mazximum) of ® and variation exits, then u is a stationary point.

Proof. Consider case of minimum. Let du = e¢p. Then ®[u + Ju] — @u| =
e(0P)(p) + o(e). If £§® > 0 then choosing Fe < 0 we make €(0P)(¢) <
—2¢€pe with some ¢y > 0. Meanwhile for sufficiently small € “o(¢)” is much
smaller and ®[u+o0u] —P[u] < —2¢pe < 0 and w is not a local minimum. [

Remark 10.1.4. We consider neither sufficient conditions of extremums nor
second variations (similar to second differentials). In some cases they will
be obvious.

Ezxample 10.1.2. (a) Consider a surface ¥ = {(x,y,2) : (x,y) € Q,z =
u(z,y)} which has (z,y)-projection Q. Then the surface area of ¥ is

A(D) ://Q(l+u§+u§)5da;dy. (10.1.10)

We are interested in such surface of minimal area (aka minimal sur-
face) under restriction v = g at points 0. It is a famous mini-
mal surface problem (under the assumption that it projects nicely on
(x,y)-plane (which is not necessarily the case). One can formulate
it: find the shape of the soap film on the wire. Then Euler-Lagrange
equation is

- %(“m(“r“i*“z)_;) - g—y(uy(HUiﬂLuZ)_%) =0. (10.1.11)


http://en.wikipedia.org/wiki/Minimal_surface
http://en.wikipedia.org/wiki/Minimal_surface
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(b) Assuming that w,,u, < 1 one can approximate A(X) — A(Q2) by

1
5 // (u2 + ) dedy (10.1.12)
Q

and for this functional Euler-Lagrange equation is

— Au=0. (10.1.13)

(c¢) Both (a) and (b) could be generalized to higher dimensions.

Remark 10.1.5. Both equations (10.1.11) and (10.1.12) come with the bound
ary condition u|gq = ¢. In the next section we analyse the case when such
condition is done in the original variational problem only on the part of the
boundary.

10.2 Functionals, extremums and variations

10.2.1 Boundary conditions

Let us consider functional (10.1.4) but now instead of constrain (10.1.7) we

put a less restrictive
duls =0 (10.2.1)

where ¥ C 0 (may be even empty). Then Euler-Lagrange equation
(10.1.9) must still be fulfilled but it does not guarantee that 6& = 0 for
all admissible variations as according to (10.1.6)

oL
5P = //M(— Z_n e I/j>5ud0 (10.2.2)

where ¥/ = 00 \ X: the part of 92 complemental to X.
Now we need to have it be 0 as well an since du is arbitrary there
according to Lemma 10.1.1 we need to have expression in parenthesis vanish:

- 5m)

However under assumption (10.2.1) it makes sense to consider more general
functional than (10.1.4):

= [f] s zorie [ o 02

= 0. (10.2.3)

E/
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which includes a boundary term. One can see easily that variation of the
boundary term is [fi, 228§ do which should be added to (10.2.2) which

becomes oL aM
P = , 10.2.
5 //8E 5u it B >5uda (10.2.5)

1<j<n

then (10.2.3) becomes
Z 0 0
(_ - @uL T 8]\u4>‘ =0 (10.2.6)

Then we arrive to the following generalization of Theorem 10.1.1:

Theorem 10.2.1. Let us consider a functional (10.2.4) and consider as
admissible all du satisfying (10.2.1). Then w is a stationary point of ®
if and only if it satisfies Euler-Lagrange equation (10.1.9) and a boundary
condition (10.2.6).

Example 10.2.1. Consider

/// W“‘Q x+// () ul* — (a:)u) do  (10.2.7)

under assumption
uly =g. (10.2.8)

Then we have equation
Au=—Ff (10.2.9)

with the boundary condition (10.2.8) on ¥ and

ou
(a—y — au)

w=—h (10.2.10)
on Y'. So at each point of the boundary we have exactly one condition.

Observe that (10.2.10) is Robin condition (Neumann condition as o =
0).
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10.2.2 Vector and complex valued functions

If our function u(x) is vector—valued: u = (uy, ..., u,,) then we can consider
variations with respect to different components and derive corresponding
equations

0 0L
= E=1,....,m. 10.2.11
Z 8,17] aUkyxj 0 ’ 1 ( 0 )

8uk

1<j<n

We also get boundary conditions

Ezxample 10.2.2. (a) Consider functional

— %///Q<Q|V®u|2—l—ﬁ|v-u|2> dx (10.2.12)

with u = (ug, ..., un), [VOUP =37, Jupa,|*, V-u= 3" ;... Then
as ou = 0 on 0N

5P = /// — BV(V - u)) . Sudr (10.2.13)

where for simplicity we assume that o and 3 are constant and we have
a system

—aAu— pV(V-u)=0. (10.2.14)

(b) Then without for this functional

//E a—+ﬁv u)v )~(5uda:O (10.2.15)

with g“ =2 1/] . Then if we assume that du on ¥’ can be arbi-
trary, we arrive to boundary condition

Ju
o+ BV - uy =0. (10.2.16)

(c) However there could be other “natural” conditions on >'. F.e. if we
assume that du || v on ¥’ we get

<ag—“ +B(V-u) ) v =0; (10.2.17)
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if we assume instead that ou-v = 0 we get

g—: |v=0. (10.2.18)

Here and everywhere || means parallel (proportional).

Remark 10.2.1. Complex-valued functions u could be considered as vector-
valued functions u = (ReuImu). Similarly we can treat functions which
are vector—valued with complex components: we just double m.

10.2.3 Extremals under constrains. 1
We can consider extremals of functionals under constrains
Uy fu) = Walu) = ... = Uylu] =0 (10.2.19)

where ¥; are other functionals. This is done in the same way as for ex-
tremums of functions of several variables: instead of ®[u| we consider La-
grange functional

O*[u] := Dlu] — MWy [u] — AWslu] — ... — AU [u] (10.2.20)
and look for it extremals without constrains; factors Ay, ..., Ay are Lagrange
multipliers.

Remark 10.2.2. This works provided 6V, ..., 0¥, are linearly independent
which means that if a;0V;[u] + aadWslu] 4. .. + a0 U [u] = 0 for all admis-
sible du then a— ... = a, = 0.

Ezample 10.2.3. (a) Let us consider
1
Plu) := 5/|vu|2dgc (10.2.21)
under constrains .
Ulu] := §/|u|2d:c (10.2.22)

and ulpo = 0. Then ®*[u] = L [(|Vu|? — Au|?) dz and Euler-Lagrange
equation is
— Au = du; (10.2.23)

so A and u must be eigenvalue and eigenfunction of —A (with Dirichlet
boundary conditions. However only the lowest (base) eigenvalue \; delivers
minimum.
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(b) To deal with the the next eigenvalues and eigenfunctions let us assume
that we got Ai,...,As_1 and orthogonal wy,...,us 1 and let us consider
constrains (10.2.22) and

(u,ur) = (uyug) = ... = (U, us—1) =0 (10.2.24)

where (u,v) = [, uv dz is an inner product (we consider real-valued func-
tions). Then ®*[u] = [(1[Vu|?> = 3|ul?> — puiu — ... ps_1us_1u) dz and we
arrive to equation

— Au— A — pquy — ... — phs_1us_1 = 0. (10.2.25)
Taking an inner product with u; we arrive to
—((A + N, ug) = pglJug]|* = 0

because we know that uy, ..., us_ 1 are orthogonal. Further, ((A+\)u, uy) =
(u, (A + Nug) = (u, (= + AN)ug) = 0 and we conclude that y = 0. Then
(10.2.24) implies

—Au—Au=0 (10.2.26)

and we got the next eigenvalue and eigenfunction.

(¢) The same analysis works for Neumann and Robin boundary conditions
(but we need to assume that o« > 0 or at least is not “too negative”.

10.2.4 Extremals under constrains. II

However constrains could be different from those described in the previous
subsection. They can be not in the form of functionals but in the form
of functions. In this case we have continuum conditions and Lagrange
multipliers became functions as well. Let us consider this on examples.

Example 10.2.4. Consider u as in 10.2.2 and functional

Plu] = %//Q\V@)u]Qdaj (10.2.27)

under constrain
V-u=0. (10.2.28)
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Then we consider functional

:///Q(%|V®u|2—)\(x)v-u) dxz//[z(%|V®u|2+VA(x)-u) da

where we integrated by parts and ignored boundary term since here we are
interested only in equation rather than boundary conditions. Then Euler-
Lagrange equation is

Au = VA (10.2.29)

with unknown function A\. However the right-hand expression is not an
arbitrary vector-valued function but a gradient of some scalar function.
Applying V- to (10.2.29) and using (10.2.28) we conclude that A\ = 0 so
A is a harmonic function.

Example 10.2.5. 10.2.2(c) could be considered in the same way. Indeed, let
us consider constrain u v =0 at ¥'. Then we need to consider functional
O*[u] = — [Js AM@)u - v do where ®[u] is defined by (10.2.12) and X is

unknovvn functlon on ¥’. We arrive to the same equation (10.2.14) but now

(10.2.15) becomes
_// (aa_u+()\+ﬁv-u)r/) Sudo =0
/ 81/ |

and we have no constrains to du on ¥’ and we arrive to condition that
expression in the parenthesis is 0 at ¥'. Since A and thus highlighted ex-
pression are arbitrary functions on ¥’ we arrive exactly to (10.2.18).

Remark 10.2.3. Obviously we can combine different types of constrains and
different types of Lagrange multipliers.

10.2.5 Higher order functionals

We could include into functional higher-order derivatives. Let us consider

functional
= /// L(z,u, Vu, VPu) dx (10.2.30)
Q

where V@ u is a set of all derivatives u,,,, with ¢ < j (Think why). Then
the same arguments as before lead us to Euler-Lagrange equation

0P oL 0 0? oL
ou’ Ou Znﬁ_x] (au%) Z 0x;0x; (Gux x]) = 0. (10-231)

1<5< 1<i<j<n
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But what about boundary conditions? We need to have now two of them at
each point. Obviously we have them if we are looking for solution satisfying

ul,,, = 9(x), g—:ﬁm = h(z). (10.2.32)

Otherwise we need to consider 0¢. We consider this only on example.

Example 10.2.6. Let
1
Olu] = 5/// (Z quixj|2> dz. (10.2.33)
QN

where we sum with respect to all pairs 4, j (S0 |tg,qe,|* with i # j is added
twice. Then equation is
A*u =0 (10.2.34)

(so w is biharmonic function) and

0b = // (— Zumixjuiéuxj + Z(Auxj)uj5u> do (10.2.35)
i,J i,J

(a) If we have have both constrains (10.2.32) then we are done.

(b) Let us have only the first of constrains (10.2.32). Then n ¥’ we have
ou = 0 and Vu is parallel to v: Viu = A\v with arbitrary function ¢
(think why) and the second term in the parenthesis is 0 and the first
term becomes — i j Uiz v;v;¢ and we arrive to the missing condition

> g, vivslg, = 0. (10.2.36)
,J

(c¢) Let us have no constrains on ¥’. Then we can recover this condi-
tion (10.2.36) but we need one more. Let us assume for simplicity
that Y’ is flat; then without any loss of the generality ¥’ locally
coincides with {z, = 0}, v = (0,...,0,1) and condition (10.2.36)
means that u,,., = 0 on ¥’; further, one can prove easily that then
6@ = [[,, %2“6udo with arbitrary du and it implies the second con-

dition
0Au

6_1/|2’ =0. (10.2.37)
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10.A Variational methods in physics

In Theoretical Physics equations of movement are frequently derived as
Euler-Lagrange equations for a functional called action and traditionally

denoted by S.

10.A.1 Classical dynamic

In the classical dynamics important role is played by Lagrange formal-
ism. Positions of the system are described by generalized coordinates q =
(¢4, ¢%, ..., ¢") which are functions of time t: q = q(t). Then their deriva-
tives q := q; are called generalized velocities (in physics upper dot tradi-
tionally is used for derivative with respect to t).

Lagrangian then is a function of q,q,t: L = L(q,q,t) and usually
L =T — U where T is a kinetic energy and U is a potential energy of the
system.

Finally, action S is defined as

S = / " L(q(t), a(t), t) dt (10.A.1)

to

and we are looking for extremals of S as q(fo) (initial state) and q(¢;) (final
state) are fixed.
Then Lagrange equations are

oL d [OL
— — — | =—1]=0 k=1,...,N. 10.A.2
Next p = g—g that means
oL
= — =1,...,N 10.A.3
Pk 8(]k ) ) ( )

are generalized momenta and

H=p-q—L= Za—qqu— (10.A.4)

is considered as an energy and if expressed through q, p,t is called Hamil-
tionian H = H(q, p,t).
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Transition from generalized velocities to generalized momenta are called
Legendre transformation and remarkable fact is that in (q,p) movement
equations are

0H
o= — 10.A.
0OH
= ——— k=1,...,N. 10.A.6
pk aqk7 ) Y ( )

This is a Hamiltonian formalism and _gTh;: are called generalized forces.

Another remarkable equality is

dH 9H

where in the left-hand expression (q, p) are considered as functions of t.

We will not pursue this road, just mention that if we fix q(¢y) and
calculate action S defined by (10.A.1) along extremals we get S = S(q, ).
Then it satisfies Hamilton-Jacobi equation

% + H(q,VS,t)=0 (10.A.8)

which is a first order nonlinear PDE mentioned in Subsection 2.2.2.

