< Enter the 1st letter of your last name. MAKE IT LARGE !
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Last name ................ ... ..., # points | Mark
First name .............................. 1 [4]
ID oo 2 4
3 4]
4 4]
5 4]
Total [20]

Constitutes 20% of the Final Mark

Only solutions will be evaluated (not just the answers)!

Continued on the other side
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Problem 1 (4pt). Solve by Fourier method

Upt — Uz = 0 O<x<m, (11)
ulz=0 =0,  (