10.A.2 Continuum dynamics

Now the state of the system is described by u(x;t) where x = (x1,...,2,)
are spatial variables and the initial state u(x;to) and the final state u(z; ;)
are fixed and action is defined by

t1 t1
S = / L(u,uy, t)dt := / /// L(u,tgy .oy g,y ..., t)d"xdt (10.A.9)
to to

and Lagrangian L in fact depends on u, u, and may be higher derivatives
of u with respect to spatial variables and on u; and may be its derivatives
(including higher order) with respect to spatial variables.

Deriving Lagrange equations we treat t as just one of the coordinates (so
we have © = (x9,Xx) = (zo,z]1,...,x,) but defining generalized momenta
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and forces and defining Hamiltonian ¢ “sticks out”:

oL
= — 10.A.1
™ 6ut7 ( 0 O)

- M (10.A.11)

H = /// Tuy dr — (10.A.12)
Example 10.A.1. Let

_ %//// (o2 = K|Vup +27) d"adt; (10.4.13)

Here f = f(x,t) is a density of external force.
Then corresponding Lagrange equation is

—(pu)e +V - (KVu)— f=0 (10.A.14)

which for constant p, K becomes a standard wave equation. Meanwhile as

L= %/// (puf — K|Vul]* + 2fu> d"z (10.A.15)

we have according to (10.A.10)—(10.A.12)

m(x) = PUt;
o(z) (KVu) + f,

H= /// i + K|Vul? — 2fu> d"x (10.A.16)

and H is preserved as long as p, K, f do not depend on t.
FExample 10.A.2. Similarly,

1
:5////(Plut|2—A|V®u|2—u|V-u|2+2f-u

with constant p, A, i leads to elasticity equations

— puy + AAu+ pV(V-u) +£ =0 (10.A.18)

d"zdt (10.A.17)

N———

and

1
=3 /// <p|ut]2 + AV @ul® + u|V-ul? - 2f - u) d".  (10.A.19)
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Ezample 10.A.3. Let n = 3, then |V ®ul?* = |V x ul? + |V - u|?. Taking in
Example 2 p =1, p = =X = —c? and f = 0 we have

_ %////<|ut|2 AV x ul?) dadt, (10.A.20)

—uy — AV x (Vxu)=0 (10.A.21)

which is Maxwell equations without charges and currents for a vector po-
tential u, taking E = u;, H = V x u we arrive to Maxwell equations in
more standard form Section 14.3.

Example 10.A.4. Let

//// Z Kug, + 2fu) d"xdt. (10.A.22)

Then we arrive to

—uy — KA*u+ f =0 (10.A.23)

which is vibrating beam equation as n = 1 and wvibrating plate equation as
n = 2; further

_ %/// (o2 + ij{ugx —2fu)d" (10.A.24)

FExample 10.A.5. Let u be complex-valued function, « its complex-conjugate

and
- //// (—ihutﬂ - (%\VulQ + V(:z:)\uP)) dzdt.  (10.A.25)

It does not seem to be real-valued but it is in its essential part: integrating
by parts by t the first term, we get thuu; which is complex-conjugate to
—ihu,u plus terms without integration by ¢ (and with ¢ = ¢y, ¢;).

Then Lagrange equation is —ihu; + ( %A — V)u = 0 which is equivalent
to the standard Schrdinger equation

: h?
ihu, = —%Au + V(z)uy; (10.A.26)
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further 7 = —thu and

H = /// VU V(@) uf) 4 =
///(‘%A“+ V(m)u)ﬂd”:c. (10.A.27)

Hint. Write u = uy + ius where u; = Rewu, us = Imwu and use

g _1 (5_ - ‘5_> (10.A.28)

ou ouq Ous

which corresponds conventions of CV.

10.A.3 Equilibria

Selecting v = u(x) in the dynamical equations (and then u; = 0) we get
equations of equilibria. Equilibria which delivers to potential energy U local
minimum is stable; otherwise it is unstable.

FExercise 10.A.1. In Examples 10.A.1, 10.A.2 and 10.A.4 write equations of
equilibria.

10.3 Problems to Chapter 10

There are several classical problems

Problem 10.3.1. The heavy flexible but unstretchable wire (chain) has a
length and an energy respectively

:/ V14 u'?dz, (10.3.1)

0

U= pg/ uvV1+u'?d (10.3.2)
0

where p is a linear density.
(a) Write down an equation minimizing energy U as length L is fixed.

(b) Find solution satisfying u(0) = hg, u(a) = h;.
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Problem 10.3.2. We need to construct the fastest slide from point (0,0) to
(a,—h). If u(x) describes its shape then time is

@
T = / V1+uw?dr. 10.3.3
N (10.3.3)

(a) Write down an equation minimizing energy U as length L is fixed.

(b) Find solution satisfying u(0) = 0, u(a) = —h.



Chapter 11

Distributions and weak
solutions

In this Chapter we extend notion of function. These new “functions” (ac-
tually most of them are not functions at all) are called distributions and
are very useful for PDE (and not only). We define them as linear forms on
the test functions which are some nice functions. For usual function f such
form is

f(g) = / F(2)o(a). do.

We also extend the notion of solution.

11.1 Distributions

11.1.1 Test functions
We introduce three main spaces of test functions:
Definition 11.1.1. Let

(a) D = Cg° is a space of infinitely smooth functions with compact sup-
port. It means that for each function ¢ exists a such that p(z) =0
as |z| > a;

(b) €& = C is a space of infinitely smooth functions;

228
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(c) S is a space of infinitely smooth functions which decay at infinity
(with all their derivatives faster than any power:

0™p|(1 + |2))* < My Yo Vm, k. (11.1.1)

Loran Schwartz who provided the first systematic theory of distributions
used these notations and they became traditional. However we need to
explain what does it mean convergence of test function:

Definition 11.1.2. (a) ¢, — ¢ in D iff max |0™ (¢, —¢)| = 0asn — o
for all m and also there exist a such that ¢, (x) =0 as |z| > a for all
n;

(b) ¢©n — ¢ in & iff max|gj<q |0 (¢n — ¢)| — 0 as n — oo for all m, a;
(¢) ¢n — pin S iff
0™ (pn — @) (1 +|2))* =0 VoVm, k. (11.1.2)

Theorem 11.1.1.
DcScé (11.1.3)

where IC; C Ko means not only that all elements of Ky are also elements

of Ky but also that ¢, M @ implies that o, & . Also in (11.1.3) each
smaller space KCq is dense in the larger one ICo: for each ¢ € Ko there exists
a sequence @, € K1 converging to ¢ in ICy.

Remark 11.1.1. Those who studies Real Analysis heard about Topological
Vector Spaces but we are not going to introduce topology (which is ridicu-
lously complicated on D), just convergence is sufficient for all needs. The
same approach is also used in the very advanced cources.

11.1.2 Distributions

Definition 11.1.3. (a) Distribution f (over K) is a continuous linear
form on KC: f: K — C such that

flarpr + asps) = arf(e1) + aaf(p2) V1,02 € K Vay, ay € C;
K
on =@ = flon) = f(p).
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(b) The space of such linear forms is denoted by K.
11.1.1 immediately implies

Theorem 11.1.2.
D>S>¢ (11.1.4)

where K} D Ky means not only that all elements of Ky are also elements
of K1 but also that f, o f implies that f, o f. Also in (11.1.4) each

smaller space K is dense in the larger one K} : for each f € K| there exists
a sequence f, € K, converging to f in K.

So far we have not introduced the convergence of distributions, so we
do it right now:

Definition 11.1.4. f, Lo fiff fu(e) = f(p) for all p € K.

Remark 11.1.2.  (a) &£ consists of distributions with compact support:
f € D’ belongs to & iff there exists a such that f(p) = 0 for all
¢ such that p(z) =0 as |z] < a.

(b) S’ consists off temperate distributions.

(c) For f € Li_ we can define action f(w) on D

loc

f(o) = / f(@)o() de (11.15)

where integral is always understood as integral over the whole line R
(or a whole space R?) and L] _ consists of locally integrable functions
(notion from the Real Analysis which means that flm\ <o [f(@)]dz <00
for all @ but integral is a Lebesgue integral which is a natural extension
of Riemann integral). One can prove that this form is continuous and
thus f € D’. Due to this we sometimes non-rigorously will write
(11.1.5) even for distributions which are not ordinary functions.

Ezample 11.1.1. § := 6(x) is an element of £ defined as d(¢) = ¢(0). It
is traditionally called §-function or Dirac d-function despite not being a
function but a distribution.
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11.1.3 Operations on distributions

We introduce operations on distributions as an extension of operations on
ordinary functions as long as they make sense.

Definition 11.1.5. Linear operations:

(1 fi + aafo)(p) = a1 fi(p) + azfa(p) (11.1.6)

as aq, g € C.

FExercise 11.1.1. Check that for ordinary functions fi, fo we get a standard
definition of vy fi + azofe (in the framework of (11.1.5)).

Definition 11.1.6. Shift. Let T,, denote a shift of ¢: (T,p)(z) = p(z —a).
Then

(Taf)(p) = fF(T-ap). (11.1.7)
We will write T, f as f(z — a).

FEzercise 11.1.2.  (a) Check that for ordinary function f we get a standard
definition of f(x — a) (in the framework of (11.1.5)).

(b) Check that for 6 we d,(x) := 0(z — a) is defined as d,(¢) = p(a).

Definition 11.1.7. Linear change of variables. Let R, denote a linear
change of variables: (Ra¢)(x) = ¢(Ax) where A is a non-degenerate linear
transformation. Then

(Raf)(p) = | det A" f(Ra-10) (11.1.8)
We will write R4 f as f(Ax).

FEzercise 11.1.3.  (a) Check that for ordinary function f we get a standard
definition of R4 f (in the framework of (11.1.5)).

(b) Check that for 6 we get 6(Azx) = jdet Aj{—1}d(z). In particular
as |det A| = 1 we have §(Az) = d(x) and as Axr = Az (uniform
dilatation) d(Ax) = A~96(z) where d is a dimension. Therefore J is
spherically symmetric and positively homogeneous of degree —d.
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Definition 11.1.8. Derivative. Then

(0f)(p) = —f(9¢) (11.1.9)

where 0 is a first order derivative.

FEzercise 11.1.4.  (a) Check that for ordinary function f we get a standard
definition of df (in the framework of (11.1.5)). Use integration by
parts.

(b) Check that for § we get ¢": §.(p) = —¢'(a) (in one dimension and
similarly in higher dimensions).

(c) Check that if 6(z) is a Heaviside function: 6(z) = 1 as x > 0 and
O(z) =0 as z <0 then ¢(x) = 6(x).

(d) Check that if f(x) is a smooth function as x < a and as x > 0 but
with a jump at a then f' = f'+ (f(a+0) — f(a — 0))d(z — a) where

f’ is understood in the sense of distributions and f’(z) is an ordinary
function equal to derivative of f as x # a.

(e) Prove that if f = In|z| then f'(¢) = pv [ 2{—1}p(z), dx where inte-
gral is understood as a principal value integral.

Let g € C°°. Observe that for gp € D and gp € € for p € Dand p € £
respectively. Therefore the following definition makes sense:

Definition 11.1.9. Multiplication by a function. Let either f € D’ or
fe&. Then gf € D' or gf € £ respectively is defined as

(9./)(e) = fge). (11.1.10)

FEzercise 11.1.5.  (a) Check that for ordinary function f we get a standard
definition of ¢gf (in the framework of (11.1.5)).

(b) Prove that gd, = g(a)d, (use definitions);

(c) Calculate gd/,, gd” (use definitions!).

We cannot define in general the product of two distributions. However in
some cases it is possible, f.e. when distributions are of different arguments.
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Definition 11.1.10. Direct product. Let f, g be distributions. Then f(z)g(y)
(also denoted as f ® g) is defined as

(f9)(p) = flg(v)) (11.1.11)

where ¢ = ¢(x,y), then applying g to it we get ¥(z) := g(¢) a test function,
and then applying f we get a number. Similarly we get the same fg if we
apply first f and then g.

FEzercise 11.1.6. (a) Check that for ordinary functions f, g we get a stan-
dard definition of fg¢ (in the framework of (11.1.5)).

(b) Prove that drai}(x1) - - - 6aq}(xq) = do(x) With a = (a1, ..., aq), T =
(x1,...,7q) and we have on the left product of 1-dimensional §-functions
and on the right n-dimensional.

11.2 Distributions: more

11.2.1 Supports

Definition 11.2.1. Let us consider ordinary function f. Observe that if
f =0 on open sets 2, (where ¢ runs any set of indices—-finite, infinite or
even non-enumerable) then f = 0 on (J, 2,. Therefore there exists a largest
open set () such that f = 0 on 2. Complement to this set is called support
of f and denoted as supp(f).

Definition 11.2.2. (a) Let us consider distribution f. We say that f =0
on open set Omega if f(p) = 0 for any test function ¢ such that
supp  C €.

(b) Then the same observation as in (a) holds and therefore there exists
a largest open set (2 such that f = 0 on 2. Complement to this set is
called support of f and denoted as supp(f).

Definition 11.2.3. Observe that supp(f) is always a closed set. If it is
also bounded we say that f has a compact support.

FEzercise 11.2.1.  (a) Prove that for two functions f,¢ and for f € D/,
geé&
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supp(gf) C supp(f) N supp(g), (11.2.1)
supp(9f) C supp(f) (11.2.2)

where 0 is a differentiation;
(b) Prove that supp(f) = 0 iff f = 0 identiacally;
(¢) Prove that supp(d,) = {a}. Prove that the same is true for any of its

derivatives.

Remark 11.2.1. In fact, the converse to Exercise 1(c) is also true: if supp(f) =
{a} then f is a linear combination of §(x — a) and its derivatives (up to
some order).

Remark 11.2.2. In the previous section we introduced spaces of test func-
tions D and £ and the corresponding spaces of distributions D’ and £’. How-
ever for domain 2 C R one can introduce D(2) := {p € D : suppyp C Q}
and & = C*°(Q2). Therefore one can introduce corresponding spaces of dis-
tributions D'(Q) and £'(Q) = {f € £ : supp f C Q}. As Q = R? we get
our “old spaces”.

11.2.2 Non-linear change of variables

Definition 11.2.4. Let f be a distribution with supp f C Q; and let @ :
1 — )y be one-to-one correspondence, infinitely smooth and with non-
vanishing Jacobian det ®’. Then ®, f is a distribution:

(©.f)(p) = f(] det &' - ©7) (11.2.3)
where (®*¢)(z) = o(®(z)).
Remark 11.2.3. (a) This definition generalizes Definitions 11.1.6 and 11.1.7

(b) Mathematicians call ®*¢ pullback of ¢ and P, f pushforward of f.

Ezercise 11.2.2. Check that for ordinary function f we get (®.f)(x) =
f(@7H ().
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11.2.3 Fourier transform

Definition 11.2.5. Let f € &'. Then Fourier transform f € &' is defined
as

fle) = f() (11.2.4)
for ¢ € S. Similarly, inverse Fourier transform f € S’ is defined as
flo) = f(9) (11.2.5)

Ezxercise 11.2.3. (g) Check that for ordinary function f we get a standard
definition of f and f.

(b) To justify Definition 5 one need to prove that f € S <= f € S. Do
it!
(¢) Prove that for f € & both f and f are ordinary smooth functions

flk) = @2m) " f(e=™*), (11.2.6)
fk) = f(e™). (11.2.7)

(d) Check that all properties of Fourier transform (excluding with norms
and inner products which may not exist are preserved.

Erercise 11.2.4.  (a) Prove that Fourier transforms of §(z—a) is (27) e,

(b) Prove that Fourier transforms of ¢ is d(z — a).

Ezercise 11.2.5. In dimension 1

(a) Prove that Fourier transforms of 6(z—a) and 0(—x+a) are respectively
(271) Y (k—a—1i0)~! and —(27i) "' (k—a+140)~" which are understood
as limits in the sense of distributions of (277) ! (k—aFic) " ase — +0.
Recall that 0(x) is a Heaviside function.

(b) As a corollary conclude that Fourier transform of sgn(z) := 6(x)
0(—x) = x/|z| is (2m8) " (k—a—i0) "+ (k—a+i0)) " = 7
with the latter understood in as principal value (see 11.1.4(f)).

(¢) Asanother corollary conclude that Fourier transform of 6(z)+6(—x) =
lis (2m) ' ((k—a—1i0)" — (k—a+ Z'O))il and therefore

@ri) " (k—a—i0)"" = (k—a+i0))" =8z —a). (11.2.8)
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11.2.4 Convolution

Recall convolution (see Definition 5.2.1) and its connection to Fourier trans-
form.

Definition 11.2.6. Let f,g € D’ (or other way around), ¢ € D Then we
can introduce h(y) € £ as

hy) = 9(Typ),  Typ(z) = p(x —y).

Observe that h € D provided g € £'. In this case we can introduce h € &

for p € €.
Therefore if either f € £ or g € £ we introduce f * g as

(f x9)(¢) = f(h).

FEzercise 11.2.6. (a) Check that for ordinary function f we get a standard
definition of the convolution;

(b) Prove that convolution convolution has the same properties as multi-
plication;

(c) Prove that Theorem 5.2.4 holds;
(

d) Prove that fxd=0«f = f;

)
)

(¢) Prove that (f * g) = (3f) * g = [ * (9g);

(f) Prove that T,(f * g) = (Tuf) % g = [ * (Tug) for operator of shift T,;
)

(g) Prove that supp(f * g) C supp(f) + supp(g) where arithmetic sum of
two sets is defined as A+ B :={x+y: x € A, y € B}.

Remark 11.2.4. (a) One can prove that if a linear map L : & — D’
commutes with all shifts: T,(Lf) = L(T,f) for all f € £ then there
exists g € D’ such that L is an operator of convolution: Lf = g * f;

(b) One can extend convolution if none of f, g has a compact support but
some other assumption is fulfilled. For example, in one—dimensional
case we can assume that either supp(f) C [a,o0), supp(g) C [a,o0)
or that supp(f) C (—o0,al, supp(g) C (—o0, al.
Similarly in multidimensional case we can assume that supp(f) C C,
supp(g) C C where C' is a cone with angle < —7 at its vertex a.
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11.2.5 Fourier series

Definition 11.2.7. (a) We call one-dimensional distribution f periodic
with period L if f(x — L) = f(x).

(b) More generally, let I" be a lattice of periods (see Definition 4.B.1). We
call distribution f I'-periodic if f(x —n) = f(z) for alln € T

Periodic distributions could be decomposed into Fourier series: in one-
dimensional case we have

f= > et (11.2.9)

and in multidimensional case

F=) cme™ (11.2.10)

mel™*

where I'* is a dual lattice (see Definition 4.B.3).

To define coefficients ¢, we cannot use ordinary formulae since integral
over period (or elementary cell, again see the same definition) is not defined
properly. Instead we claim that there exists ¢ € D such that

> p(@—n)=1. (11.2.11)

nel’

Indeed, let v € D be non-negative and equal 1 in some elementary cell.

Then ¢(z) = ¥(x)/(},cr ¥(x — n)) is an appropriate function.
Then
cm = Q7o f) (e (11.2.12)

where |()| is a volume of the elementary cell.

FEzercise 11.2.7.  (a) Find decomposition in Fourier series of one-dimensional

distribution f = > _ O(x —nlL);
(b) Find Fourier transform of f defined in (a);

oo<nN<oo

(c¢) Find the connection to Poisson summation formula (see Theorem
5.2.5).

(d) Find decomposition in Fourier series of d-dimensional distribution f =

2 ner 0(z = n);



CHAPTER 11. DISTRIBUTIONS AND WEAK SOLUTIONS 238

(e) Find Fourier transform of f defined in (d);

(f) Find the connection to multidimensional Poisson summation formula
(see Remark 5.2.4).

11.3 Applications of distributions

11.3.1 Linear operators and their Schwartz kernels

During this course we considered many linear operators: differential oper-
ators like u = Lu := aug, + 2buy, + cu and integral operators

w(z) = (Lu)(z) = / K(z, y)uly) dy (11.3.1)

(recall that solutions of IVP, BVP and IBVP for PDEs was often given
in such form). For integral operators K (z,y) is called (integral) kernel
of operator L (not to be confused with the kernel of operator L which is
N(L) ={u: Lu=0}.

L.Schwartz proved a remarkable theorem showing that each linear op-
erator is in some sense integral operator:

Theorem 11.3.1. (a) Let L : D() — D'(s) be a linear continuous
operator (the latter means that if w, — u in D(Qy) then Lu, — Lu
in D'(2)). Then there exists a unique K € D'(Qq x Q) such that for
any u € D(Qy) and v € D()y)

(Lu)(v) = K(v ® u) (11.3.2)
with (v @ u)(z,y) = v(z)u(y) (then (v®@u) € D(Qy X )).

(b) Conversely, if K € D'(Qy x Q) then there exists a unique linear
continuous operator L : D() — D'(y) such that (11.3.2) holds.

Definition 11.3.1. Such K is called Schwartz kernel of operator L.
Ezxample 11.3.1. (a) For integral operator (11.3.1) Schwartz kernel is K (z, y);

(b) For I : u+— u Schwartz kernel is 6(x — y);
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(¢) In 1-dimensional case for operator of differentiation u — u’ Schwartz
kernel is 0(z —y) (dimension is 1); similarly in multi-dimensional case
Oz, : U+ Uy, Schwartz kernel is 6, (v —y) = —d,,(z — y).

(d) For higher order derivatives we have the same picture: In 1-dimensional
case for operator of second differentiation u +— u' Schwartz kernel is
d(x —y) (dimension is 1); similarly in multi-dimensional case 0,,0,, :
U > Uy, Schwartz kernel is 0y o, (2—Y) = —0a,y, (T—Y) = 0y,y, (T—Y).

More examples are coming.

11.3.2 Densities

In Physics you considered masses or charges at several points (atom masses
or charges) and continuously distributed. In the Probability Theory the
same was for probabilities. Continuously distributed masses, charges or
probabilities had densities while atom masses, charges or probabilities had
not.

Remark 11.3.1. For those who took Real Analysis: in fact densities were
assigned only to absolutely continuous, not to singular continuous distribu-
tions. But it does not matter here.

The theory of distributions allows us a unified approach. Consider 1-
dimensional case first. Let Q(z) be a charge of (—oo,x). Similarly, in
probability theory let P(z) be a probability to fall into (—oo,z). Both
Q(z) and P(x) are functions of distribution (of charge or probability). If
they were smooth functions then their derivatives would be densities. But
even if they are not we can differentiate them in the sense of distributions!

Similarly, in d-dimensional case for © = (x1, x2, ..., z4) we can introduce
d-dimensional functions of distributions: let Q(x) be a charge of (—o0, 1) X
(—00,x9) X ... X (—00,24) or probability to fall into this set. Then

p([)?) = amam T 6xdp(x) (1133)

is a density.

Ezample 11.3.2. (a) For charge or probability ¢ concentrated in a single
point a the density is ¢d(x —a). If charges ¢y, ..., gy are concentrated
in the points ay, ..., ay then a density is 3,y ¢u6( — an).
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(b) If the charge or probability is concentrated on the plane {z; = a;}
but on this plane it is distributed with a density p(za,...,x4) then
d-dimensional density is 0(z1 — aq)p(z2, ..., xq).

(c) We can “mix and match” continuously distributed and concentrated
at points, lines and surfaces charges or probabilities which allows us
in the equations involving densities not to distinguish between cases.

11.3.3 Laplace equation
et d#2,

We know that function g(x) = satisfies Laplace equation
In|z| d=2

as * # 0. Now we need to check what happens at © = 0, Namely, we need

to calculate Ag in the sense of distributions and to do this we consider

9(89) = [ g@de(w)de =l [ g)Ap(e) ds

e—0 Q.

where . = R?\ B(0,¢). The same calculations as earlier in Subsection
7.2.2 show that it is equal to (we skip limit temporarily)

[ ooz [ [0 + @)oo do

and since Ag = 0 in €2, the first term is 0 and the second one is

| (e ot + 2= de -t ola)] do
S(0,e) ——
where for d = 2 selected expression should be replaced by e~*. Taking the
limit we see that since the area of S(0,¢) is o4e™! the first term disappears
and the second becomes (2 — d)o0(0) as d # 2 and o2¢(0) where o4 is an
“area” of S(0,1).
Therefore
AG(z) = 6(x) (11.3.4)

where

Gl) = { —(d=2) oy o0 d £ 2 (11.3.5)

2m) 'Injz| d=2
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But then u = G * f solves Au = f in R%. Indeed, as A has constant coef-
ficients and derivatives could be applied to any “factor” in the convolution

AG*xf)=(AG)x f=dxf=f.

Remark 11.3.2.  (a) We get G(z) = i|z| as d = 1, G(z) = 5-In|z| as
d=2and —-|z| ! as d = 3;

(b) As d > 3 G(x) is a unique solution to (11.3.4) under additional con-
dition G(z) = o(1) as |z| — oo (or G(z) = O(|z|*~%) as |z| — oo;

(c) Up to a numerical factor one can guess G(z) (as d > 3) from the
following arguments: d(x) is spherically symmetric positive homoge-
neous of degree —d, A is spherically symmetric and it decreases degree
of homogeneity by 2 so G must be spherically symmetric positive ho-
mogeneous of degree 2 — d. These arguments fail as d = 2 as because
there is no unique natural solution (solutions differ by a constant).

Remark 11.3.3. As d = 3 from Subsection 9.1.5 we can guess that G(z,w) =
— Lz~ 'e¥F*I*l solves Helmholtz equation with Sommerfeld radiating con-
ditions

(A+w?)G =d(2), (11.3.6)
G =o(1) as |z| — oo, (11.3.7)
(0, £iw)G = o(r ) as |z| — oo. (11.3.8)

Remark 11.3.4. Similarly Green function G(x,y) for Dirichlet boundary
problem in € satisfies

AG=0(x—vy), (11.3.9)
Glacon = 0. (11.3.10)

and Green function G(z,y) for Robin boundary problem in 2 satisfies the
same equation but with Robin boundary condition

(Oy, + @)Glreon = 0. (11.3.11)

Here z,y € Q.
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11.3.4 Diffusion equation
Consider Green function for diffusion equation im R¢:

2
=]

G(z,t) = (drkt) 2e . (11.3.12)

It satisfies diffusion equation G; = kAG ast > 0 and as t — 0 it tends to

d(z).
Further, if we define
G(x,t) t>0,
i) = 4 G0 (11.3.13)
0 t<0
we see that
(0 — EAYH (2, t) = 5(x)d(t). (11.3.14)
Similarly
G(z,t) = (Arklt])"2eFTe fm  as £1>0 (11.3.15)

satisfies Schrdinger equation Gy = ikAG (even as t = 0) and as t — 0 it
tends to (x). Further, if we define

+G(x,t) +t>0,
H*(x,) = (@.%) (11.3.16)
0 £t<0
we see that
(0, — ikAYHE (2, 1) = 6(2)5(t). (11.3.17)
11.3.5 Wave equation
It follows from Kirchhoff formula (9.1.12) that
1
G(x,t) = m(au:ﬂ —ct) = 6(|z| + ct)) (11.3.18)
satisfies 3-dimensional wave equation Gy — ¢c?AG = 0 and also
G(z,t)],_,=0,  G(z,t)|,_, = d(x). (11.3.19)
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It follows from (9.1.15) that

1

1
G(z,t) = :|:2—(c2t2 — |z —y|?), 2 (11.3.20)

e

satisfies 2-dimensional wave equation Gy, — ¢?AG = 0 and also (11.3.19);
here 22 = 2*0(z); recall that 6(z) is a Heaviside function.

Formulae (9.1.23) and (9.1.24) allow us to construct G(z,t) for odd
d > 3 and even d > 2.

D’Alembert formula allows us to construct as d = 1:

G(z,t) = 2%(9(:5 + ct) — O(x — ct)). (11.3.21)

Defining H*(x,t) by (11.3.16) we get
(0} — AV H* (2,t) = 6()6(t). (11.3.22)

Definition 11.3.2. If H satisfies LH = §(z — y) it is called fundamental
solution to L*.

11.4 11.4. Weak solutions

11.4.1 Examples

Weak solutions occupy a place between ordinary regular solutions and so-
lutions which are distributions, usually when the existence of the former is
not proven (or proven yet, or does not have place) and the second do not
make sense.

Weak solutions must satisfy certain integral identities which in some
sense are equivalent to original equations.

Ezample 11.4.1. (a) Consider equation

Z(ajku)rjmk + Z(bju)zj +cu=f (11.4.1)

Jik J

in domain €2. In the smooth case this equation is equivalent to

//Qu(jzk: GokPjor = ; bjtpw; + cp) dr = //Q fode  (11.4.2)


../Chapter9/S9.1.html#mjx-eqn-eq-9.1.15
../Chapter9/S9.1.html#mjx-eqn-eq-9.1.23
../Chapter9/S9.1.html#mjx-eqn-eq-9.1.24
../Chapter2/S2.3.html#mjx-eqn-eq-2.3.14
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for all p € C2(Q2) and we call u € C(€) (or even worse) weak solution
to equation (11.4.1) in this case. Note that coefficients may be even
discontinuous so we cannot plug into (11.4.1) distributions.

(b) Consider equation in the divergent form

Z(ajkuwj)xk + % Z [(b]u)a;] + bjuq;j +cecu=f (1143)

Jik J

in domain €2. In the smooth case this equation is equivalent to
1
A (Z —@jpUz; Py, + 5 Z [—bjugpxj + bjuxjcp} + cwp) dr =
g,k J

//Q fodo (11.4.4)

for all ¢ € C}(Q2) and we call u € C'(Q) (or even worse) weak solution
to equation (11.4.3) in this case. Note that coefficients may be even
discontinuous so we cannot plug into (11.4.3) distributions.

Ezample 11.4.2. Consider equation (11.4.3) again but now we add condition

1
(- Z @i, Vi = 5 Z bjuv;) |F =h (11.4.5)
J

jk

where vy, are components of the unit inner normal to I'. Then in the smooth
case (11.4.3) and (11.4.5) together are equivalent to

Qlu, 4] ://Qfgodﬁ/rhgods (11.4.6)

which should hold for all ¢ € C*(R?) (now ¢ is not necessarily 0 near I'!)
and we call u € C1(Q2) (or even worse) weak solution to problem (11.4.3),
(11.4.5) in this case. Here Q[u, ¢] is the left-hand expression in (11.4.4).

These examples could be extended to quasilinear or even nonlinear equa-
tion. See Burgers equation in Section 12.1.


../Chapter12/S12.1.html

Chapter 12

Nonlinear equations

12.1 Burgers equation

12.1.1 Two problems
Consider equation

ur + f(u)u, =0, t>0 (12.1.1)

Then we consider a problem

_ < 0,
u(z,0) = {u o Y (12.1.2)
U+ X

There are two cases:

Case 1. f(u—) < f(uy). In this case characteristics

dt dz du

L flw) 0
originated at {(z,0) : 0 < 2 < oo} fill {x < f(u_)t, t > 0} where u = u_
and {x > f(uy)t,t > 0} where u = u, and leave sector {f(u_)t < x <
f(uy)tt > 0} empty. In this sector we can construct continuous self-similar
solution u = g(x/t) and this construction is unique provided f is monotone
function (say increasing)

(12.1.3)

f(u)>0 (12.1.4)

245
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(and then f(u_) < f(us) is equivalent to u<w,). Namely
u- x < f(u_)t,

u(a,t) =4 g (%) Flu)t < < flut, (12.1.5)
uy x> f(ug)t

provides solution for (12.1.1)-(12.1.2) where g is an inverse function to f.

u=1
(a) (b)

Figure 12.1: For f(u) = u as u_ < u, characteristics and solution consec-
utive profiles (slightly shifted up)

v

Case 2. f(u_) > f(uy). In this case characteristics collide

Figure 12.2: For f(u) = u as u_ > wuy characteristics collide

and to provide solution we need to reformulate our equation (12.1.1) as
u + (F(u)), =0, t>0 (12.1.6)

where F(u) is a primitive of f: F'(u) = f(u). Now we can understand
equation in a weak sense and allow discontinuous (albeit bounded) solutions.

So, let us look for
u_ x < st,
u = { (12.1.7)

Uy T > St
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where so far s is unknown. Then u; = —s[uy —u_|d(x — st), u, = [F(us) —
F(u_)]é(x — st) where brackets contain jumps of u and F'(u) respectively
and (12.1.6) means exactly that

[F(uy) = F(u-)]

= 12.1.8
5 — (12.1.8)

which is equal to F'(v) = f(v) at some v € (u_,u;) and due to (12.1.4)
s € (f(u-), fluy)):

Figure 12.3: For f(u) = u as u_ < u, characteristics and a line of jump
(profiles are just shifted steps)

12.1.2 Shock waves

Huston, we have a problem!!! However allowing discontinuous solutions to
(12.1.6) we opened a floodgate to many discontinuous solution and broke
unicity. Indeed, let us return to Case 1 and construct solution in the same
manner as in Case 2. Then we get (12.1.8)—(12.1.7) solution with s = F'(v)
at some v € (uy,u_) and due to (12.1.4) s € (f(uy), f(u_)): So, we got two

solutions: new discontinuous and old continuous (12.1.5). In fact, situation
is much worse since there are many hybrid solutions in the form (12.1.8)
albeit with discontinuous g. To provide a uniqueness we need to weed out
all such solutions.

Remark 12.1.1. Equation (12.1.6) is considered to be a toy-model for gas dy-
namics. Discontinuous solutions are interpreted as shock waves and solution
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in Case 1 are considered rarefaction waves. Because of this was formulated
principle there are no shock rarefaction waves which mathematically means
u(x — 0,t) > u(x + 0,t) where u(x £+ 0,¢) are limits from the right and left
respectively. However it is not a good condition in the long run: for more
general solutions these limits may not exist. To do it we multiply equation
(12.1.1) by u and write this new equation

uuy + f(u)uu, =0, t>0 (12.1.9)
in the divergent form
1
(§u2)t +(®(u), =0, t>0 (12.1.10)

where ®(u) is a primitive of uf(u).
Remark 12.1.2. Let us observe that while equations (12.1.1) and (12.1.9)
are equivalent for continuous solutions, equations (12.1.6) and (12.1.10)

are not equivalent for discontinuous ones. Indeed, for solution (12.1.7) the
left-hand expression in (12.1.10) is

Ko(x — st) (12.1.11)
with
K uy) = —sgld 2] + [@(us) — B(u)] =
S b u)[F(e) — Fo] + [Bu) ~ ®(u)]  (12112)

FEzercise 12.1.1. Prove that K(u_,uy) 2 0 as uy 2 u_. To do it consider
K(u — v,u 4+ v), observe that it is 0 as v = 0 and 9, K(u — v,u + v) =
v(f(u+v) — f(u—v)) >0 for v # 0 due to (12.1.4).

So for “good” solutions

(%UZ)t + (®(u), >0,  t>0 (12.1.13)

where we use the following

Definition 12.1.1. Distribution U > 0 if for all non-negative test functions
v Ulp) 2 0.
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It was proven

Theorem 12.1.1. Solution to the problem (12.1.6), (12.1.2) with additional
restriction (12.1.13) ewxists and is unique as ¢ is bounded total variation
function.

Remark 12.1.3. Restriction (12.1.13) is interpreted as entropy cannot de-
crease.

12.1.3 Examples

Ezample 12.1.1. The truly interesting example is Burgers equation (f(u) =
w) with initial conditions which are not monotone. So we take

1 < -1,
u(z,0) = ¢(x) == ¢ —1 -1l<x<0, (12.1.14)
1 z>1

Then obviously the solution is first provided by a combination of Case 1
and Case 2:

1 z< -1,
-1 —l<z<—t,
u(z,t) =4 = eyt (12.1.15)
t Y
1 x>t

This holds as 0 < ¢t < 1 because at ¢ > 1 rarefaction and shock waves
collide.

Now there will be a shock wave at x = £(t), t > 1. On its left u = 1, on
its right u = £t~ ! and therefore slope is a half-sum of those:
dg §

. (12.1.16)
dt 22t .


http://en.wikipedia.org/wiki/Bounded_variation
http://en.wikipedia.org/wiki/Bounded_variation
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this ODE should be solved with initial condition £(1) = —1 and we have
£(t) = t—Qt%; Observe that while max_cpcoo w(2,t) = 1, Mmin_ o cpeoo u(z,t) =
()t =1—2t"2 and

( max w(z,t)— min u(z,t)) =0 as t — +oo0.

—oo<r<oo —oo<r<oo
We can consider example with u(z,0) = —¢(z,0) by changing  — —x and
U —u.

FExample 12.1.2. Consider now

2 x< -1,
u(z,0) = ¢(x) == 0 -l<z<1, (12.1.17)
-2 x> 1

Then for 0 < t < 1, we have two shock waves:

u_ x < —1+t,
u(z,t) =< up —l+t<z<1—t, (12.1.18)
uy r>1-1

and for ¢ = 1 both shock waves collide at z = 0 and then for ¢ > 1

2 x <0,
u(z, t) = { 9 250 (12.1.19)



CHAPTER 12. NONLINEAR EQUATIONS 251




Chapter 13

Eigenvalues and eigenfunctions

13.1 Variational theory

13.1.1 Introduction

Consider quadratic forms

Qutu) =l = [ 1uf*a: (13.11)

@(u)://QHWHMH//EQWPCJU (13.1.2)

where (2 is a bounded domain with a smooth boundary ¥ = 0.
Let us consider a variational problem for Q(u) under restriction ||u|| = 1

and
ulg =0 (13.1.3)

where X~ C X.
Constructing functional Qy(u) = Q(u) — AQ(u) and taking it variation
we arrive to Euler-Lagrange equation

— Au=u (13.1.4)
with the boundary conditions
u‘E_ =0, (0,,u—au)‘2+ =0 Yr=%\%" (13.1.5)

where v is a unit inner normal.
So we arrived to the eigenvalue problem. We need the following theorems
from the Real Analysis:

252
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Theorem 13.1.1. Let H be a Hilbert space. Let ||v,|| < M; then there
exists a subsequence vy, which converges weakly in H: (v,, —v,¢) — 0 for
all p € H.

Theorem 13.1.2. Let €2 be a domain of a finite volume with a boundary
Y. Then any sequence v, such that |Vu,||| < M and v,|s = 0, contains

a subsequence v,, which converges in L*(Q): |lv,, — v|| — 0 for some
v e L*Q), Vv e L*(Q).

Theorem 13.1.3. Let 2 be a bounded domain with a smooth boundary.
Then

(a) v e L*(Q), Vv e L3(Q) imply that v € L*(X);

(b) any sequence v, such that ||v,||+||Vv,||| < M contains a subsequence
Un, which converges in L*(Q) and also converges in L*(X): |jv,, —
V|| L2y — 0 to some v € L*(Q) N L*(X), Vv € L*(Q);

(¢) For any e > 0 there exists C, such that

][ 22(5) < €| Vo]l 4+ Ccl|v]|. (13.1.6)

Remark 13.1.1. Actually one need only assume that X is bounded and
smooth.

13.1.2 Main variational principles

Theorem 13.1.4. Let ) be a bounded domain with the smooth boundary.
Then

(a) there exists a sequence of eigenvalues Ay < Ag < A3 < ..., A\ = ©

and a sequence of corresponding eigenfunctions uq, us, . . . which forms
a basis in L*(Q);

(b) Variational problem of minimizing Q(u) under constrains ||ul = 1
and (13.1.3) has solution u; and this minimum is ;.

(c) Variational problem of minimizing ((u) under constrains |ul = 1,
(13.1.3) and (u,uy) = (u,u2) = ... = (u,u,—1) = 0 has solution wu,
and this minimum is A,.
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Proof. Let us prove first that u; exists. Let us consider minimizing sequence
U for Q(u) under constrain ||v,,|| = 1. Observe that due to Theorem
13.1.3(c)

Vo[l < (1= €)Qv) + Cellvl. (13.1.7)
Then we have ||v, || 4 || VU, || < M and in virtue of Theorem 13.1.1 and ei-
ther Theorem 13.1.2 or Theorem 13.1.3 there is a subsequence v,,,, converg-
ing to some v both in L?(Q) arl1d weakly in K = {v: [|v]|kx < o0, u|g- =0}

with [[v][x = (Collv||* + Q(v))*. Then |jv|| = 1 and Q(v) is minimal. We
skip the proof.

Similarly we prove existence \,, u, by induction. Now we claim that A\, —
oo. Indeed if it is not the case then ||u,|| = 1 and ||Vu,|| < M for some
M; then in virtue of either Theorem 13.1.2 or Theorem 13.1.3 there exists
a subsequence u,, converging in L?(2) which is impossible since u,, are
mutually orthogonal and |Ju,, — u,,||* =2 as k # [.

(i) (ii) Further, observe that u, are orthogonal in K. Let us prove that
system u,, is complete in K =. If it is not the case then there exists u € K
which is orthogonal to all u,,. But then (u,,u)x = (—Au,, u) 4+ Co(u,, u) =
(An + Co)(up, u) and therefore u is orthogonal to all u, in L*(Q) as well.
But then since \y — 0o and Q(u) < oo we conclude that u must appear as
a minimizing element in the sequence which is the contradiction.

(iii) Finally, u, is complete in L?(Q) as well. It follows from completeness
in K and the fact that K is dense in L?*(2). The latter proof is elementary
but we skip it as well.

O

Remark 13.1.2. If ¥ = ¥~ we do not need to assume that ¥ is smooth or
even (2 is bounded; it is sufficient to assume that it has a finite volume (but
even this is not necessary!)

Corollary 13.1.1. Consider n-dimensional subspace
LCH={ue C'u),uls- =0}. Let p,(L) = maxyer, |uj=1 Q(u). Then

Ap = i n(L) = i a 13.1.8

sty = B ) (3L8)
Proof. If L is a span of uq,...,u, then \,(L) = A, so the right-hand ex-
pression is not greater than the left=hand one. On the other hand, if L is
not a span of uy, ..., u, then there exists u € L, u # 0 which is orthogonal
to uy, ..., u, and therefore Q(u) > A\, 1||ul* O
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13.1.3 Dependence on parameters

Theorem 13.1.5. (a) Eigenvalues \, = \,(«) does not decrease as «
IMCTeases;

(b) Figenvalues A\, = A\, (X7) does not decrease as ¥~ increases;

(¢c) As o — 400 these eigenvalues N\, = A,(«) tend to Ap, which are
eigenvalues of Dirichlet problem (i.e. when ¥~ =X).

Proof. (a) As « increases then QQ(u) also increases and then the right-hand
expression in (13.1.6) cannot decrease.

(b) As we increase 3~ we make space H only smaller and thus make smaller
the choice of n-dimensional subspaces L so the right-hand expression in
(13.1.6) cannot decrease.

(c) Therefore A, < Ap,. Then as o — +0 expressions « [, |un()|* do
are bounded by Ap, and therefore uly;, — +0. Assume that \,(a) < pu,
for all . Then by means of Real Analysis one can prove that there is a
sequence oy, — +o00 such that u,(az) — v, and [|[Vu,||* < pn, vals = 0
and ||v,|| = 1. But then p, > A,. Therefore \,, = u,, and \,,(a) = Ap .

]

13.1.4 Dependence on domain

Consider now only Dirichlet boundary problem.

Theorem 13.1.6. Eigenvalues A\, = Ap () does not increase as € in-
creases.

Proof. If ¥~ = % we can identify H = H(Q) with {u : Vu € L*(R?), u =
0 on R\ Q} where Q is a closure of 2. Then

Q) = [1VuP s, Quu) = [ luds

with integrals taken over R?. Therefore as 2 increases then H({2) increases
and the choice of L increases, so the right-hand expression in (13.1.6) cannot
increase. U

Remark 13.1.3. This statement holds only for Dirichlet eigenvalues.
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Theorem 13.1.7. Let vary 2 by moving by h into direction of v (where h
is a small function on 3. Then for a simple eignevalue A,

1
— / h|O,u,|? do. (13.1.9)
%

[[un

5)\D,n =

Proof. Consider u,, + du,, matching to a new domain. Since it must be 0 on
the new boundary, modulo smaller terms we conclude that it is u,, + du, =
—ha{l/}un on the old boundary > and since u,, = 0 there we conclude that

ou, = —hoyu, on X. (13.1.10)

On the other hand (A + A, + d\,) (u,, + duy,) = 0 and then modulo smaller
terms we conclude that

(A + \,)0u, = =AUy, (13.1.11)

Let us multiply by w,, and integrate over {2; the left-hand expression becomes
/(A + Aoy, - uy dr =
Q
/ My - (A + A\p)uy, doe — / Oy, 0U,, - Uy, do + / Oy, * Oplty, do =
Q ) )

—/h]a,,un|2da (13.1.12)
%

where we used that (A + \,)u, =0, u,|s = 0 and (13.1.10).
Meanwhile the right-hand expression becomes —d\,[|u,||*. Since it i
must be equal to the right-hand expression of (13.1.12) we arrive to (13.1.9).
[l

13.2 Asymptotic distribution of eigenvalues

13.2.1 Introduction

We are interested how eignevalues are distributed. We introduce eigenvalue
distribution function N () which is the number of eigenvalues (of operator
—A) which are less than A. In other words,

N\ = max n (13.2.1)

where )\, are eigenvalues, or, using Corollary 13.1.1 we reformulate it as
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Definition 13.2.1. Eignevalue distribution function is

N\ = max dim L (13.2.2)
LCH: Q(v)<A|[v]|? Yo#veL

Remark 13.2.1. While these two definitions coincide in our particular case
there is a huge difference: formula (13.2.1) counts only eigenvalues. How-
ever formula (13.2.2) takes into account also a continuous spectrum: this
way defined N(A) is +o0o if (—oo, \) contains (some) points of continuous
spectrum. This definition is one widely used.

In the same way as Theorem 13.1.5 and Theorem 13.1.6 one can prove
Theorem 13.2.1. (a) N(\;«a) does not increase as « increases;
(b) N(X\;X7) does not increase as X2~ increases;

(¢) As a — 400 N(A\;a) — Np(A) which is an eigenvalue counting
function for Dirichlet problem (i.e. when ¥~ = X).

(d) Np(X;Q) does not decrease as () increases.

13.2.2 Rectangular box

Consider rectangular box in R%: Q = {x: 0 < z; < a;,0 < 13 < ag,...,0 <
xq < aq} with Dirichlet or Neumann boundary conditions. Then separation
of variables brings us eigenfunctions and eigenvalues

X, = sin<7rm1$1> sm<7rm2x2) . -sin<”mdxd>, (13.2.3)
aq (05} Qq
2 mi | mj m?l
A= (T T2 T 2 me 21 (1324)
a?  a’ a?

for Dirichlet problem and

Xm = cos(ﬂmﬂh) cos(ﬁm2x2> : --COS(Wmdxd>, (13.2.5)
ay a2 Qq
m?  m2 m?2
A= (TF 4 T2 T 20, me 20 (13.26)
ay a3 aq
for Neumann problem where m = (my,...,mq) € Z% in both cases.

FExercise 13.2.1. Prove it by separation of variables.
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Therefore

Theorem 13.2.2. For rectangular box Q = {z : 0 < 21 < a1,0 < x5 <
as,...,0 <zqg<ag}

(a) Np(X) equals to the number of integer points (points with all integer
coordinates) in the domain

E,()\):{m:(ml,...,md):m1>0,m2>0,...,md>0,

2 2 2
m m m

1 2 —
—+ 2+ +L<n 2)\};
ai as ay

(b) Nn(\) equals to the number of integer points (points with all integer
coordinates) in the domain

E+()\):{m:(m1,...,md):m120,m2>0,...,md20,

2 2 2
m m m

1 2 -
— 24 F—L< 2>\}.

Calculation of the number of integer points in the “large” domains is an
important problem of the Number Theory. For us the answer “the number
of integer points inside of the large domain approximately equals to its
volume” is completely sufficient but let us use the following

Theorem 13.2.3. As d > 2 the number of integer points inside ellipsoid

2 2 2

m; m m
S(A):{m:(ml,...,md): —21+—22—|—...+—2d<7r_2)\}
ay a3 ay

equals to the volume of E(N) plus o(A@~1/2).

Remark 13.2.2. Actually much more precise results are known.

Observe that the volume of this ellipsoid £(A) is 7 %ga1as - - - ag\Y?
where wy is a volume of the unit ball in R%.

FEzercise 13.2.2. Prove it observing that ellipsoid £(\) is obtained by stretch-
ing of the unit ball.
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Observe also that both E,(\) and E_(\) constitute 1/2% part of £(\)
and therefore their volumes are (27r)_dwda1 v ag\¥?. However if we con-
sider integer points we observe that

(a) the number of integer points in E_()\) multiplied by 27 equals to
the number of integer points in £(A) minus the number of integer
points belonging to the intersection of £(\) with one of the planes
II; = {m = (mq,...,mq) : m; =0} while

(b) the number of integer points in £, ()\) multiplied by 2% equals to the
number of integer points in £(\) plus the number of integer points
belonging to the intersection of £(A) with one of the planes II;, =
{m = (m,...,mg) : m; =0}.

Actually, it is not completely correct as one needs to take into account
intersections of £(A) with two different planes II; and Il but the number
of integer points there is O(A(@=2)/2),

Since intersections of £(\) with II; is an ellipsoid we conclude that the
number of integer points there is 7' ~%w,_1a1ay - - - ag/a;\4Y/2,

Therefore the number of integer points in E.()\) is equal to

(27r)_dwda1a2 cee G,d)\d/2:|:

1
5(27T)1_dwd_1 ajas - ..ad(al—l ayl . 'agl) Ald-D/2 | o(A(d—l)/Q),

Observe that ajas---ag is a volume of €2 and ajas---aq (al_l + a2_1 +
e agl) is a half of area of its boundary 0.
So we arrive to

Theorem 13.2.4. For rectangular box Q@ = {z : 0 < x; < a1,0 < 29 <
as,...,0 <zg<ag},d>2

N(A) = (2m)"mesg (A2 + O (A7) (13.2.7)
and more precisely

1
N(X\) = (27m) % mesg(Q)AY2 £ Z—l(27r)1fdmesd,1(89))\(6171)/2 + o(AD/2)

(13.2.8)
where “4+7 corresponds to Neumann and “—7” to Dirichlet boundary condi-
tions and mes;, means k-dimensional volume.
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Remark 13.2.3. (a) Asymptotics (13.2.7) holds for d = 1 as well;

(b) Asymptotics (13.2.7) and (13.2.8) with the sign “+” hold for Robin
boundary condition.

13.2.3 Weyl formula

Now we want to generalize these results for an arbitrary domain 2. To
do so let us consider domain QF which includes €2 and all points on the
distance < Ce from 0f) and partition it into cubic boxes such that

(a) The side of any box is at least ¢;

(b) If the box is not inside of 2 completely its side is exactly e.

The boxes which are completely inside of €2 are called inner bores and
the boxes which intersect 02 are called boundary bozes.

We consider now only Dirichlet conditions. Let us us Definition 13.2.1
for N(A); for Dirichlet boundary conditions we can consider H as the space
of all functions which vanish outside of €.

Let us tighten constrains to these functions: we assume that they are
0 in the boundary boxes as well and that they vanish on the walls of all
boxes. Then N(A) can only decrease: N(A) > N,((\) where N,(\) is an
eigenvalue counting function under these new constrains. But under these
constrains calculation in each box becomes independent and we arrive to

N.(\) = [(27r)’dwd/\d/2 — c)\(d’l)/Qé’l} Z mes;(B,)

where we sum over all inner boxes. As ¢ > ¢ A~%/? this expression is
greater than [(27T)_dwd)\d/2 — c)\(d_l)/Qa_l}mesd(Q—s) where Q) is the set

of all points of €2 on the distance > ¢ from 0€2. Thus
Np(A) > [(QW)_dwdAd/Q—c)\(d_l)/Qe_l] (mesq(€2) —mesq(Q2\ Q7). (13.2.9)

Let us loosen constrains to these functions: we assume that they are arbi-
trary in the boundary boxes as well and that they can be discontinuous on
the walls of all boxes (then Q(u) is calculated as a sum of @,(u) all over
boxes). Then N(A) can only increase: N(A) < N*((A) where N*()) is an
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eigenvalue counting function under these new constrains. But under these
constrains calculation in each box becomes independent and we arrive to

N.(\) = [(27?)’dwd)\d/2 + c)\(dfl)/Qes’l] Z mesgy(B,)

where we sum over all inner and boundary boxes. Thus
Np()) < [(Qw)—dwdvﬂ+cA<d-1)/2s—1] (mesg(Q)+mes,(2H\Q)). (13.2.10)

But what is the gap between the right-hand expressions of (13.2.9) and
(13.2.10)? It does not exceed

CAD2mes e H(QF) + CAYmesy(2.)

where Y, is the set of all points on the distance < Cye from X = 0f).

We definitely want mesy(¥X.) — 0 as € — +0. According to Real Anal-
ysis we say that it means exactly that X is a set of measure 0.

Thus we arrive to

Theorem 13.2.5. If Q is a bounded domain and 0S) is a set of measure 0
then
Np(\) = (2m) YwaA¥? + o (AY?) (13.2.11)

as A — +o0.
In particular, it holds if € is a bounded domain and OS2 is smooth.

13.2.4 Remarks

Remark 13.2.4. (a) This Theorem 13.2.5 (in a bit less general form) was
proven by H.-Weyl in 1911;

(b) In fact we need neither of assumptions: even if 02 is not a set of
measure 0 asymptotics (13.2.11) holds but in this case mesy(€2) means
a Lebesgue measure of € (see Real Analysis).

(c¢) Further, as d > 3 we can assume only that mesy(€2) < oco.

Remark 13.2.5. (a) We can always make a more subtle partition into cu-
bic boxes: we can assume additionally that the size of the inner box
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B, is of the same magnitude as a distance from B, to 0€2; then we can
get a remainder estimate

X [ A e O s (1) (13212
z:y(T)>eA™

where v(z) is a distance from z to ¥ = 0.

(b) If © is a bounded set and 0f2 is smooth then for Dirichlet and Robin
boundary condition

Np(\) = (27) 4w A2 + O(A=D2 I )). (13.2.13)

(c¢) Even if the boundary is highly irregular one can define Neumann
Laplacian. However in this case even if domain is bounded it can
have non-empty continuous spectrum an then Ny () = oo for A > C.

Remark 13.2.6. Let 2 be bounded domain and 02 be smooth.

(a) Much more delicate proof based on completely different ideas shows
that for Dirichlet and Robin boundary condition

N(A) = (27) CwgA? + O(ND/2), (13.2.14)

(b) Even more delicate proof shows that under some billiard condition
asymptotics (13.2.8) holds with sign “+” for Robin boundary condi-
tion and “—” for Dirichlet boundary conditions.

(c) This billialrd condition is believed to be fulfilled for any domain in
R?. However it is not necessarily true on manifolds; for Laplacian on
the sphere only (13.2.14) holds but (13.2.14) fails.

(d) Actually, one can allow Dirichlet boundary condition on some part of
the boundary (X7) and Robin boundary condition on the remaining
part of the boundary (X1 = X\ X7) provided transition between those
parts is regular enough. Then the formula becomes

N(X) = (27) " mesy(Q)AY 2+

1
Z(27r)1_d (mesg_1(EF) — mesy_1 (7)) AETD/2 4 o (AI1/2)

(13.2.15)
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(e) There are generalizations allowing some kinds or “regular singulari-
ties” of Of).

Remark 13.2.7. There are many generalizations of these asymptotics; let us
mention only few. We consider Schrodinger operator

H = —h*A+ V(). (13.2.16)

Then Weyl formula for this operator is

N B) ~ (27h) / / / (= V(@) da (13.2.17)

where z; = max(z,0). This formula is justified
(i) Ash— +0and V(z) > A+ € as |z| > C;

(i) As his either fixed or tends to +0 and A — +o0 provided V' (z) — +00
as |x| — oc;

(iii) As A is either fixed or tends to +0 and A — —0 provided V' (z) — 0
and |z]*(=V(z))y — oo as |z| — oo.

13.3 Properties of eigenfunctions

13.3.1 Base state

We assume that €2 is connected domain. Consider the lowest eigenvalue \;
and a corresponding eigenfunction .

Theorem 13.3.1. Let Q) be a connected domain. Then
(a) Eigenfunction uy, does not change its sign,
(b) A1 is a simple eigenvalue.

Proof. (a) Let v = |uy|. Observe that ||v]| = |Ju1|] and Q(v) = Q(uy). Then
|ui| = v is also an eigenfunction corresponding to eigenvalue A; and then
ur 4 = +(Jui| £u1) = max(+uy, 0) are also eigenfunctions corresponding to
A1. At least one of these two eigenfunctions, say u; 4 is positive on some
open set ' C 2 and then u;— = 0 on ©'. However (A + Aj)u; - = 0 and
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there are many different theorems implying that since u;— = 0 on ' it
must be 0 on Q. (For example: solutions of (A + A;)v = 0 are analytic
functions and there for analytic functions there is a unique continuation
theorem.) Then u; > 0 in Q.

(b) If uy; and vy are two linearly independent eigenfunctions corresponding
to the same lowest eigenvalue A;, then one can find wy; = u; + au; which
also is an eigenfunction and (uy,w;) = 0 which is impossible since both of
them have constant signs in {2 and therefore u;w; has a constant sign in €2
and does not vanish identically in virtue of argument of (a).

[]

Remark 13.3.1.  (a) Let Ay > 0. Assuming that u; > 0 we see that u; is
superharmonic function (Awu; < 0) but such functions cannot reach
minimum inside domain unless constant. So u; > 0 in 2.

(b) Let A\; < 0. Assuming that u; > 0 we see that u; is subharmonic
function (Auy > 0) and such functions cannot reach maximum inside
domain unless constant.

(c) While )\, is always simple A, with n > 2 may be multiple.
Corollary 13.3.1. w,, with n > 2 changes sign.

Indeed, it is orthogonal to u; which does not change a sign.

13.3.2 Nodal sets

Definition 13.3.1. Let u, be an eigenfunction. Then {z : u,(x) = 0}
is called a nodal set (nodal line as d = 2) and connected components of
{z € Q,u,(x) # 0} are called nodal domains.

We know that for n = 1 is just one nodal domain and for n > 2 there
are at least 2 nodal domains. We need the following theorem from Ordinary
Differential Equations:

Theorem 13.3.2. For d = 1 there are exactly n — 1 nodal points and n
nodal intervals for u,.

Theorem 13.3.3. For d > 2 if u is an eigenfunction with an eigenvalue
A, then u, has no more than n nodal domains.
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Proof. (i) Let u have m > n nodal domains. Consider wy, coinciding with
u in k-th nodal domain €2, of u. Then wq, ..., w,, are linearly independent
and

lerwr + ..+ Cnwn||? = Z C?||wj||2,

1<j<m
Qlaw + ... + crwy,) = Z AQ(w;).
1<j<m
Consider the space L of linear combinations of wy, ..., w,, which are or-

thogonal to uy, ..., u, 1; then L # {0}. By definition Q(v) > A, ||v||* on L.
Since u € L we conclude that Q(u) > \,|Ju/|?*; however Q(u) = A|Ju||* and
then A > \,,. It proves theorem if A, 1 > \,.

Observe that since (A + \)wr = 0 in Qf and wy = 0 in Q \ Qf we
integrating by parts see that Q(wy) = A,||wi|/? for all k. Then Q(v) =
An||v]|? for all v € L.

Assume now that m > n. Then there exists 0 # v € L which is a linear
combination of wy, ..., w,. Then v is an eigenfunction but it is 0 in €2,
and therefore it must be 0. Contradiction.

Therefore if A\, 1 < A\, = ... = A\, then each eigenfunction correspond-
ing to multiple eigenvalue A, has no more than n nodal domains.

Then we can use it in the case when variables are separated (we consider
only d = 2 and only Dirichlet boundary condition:

Ezample 13.3.1. Let Q = {0 < x < a,0 < y < b} be a rectangular box. Let

us separate variables; then
pr qry o0 ¢
gy = sin (20 )sin(T0), gy =72 (5 4+ 1), (13.3.1)

a a?

Then nodal lines form a rectangular grid (see below). Let a = b = 7.

(a) Then Ay = 2 and Ay = A3 = 10 (where A, are p,, ordered). First
figure shows nodal lines for us; (and nodal lines for u;y are exactly
like this but flipped over x = y). Consider now linear combinations
of U21 and U192,

(b) Next \y = §;

(¢) Further A5 = A\¢ = 10. First figure shows nodal lines for u3; (and nodal
lines for u;3 are exactly like this but flipped over x = y). Consider

WORK
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now linear combinations of u3; and wuy3; Comparing two last pictures
we see that crossing opens under small perturbations.

Further A; = Ag = 13, First figure shows nodal lines for uss (and nodal
lines for ugz are exactly like this but flipped over z = y). Consider
now linear combinations of 13, and uss;

Further \g = A9 = 17, First figure shows nodal lines for u4; (and
nodal lines for uyy are exactly like this but flipped over z = y). Con-
sider now linear combinations of w1419 and wuqy;

Further A\j; = 18 is simple p = ¢ = 3 and thus trivial; furthermore
A2 = A3 = 20 with p = 4, ¢ = 2 is also trivial: we need just to take
any picture for p = 2, ¢ = 1 and make its double mirror reflection (we
do not draw wu,, anymore).

Further A\i4 = A5 = 25 does not produce anything much different
from (d) but simply more nodal domains:

Further A\ig = A7 = 26;

Sklpplllg /\18 = )\19 = 29, /\20 = 32, )\21 = )\22 = 34, consider )\23 =
)\24 = 37.

Starting from A = 50 = 72412 = 52 + 52 multiplicities could be larger
than 2 and the following gallery is just a tiny sample

(a) ua (b) uo1 + Furz () u21 + ug2

Figure 13.1: A =5
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(a) ua2

Figure 13.2: A =38

(a) uz1 (b) uz1 + w13 (c) us1 + zui3

(d) us1 — $u1s (e) ug1 — u13

Figure 13.3: A =10

N
D

(a) usa (b) us2 + Fuss (c) uz2 + ua3

Figure 13.4: A =13
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(a) uq (b) ua1 + 1/ Zu1a
(c) w41 + Fu14 (d) war + u1a

Figure 13.5: A =17

(a) uaz + uzg (b) uaz + 2usa (€) uaz2 — u24

Figure 13.6: A = 20
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u

—~

_

-

(a) uag + uss

(b) uaz + Fusa

Figure 13.7: A\ =25

(a) us1 + uis (b) us1 + Fu1s (c) us1 + Fuis

(d) us1 + Tu1s (e) us1 — tu1s (f) usi — Suis

(g) Us1 — U15

Figure 13.8: A = 26

269
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(a) ue1 + ue (b) ue1 + Fu1e

(c) ug1 + tuie (d) ue1 + 1516

Figure 13.9: A = 37

2 1005y [
(a) U \J (b) (c)
(O3 183
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Ezample 13.3.2. Consider Q2 = {0 < y < x < w} which is a triangle.

(a) If on the diagonal x = y a Dirichlet condition is required, then eigen-
functions are up,(z,y) — upy(y, ) with p # ¢ (or their linear combi-

nation like ugs(z,y) — uss(y, z) and uza(x,y) — una(y, )).

(b) If on the diagonal x = y a Neumann condition is required, then eigen-
functions are wuy,(x,y) + upe(y, ) (or their linear combination like
uri(r,y) + un(y, ) and uss(, y)).

Ezxample 13.3.3.  (a) Let Q = {r < b} be a disk. Then nodal lines form
a circular grid: w,y(r,0) = cos(pd)J,(ky,r) where J,(z) are Bessel
functions and kb is g-th root of J,(z). The similar statement is true
for circular sectors, rings etc.

(b) Let © be an ellipse. Then (see 6.3.3) in the elliptical coordinates
Laplacian is
1

A= c2(sinh*(o) + sin*(1)) (0 +7) (13.3.2)

and separating variables u = S(o)T'(7) we get
5" + (Ac*sinh*(o) — k) S =0, (13.3.3)
T" 4+ (A sin®(7) + k)T = 0. (13.3.4)

For T' we have either m-periodic or m-antiperiodic boundary condition:
T(r +m) = £T(7) and for S we have Dirichlet boundary condition
as cosh(o) = a/c and respectively Neumann and Dirichlet boundary
condition as ¢ = 0 arising from S(+o) = +S5(¢). So we have a
grid consisting from confocal ellipses and hyperbolas. The similar
statement is true for elliptical “sectors”, rings etc.
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(c¢) Let © be an parabolic lense. Then (see Subsection 6.3.3) in the
parabolic coordinates

1

o2+ 12

A= (92 + 02) (13.3.5)

and separating variables u = S(o)T'(7) we get
5"+ (Ao — k)S =0, (13.3.6)
T" + (AT* + k)T = 0. (13.3.7)

So we have a grid consisting from confocal parabolas.

Remark 13.3.2. For generic domais (any sufficiently small perturbation of
generic domain is a generic domain again but an arbitrarily small pertur-
bation of non-generic domain may result in generic domain)

(a) All eigenvalues are simple;
(b) Nodal lines do not have self-intersections.

Remark 13.3.3. Historically interest to nodal lines appeared from Chladni
plates but those are nodal lines for biharmonic operator

(A* = Nu=0 (13.3.8)

with free boundary conditions (appearing from variational problem

5( / / (w2, + 202, +u, — M?) d:cdy) ~0 (13.3.9)

(without boundary conditions). This is much more complicated question
which was (partially) solved by Marie-Sophie Germain.

13.3.3 Hearing the shape of the drum

In 1965(7) Marc Kac asked the question“Can one hear the shape of the
drum” which meant: if we know all the eigenvalues of the Dirichlet Lapla-
cian A: 0 < —A; < =Xy < A3 < ... in the connected domain 2, can we
restore 2 (up to isometric movements—shift and rotations). The exten-
sive study was using the method of spectral invariants, which are numbers
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which have some geometric meaning and which can be calculated from
O<—)\1<—>\2§)\3§....

The main source of such invariants was the method of heat equation:
Namely let G(z,y,t) with z,y € Q and ¢ > 0 be a Green function:

Gy — A,G =0, (13.3.10)
Glizo = 0(z — v), (13.3.11)
Glecon =0 (13.3.12)
and let
o(t) = //u(x,x,t) dx = Ze_k"t (13.3.13)
n>1

be a heat trace; then

o(t) ~ > at®  as t—+0 (13.3.14)

k>—d

Check! where ¢, are heat invariants. It was proven that (as d = 2, for
d > 3 similarly) area, perimeter, number of holes and many other geomet-
ric characteristic are spectral invariants but the final answer was negative:
there are isospectral domains € and €2 (so that eigenvalues of Laplacians
in those are equal) which are not isometric (have different shapes).

13.4 About spectrum

13.4.1 Definitions and classification
13.4.1.1 Definitions
Let H be a Hilbert space (see Definition 4.3.3)).

Definition 13.4.1. Linear operator L : H — H is bounded if
| Lu|| < M ||ull Yu € H; (13.4.1)

the smallest constant M for which it holds is called operator norm of L and
denoted ||L]|.

Definition 13.4.2. Let L : H — H be a bounded linear operator.
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(a) Adjoint operator L* is defined as

(Lu,v) = (u, L™) Yu,v € H; (13.4.2)
(b) Operator L is self-adjoint if L* = L.

However one needs to consider also unbounded operators. Such opera-
tors not only fail (13.4.1) but they are not defined everywhere.

Definition 13.4.3. Consider a linear operator L : D(L) — H where D(L)
is a linear subset in H (i.e. it is a linear subspace but we do not call it this
way because it is not closed) which is dense in H (i.e. for each u € H there
exists a sequence u,, € D(L) converging to u in H). Then

(a) Operator L is closed if u, — u, Lu, — f imply that v € D(L) and
Lu = f;

(b) Operator L is symmetric if
(Lu,v) = (u, Lv) Yu,v € D(L); (13.4.3)
(c) Symmetric operator L is self-adjoint if (L £14)™' : H — D(L) exist:
(L+i)(L+i)"t =1, (L+i) " (L +1i)=1T (identical operator)
Remark 13.4.1. (a) For bounded operators “symmetric” equals “self-adjoint”;

(b) Not so for unbounded operators. F.e. Lu = —u” on (0,1) with D(L) =
{u(0) =4 (0) = u(l) = v (I) = 0} is symmetric but not self-adjoint;

(c) Self-adjoint operators have many properties which symmetric but not
self-adjoint operators do not have;

(d) In Quantum Mechanics observables are self-adjoin operators.
Theorem 13.4.1. The following statements are equivalent:

(a) L is self-adjoint;

(b) L generates unitary group e (t € R: ||eFul| = ||lul|, eti+t2)l =

eibet2l y € D(L) = e"u € D(L), Le'tu = Leu for all
u € D(L) (and conversely, if e u is differentiable by t thenu € D(L);
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(c) Ezist spectral projectors — operators O(t — L) (0(t) = 0 as 7 < 0
and 0(t) =1 as T > 0) such that 6(t — L) are orthogonal projectors,
O(ri — L)0(mo — L) = O(1 — L) with 7 = min(7y, 1), 6(7 — L)u — 0
as T — —o0; O(1 — L)u — w as 7 — +oo; (1 — L)u — 0(7* — L) as
T — 71" =0 and

f(L) = /f(T)dTQ(T — L) (13.4.4)

Definition 13.4.4. Let us consider operator L (bounded or unbounded).
Then

(a) z € C belongs to the resolvent set of L if (L —z)"' : H — D(L) exists
and is a bounded operator: (L—z)"'(L—2) =1, (L—z)(L—2)"' = 1.

(b) z € C belongs to the spectrum of L if it does not belong to its resolvent
set. We denote spectrum of L as o(L).

Remark 13.4.2. (a) Resolvent set is always open (and spectrum is always
closed) subset of C;

(b) If L is self-adjoint then (L) C R;
(c) If L is bounded then o(L) is a bounded set.

13.4.1.2 Classification

Not all points of the spectrum are born equal! From now on we consider
only self-adjoint operators.

Definition 13.4.5. (a) z is an eigenvalue if there exists u # 0 s.t. (A —
z)u = 0. Then w is called eigenvector (or eigenfunction depending
on context) and {u : (A — z)u = 0} is an eigenspace (corresponding
to eigenvalue z). The dimension of the eigenspace is called a multi-
plicity of z. Eigenvalues of multiplicity 1 are simple, eigenvalues of
multiplicity 2 are double, ... but there could be eignvalues of infinite
multiplicity!

(b) The set of all eigenvalues is called pure point spectrum;

(c) Eigenvalues of the finite multiplicity which are isolated from the rest
of the spectrum form a discrete spectrum; the rest of the spectrum is
called essential spectrum.
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Definition 13.4.6. z € C belongs to continuous spectrum if z is not an
eigenvalue and inverse operator (L — z)~! exists but is not a bounded op-
erator (so its domain D((L — z)~! is dense).

Remark 13.4.3. Continuous spectrum could be classified as well. The dif-
ference between absolutely continuous and singular continuous spectra will
be illustrated but one can define also multiplicity of continuous spectrum
as well. However one needs a Spectral Theorem to deal with these issues

properly.

13.4.2 Spectrum: examples

FExample 13.4.1. Schrédinger operator
1
L= —§A + V(x) (13.4.5)

with potential V(z) — +o0o as |z|] — oo has a discrete spectrum: its
eignevalues F,, — 400 have finite multiplicities. In dimension d = 1 all
these eigenvalues are simple, not necessarily so as d > 2.

Example 13.4.2. Consider Laplacian on 2-dimensional sphere which appears
after separation of variables for Laplacian in R? in spherical coordinates in
Subsection 6.3.2. Then —A has a spectrum {E, =n(n+1) :n=0,1,...};

E, is an eigenvalue of multiplicity (2n + 1). Corresponding eigenfunctions
are spherical harmonics. See Definition 8.1.1.

FExample 13.4.3. Schrodinger operator in 2D with a constant magnetic and
no electric field

1 1 1 1
L= =(—i0, — =By)*> + =(—i —By)? 13.4.
5 (=10: — 5 By)" + 5 (=i, + 5 By) (13.4.6)
with B > 0 (or B < 0) has a pure point spectrum. FEigenvalues F, =
|B|(n+ 3), n=0,1,2,... have infinite multiplicity and are called Landau
levels.

FExample 13.4.4. “Free” particle Schrodinger operator L = —%A in R? has
a continuous spectrum [0, +00).

Ezample 13.4.5. Schoédinger operator (13.4.5) with potential V(z) — 0 as
|| — oo has a continuous spectrum [0, +00) but it can have a finite or
infinite number of negative eignvalues E, < 0.
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(a) If [V(x)] < M(|x| +1)~™, m > 2 the number of eigenvalues is finite.

(b) For Coulomb potential V(x) = —Z|z|™' (Z > 0) E,, = —% of multi-
plicity n?, n = 1,2, .. ..
Ezxample 13.4.6. Free particle Dirac operator

3
L= ~(=idy)+9'm, m>0 (13.4.7)
j=1
(where 47 are Dirac matrices has a continuous spectrum (—oo, —m]U[m, 0o).
Perturbing it by a potential V(z), V(z) — 0 as |z| — o0
3
L=) y(=idy)+m*+V(x)I, m>0 (13.4.8)
j=1

can add a finite or infinite number of eigenvalues in spectral gap (—m,m).

They can accumulate only to the borders of the spectral gap.

Ezample 13.4.7. Perturbing Example 13.4.3 by a potential V' (z), V(z) — 0
as |zr| — oo

1 1 1 1
L= g(=i0, — 5By)2 + 5 (=0, + 5By)2 + V() (13.4.9)
breaks Landau levels into sequences of eigenvalues F, ;, n = 0,1,..., k =

1,2,..., B,y = E, = |B|(n+3) as k — oc.

Ezample 13.4.8. Consider Schrédinger operator (13.4.5) with periodic po-
tential in R%: V(z +a) = V(x) for all a € T where T is a lattice of periods,
see Definition 4.B.1. Then L has a band spectrum.

Namely on the elementary cell (Definition 4.B.3) © consider operator
L(k) where k € Q* is a quasimomentum; L(k) is given by the same formula
as L but s defined on functions which are quasiperiodic with quasimomentum
k. Its spectrum is discrete: o(L(k)) = {E,(k) :n=1,2,...}.

Then spectrum o(L) consists of spectral bands

o = [min E, (k), max E, (k)] (13.4.10)
o(L) =] on; (13.4.11)
n=1

these spectral bands can overlap. The spectrum o(L) is continuos.
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1. As dimension d = 1 we can do better than this: £, (k) are increasing
(decreasing) functions of k on (0,7/a) (where a is the period) as n is
odd (respectively even) and

E = E.(k) < Eqins = min E, 4 (k 13.4.12

n T dnax (k) < E(nr1) \onin, +1(k) ( )

and for generic potential V(x) all inequalities are strict and all all
spectral gaps (EZ, E€n+1) are open.

2. As dimension d > 2 only finite number of spectral gaps could be open.

3. Perturbation of such operator L by another potential W (z), W (z) —
0 as |z| — oo could can add a finite or infinite number of eigenvalues
in spectral gaps. They can accumulate only to the borders of the
spectral gaps.

Example 13.4.9. In the space ¢*(Z) (which is the space of sequences u,,, n =
o, —2,—1,0,1,2,...such that ||ul|*:= 377 |u,|? < 00) consider almost

Mathieu operator (which appears in the Stu:d_y of quantum Hall effect).
(Lu)y = Upg1 + Up—1 + 2X cos(2m(0 + na)) (13.4.13)

with |[A] < 1. Assume that « is a Diophantine number (which means it
is an irrational number which cannot be approximated well by rational
numbers; almost all irrational numbers (including all algebraic like v/2) are
Diophantine).

Then the spectrum o (L) is continuous (no eigenvalues!) but it is singular
continuous: for any € > 0 it can be covered by the infinite sequence of
segments of the total length < €. As an example of such set see Cantor set.

Remark 13.4.4. (a) Example 13.4.8 was completely investigated only in
the end of the 20-th century.

(b) Example 13.4.9 was completely investigated only in the 21-st century.

13.4.3 Spectrum: explanations
13.4.3.1 Landau levels

Consider Example 3: Schrdinger operator in 2D with a constant magnetic
and no electric field

1 1 1 1
L=—(—id, — —=By)® + = (—1i — By)? 13.4.14
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with B > 0 (or B < 0) has a pure point spectrum. For simplicity assume
that B > 0. We apply a gauge transformation which for Schrdinger opera-
tor means multiplying it from the left and right by e '¢@) and e~ "¢
respectively with a real-valued ¢ (which is an unitary transformation) and
replaces —ihV by —ihV — (V@) (which is equivalent to changing vector
potential A(x) by V¢ which in turn does not change V x A. Taking i =1
and ¢ = %Bxy we arrive to

L=-

. 1, .
5 (—i0, — By)* + 5(—@@)2;

then making Fourier transform by x — £ we get
w1 2 Lo
L" = 5(=§ = By)” + 5(—i0,)";
2 2
and plugging y = B_%(ynew — B71¢) we get
5B(=0; +v?)

which is a harmonic oscillator multiplied by B and in virtue of Section 4.C
its spectrum consists of eigenvalues E, = |B|(n+ 1), n =0,1,2,... which
are called Landau levels.

However there is a “hidden variable” &, so eigenfunctions Hermite func-
tions of y but multiplied by arbitrary functions C(¢) rather than by con-
stants which implies that these eigenvalues have constant multiplicities.

13.4.3.2 Band spectrum

Consider Example 13.4.8: Schrodinger operator with periodic potential in
R%: V(z+a) =V(z) for all a € F where I is a lattice of periods.
Let us decompose function u(x) into n-dimensional Fourier integral

o

then replace this integral by a sum of integrals over dual elementary cell *

shifted by n € I'™*
Z /// szA dnk
nel™* 2*4n
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then change variable k = ko, + 1

[J[L (5 et )k

nel™
NS

S/

=U(k,x)

we observe that U(k,x) is quasiperiodic with quasimomentum k.

In advanced Real Analysis it would be a decomposition of our Hilbert
space H = L?(R") into direct integral of Hilbert spaces H(k) of such func-
tions, and our operator is acting in each of those spaces separately, with a
spectrum o(L(k)) = {E,(k) : n =1,2,...}. This implies that L has a band
spectrum: it consists of spectral bands o, := [mingeq+ E,(k), maxgeq- E,(k)]:

U<L) = U On;

these spectral bands can overlap. On can prove that F, (k) really depend
on k and are not taking the same value on some set of non-zero measure
(another notion from Real Analysis) which implies that the spectrum o (L)
is continuos.

13.5 Continuous spectrum and scattering

13.5.1 Introduction

Here we discuss idea of scattering. Basically there are two variants of the
Scattering Theory—non-stationary and stationary. We start from the former
but then fall to the latter. We assume that there is unperturbed operator Lg
and perturbed operator L = Lo+ V where V' is a perturbation. It is always
assumed that Lo has only continuous spectrum (more precisely—absolutely
continuous) and the same is true for L (otherwise our space H is decomposed
into sum H = H,c @ Hp, where L acts on each of them and on H,c, Hpp it
has absolutely continuous and pure point spectra respectively. Scattering
happens only on the former.

Now consider u = e*u, be a solution of the perturbed non-stationary
equation. In the reasonable assumptions it behaves as ¢ — +o00 as solutions
of the perturbed non-stationary equation:

e Fugetlou, || — 0 as t — 400 (13.5.1)
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or, in other words the following limits exist

uy = lim e "oty (13.5.2)

t—+oo
Then operators W : ug — up,m are called wave operators and under some
restrictions they are proven to be unitary operators from H onto H,.. Finally
S =W, W= is called a scattering operator.
Despite theoretical transparency this construction is not very convenient
and instead are considered some test solutions which however do not belong
to space H,.

13.5.2 One dimensional scattering

Let us consider on H = L?(R) operators Lou := —u,, and L = Ly + V(z).
Potential V' is supposed to be fast decaying as |z| — oo (or even compactly
supported). Then consider a solution of

w = 1Ly = —iug, + V(x)u (13.5.3)

of the form e™**tv(x, k); then v(z, k) solves
Vpe — V(2)v + k20 =0 (13.5.4)
and it behaves as aye™® + be ** as r — +o0.
Consider solution which behaves exactly as e’** as x — —o0:

v(k,r) = e** 4 o(1) as & — —00; (13.5.5)
then
v(k,z) = A(k)e™ + B(k)e ™ + o(1) as x — +00. (13.5.6)
Complex conjugate solution then
o(k,r) =e % 4+ o(1)  asz — —oo, (13.5.7)
o(k,z) = A(k)e™™ 4+ B(k)e™ + o(1) as v — +o0. (13.5.8)

Their Wronskian W (v, ) must be constant (which follows from equation
to Wronskian from ODE) and since W(v,7) = W (e*® e7*2) 4+ (1) =
—2ik 4+ o(1) as x — —oo and
W(v,0) = W(A(k)e™ 4 B(k)e ™=, (13.5.9)
A(k)e ™ + B(k)e™) + o(1) = —2ik(|b(k)|> — |a(k)|*) + o(1) (13.5.10)
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as x — +oo we conclude that
|A(K)]? — |B(k)|> = 1. (13.5.11)

We interpret it as the wave A(k)e™® at +o0o meets a potential and part of
it e?** passes to —oo and another part B(k)e~* reflects back to +oo.

We observe that (13.5.11) means that the energy of the passed (re-
fracted) and reflected waves together are equal to the energy of the original
wave. We can observe that

A(—k) = A(k),  B(—k) = B(k). (13.5.12)

Functions A(k) and B(k) are scattering coefficients and together with eigen-
values —k7

Gjaa — Vi(); — K20; =0,  ¢; #0 (13.5.13)
they completely define potential V.

13.5.3 Three dimensional scattering

Consider —A as unperturbed operator and —A + V' (x) as perturbed where
V(x) is smooth fast decaying at infinity potential. We ignore possible point
spectrum (which in this case will be finite and discrete). Let us consider
perturbed wave equation

uy — Au+ V(z)u = 0; (13.5.14)

it is simler than Schrdinger equation. Let us consider its solution which
behaves as t — —oo as a plane wave

ik’(w‘x_t) as t — — 0. (13515)

U U =€
with w € §? (that means w € R? and |w| = 1), k > 0.
Theorem 13.5.1. If (13.5.15) holds then
u~ utoo = eFxD L y(x)e™™® ast — foo. (13.5.16)

where the second term in the right-hand expression is an outgoing spher-
ical wave i.e. v(x) satisfies Helmholtz equation (9.1.19) and Sommerfeld
radiation conditions (9.1.20)—(9.1.21) and moreover

v(z) ~ a(0,w; k)| et asx=10,r — 00,0 € S*. (13.5.17)
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Sketch of Proof. Observe that (4 — tu_oo)y — Alu —u_o) = f := —Vwu and
(U —tu_o) ~ 0 ast — —oo and then applying Kirchhoff formula (9.1.12)

with 0 initial data at ¢t = —oo we arrive to
1 _
u-uoo= o [[[le =y -l —yhdy  (13518)
and one can prove easily (13.5.17) from this. O

Definition 13.5.1. a(0,w; k) is Scattering amplitude and operator S(k) :
L2(8%) — L*(8?),

(S(k)w)(6) = w(8) + / /S 0,0 K)u(w) dow) (13.5.19)

is a scattering matriz.
It is known that

Theorem 13.5.2. Scattering matriz is a unitary operator for each k:

S*(k)S(k) = S(k)S*(k) = 1. (13.5.20)

Remark 13.5.1. (a) The similar results are proven when the scatterer is
an obstacle rather than potential, or both.

(b) Determine scatterer from scattering amplitude is an important Inverse
scattering problem.

(c) In fact fast decaying at infinity potential means decaying faster than
Coulomb potential; for the latter theory needs to be heavily modified.
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Miscellaneous

14.1 Field theory

14.1.1 Green, Gauss, Stokes formulae

Let D be a bounded domain in R? and L = @D be its boundary. Then

_/LA.ndgz//D(V-A)dS (14.1.1)

where the left-hand side expression is a linear integral, the right-hand side
expression is an area integral and n is a unit inner normal to L. This is
Green formula.

Let V be a bounded domain in R3 and ¥ = OV be its boundary. Then

_//EA.ndS:///D(V-A)dV (14.1.2)

where the left-hand side expression is a surface integral, the right-hand side
expression is a volume integral and n is a unit inner normal to ». This is
Gauss formula.

Remark 14.1.1.  (a) Gauss formula holds in any dimension.

“_»

(b) Here sign appears because n is a unit ¢nner normal.

Let D be a bounded domain in R? and L = 9D be its boundary, counter—
clockwise oriented (if L has several components then inner components

284
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should be clockwise oriented). Then

7£A~ dr://D(VxA)~ndS (14.1.3)

where the left-hand side expression is a line integral, the right-hand side
expression is an area integral and n = k. This is Green formula again.
Let ¥ be a bounded piece of the surface in R® and L = 0% be its

boundary. Then
]{A-dl://(VxA)-ndS (14.1.4)
L b

where the left-hand side expression is a line integral, the right-hand side
expression is a surface integral and n is a unit normal to Y; orientation of
L should match to direction of n. This is Stokes formula.

Remark 14.1.2.  (a) We can describe orientation in the Green formula as
“the pair {dr,n} has a right-hand orientation”

(b) We can describe orientation in the Stokes formula as “the triple {dr,v,n}
has a right-hand orientation” where v is a normal to L which is tan-
gent to X and directed inside of X.

(c) Stokes formula holds in any dimension of the surface ¥ but then it
should be formulated in terms of differential forms

/ dw = / w (Stokes formula)
= %

which is the material of Analysis II class (aka Calculus II Pro).

14.1.2 Properties of nabla
14.1.2.1 Definitions
Definition 14.1.1. (a) Operator V is defined as

V =10, +jo, + k0.. (14.1.5)

(b) It could be applied to a scalar function resulting in its gradient (grad ¢)

Vo =1i0,¢ + jo,0 + k0. ¢
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(c) and to vector function A = A,i+ A,j+ A .k resulting in its divergence
(div A)
V-A=0,A,+0,A,+0.A,

(d) and also in its curl (curl A) or rotor (rot A), depending on the math-
ematical tradition:

i j Kk
VxA=|0, 9, 0
A, A, A

N

I\

which is equal to
(0yA, — 0,A))i+ (0.A; — 0,A,)j + (0, A, — 0,A,)k.
14.1.2.2 Double application
Definition 14.1.2.
A=V’=V.-V=02+0+0.. (14.1.6)
is Laplace operator or simply Laplacian.

Four formulae to remember:

V(Vo) = Ad, (14.1.7)

V x (V) =0, (14.1.8)

V- (VxA)=0, (14.1.9)
Vx(VxA)=-AA+V(V-A) (14.1.10)

where all but the last one are obvious and the last one follows from
ax(axb)=—-a’b+ (a-b)a (14.1.11)
which is the special case of

ax(bxc)=b(a-c)—c(a-b). (14.1.12)
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14.1.2.3 Application to the product

Recall Leibniz rule how to apply the first derivative to the product which
can be symbolically written as

O(uv) = (04 + 0y)(uv) = Oy (uv) + 0y(uv) = vy, (u) + ud,(v) = vou + udv

“, (A9

where subscripts “u” or “v” mean that it should be applied to u or v only.
Since V is a linear combination of the first derivatives, it inherits the
same rule. Three formulae are easy

V(oY) = ¢V + Vo, (14.1.13)
V- (pA) =¢V-A+V¢-A, (14.1.14)
V X (pA) =V x A+ Vo x A, (14.1.15)

and the fourth follows from the Leibniz rule and (14.1.12)

Vx(AxB)=(B-V)A-B(V-A)-
(A-V)B—A(V-B). (14.1.16)

14.2 Conservation laws

14.2.1 Theory

We start from example. Consider the liquid with density p = p(x;t) and
velocity v = v(x;t), x = (x1, 22, 23). Consider a small surface dS with a
normal n and let us calculate the quantity of the liquid passing through d.S
in the direction n for time dt. It will be a volume swept by this surfaceshifted
by vdt and it will be equal to v - ndSdt. It is negative as v - n < 0 which
means that the liquid passed in the opposite direction is counted with the
sign “—". Then the mass will be pv - ndSdt and if we consider now surface
> which is not small we get the flux through ¥ in the direction of n

// pv-ndS x dt. (14.2.1)
>

Consider now volume V bounded by surface X. Then it contains [ fV pdV
of the liquid; for time dt it is increased by

[ pav <a
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on the other hand, the quantity of the liquid which arrived to V' through
¥ for time dt is given by (14.2.1) where n is an inner normal to ¥ and by
Gauss formula (14.1.2) it is equal

][ v wvav <

Equalizing these two expressions and we get

///V(thrV-(pv)dV:O.

Since it holds for any volume V' we conclude that

pr+ V- (pv) =0. (14.2.2)

It is called continuity equation and it means the conservation law.

Remark 14.2.1.  (a) It may happen that there is a source with the density

(b)

()

f = f(x,t) which means that for time dt in the volume V' the quantity
of the liquid [[f,, fdV x dt emerges (if f < 0 we call it sink). Then
(14.2.2) should be replaced by

P+ V- (pv = f. (14.2.3)

Since p is a mass per unit volume, p = pv is a momentum per unit
volume i.e. density of momentum.

One can rewrite (14.2.2) as

d
pt+v~Vp+pV-v:d—§+pV-V:O (14.2.4)
where p 5
— == . 14.2.
p7imT +v-V ( 5)

is a differentiation along the trajectory ‘fl—’; =V.

Instead of p usual density (of the mass) it could be an (electric) charge;
then j = pv a density of the current. In fact p could be density of
anything which is preserved and flows(rather than disappears in one
place and emerges in the other).
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(e) In fact, we can consider a mixture of particles; then v is not defined
but p still is and equation

pr+V-p=0 (14.2.6)
makes sense.

Definition 14.2.1. Equation (14.2.6) which could be written as

pr+ Y PDia, =0 (14.2.7)
J

is called a conservation law.

Remark 14.2.2. Since not only scalar but also vector quantities could be
conserved such conservation laws could be written in the form

pis+ Y Fyo, =0, i=123 (14.2.8)
J

Here Fj; is a tensor (more precise meaning of this word is not important
here but those who pecialize in mathematics or theoretical physics will
learn it eventually). Using Einstein summation rule (which also indicates
the nature of vector and tensors) one can rewrite (14.2.7) and (14.2.8) as

pi+pl, =0, (14.2.9)
pis+ Fl,, =0 (14.2.10)

respectively.

14.2.2 Examples

FExample 14.2.1. For wave equation
Uy — Au =0 (14.2.11)
the following conservation laws hold:
1
8,5(§(u? + | Vul?)) + V- (=wVu) = 0; (14.2.12)
and

O, (utux) + Z Oz, (%(02|Vu|2 — uf)éij - c%xiu%) =0; (14.2.13)
J
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Example 14.2.2. For elasticity equation
wy — AAu—puV(V-u)=0 (14.2.14)

one can write conservation laws similar to (14.2.12) and (14.2.13) but they
are too complicated; we mention only that in (14.2.12) $(u? + 2|Vul?) is
replaced by

1
5(\ut|2+/\|V®u|2+u|V~u|2) (14.2.15)

with [V @ul? Y7, u?, as u = (u1, ug, us).

FExample 14.2.3. For membrane equation
Uy + A*u =0 (14.2.16)

the following conservation law holds:
1
(9t(§(u? + Z |uix])) + Z Oy (Z Usj 0 Ut — Ugyp Ugye) = 0. (14.2.17)
4,J k J

FExample 14.2.4. For Maxwell equations

EtZVXH,
H, = -V x E, (14.2.18)
V-E=V-H=0

the following conservation laws hold:

a,f(%(E2 +H*)+ V- (ExH)=0; (14.2.19)

(where P = E x H is a Pointing vector) and if P = (P;, P», P3) then

1
O+ 0y, (5(B? + H)dy — BB, — HH,) = 0. (14.2.20)
J

Example 14.2.5. For Schrodinger equations
2

— il = ;—mA¢ — V() (14.2.21)

the following conservation law holds:

(¢s)e+ V- Re(—%@bvw) =0 (14.2.22)
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14.3 Maxwell equations

p

V-E=L (14.3.1)
€0
V-B=0 (14.3.2)
0B
E
VxB= ,LL()J + Mogoa— (1434)

ot

where p and J are density of charge and current, respectively. See in
Wikipedia

Remark 14.3.1.  (a) Equation (14.3.1) is a Gauss’ law, (14.3.2) is a Gauss’
law for magnetism, (14.3.3) is a Faraday’s law of induction.

(b) Equations (14.3.1) and (14.3.4) imply continuity equation

p+V-J=0. (14.3.5)

14.3.1 No charge and no current
In absence of the charge and current we get
E, = 'V x B, B,=-VxE
and then
Ey=p'e'VxB=—pu'e'Vx(VxE)=
p e (AE-V(V-E)) = pu e "AE;

so we get a wave equation

E, = 2AE (14.3.6)
with ¢ = 1/,/pe.

14.3.2 Field in the conductor

On the other hand, if we have a relatively slowly changing field in the con-
ductor, then p = 0, J = 0J where o is a conductivity and we can neglect


http://en.wikipedia.org/wiki/Mathematical_descriptions_of_the_electromagnetic_field#Maxwell.27s_equations_in_the_vector_field_approach
http://en.wikipedia.org/wiki/Mathematical_descriptions_of_the_electromagnetic_field#Maxwell.27s_equations_in_the_vector_field_approach
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the last term in (14.3.4) and V x B = uoE and

Bi=-VXxE=p"'0'Vx (VxB)=
p o (AB-V(V-B))=p o ' (AB)

so B satisfies heat equation

B; = uy'c 'AB. (14.3.7)
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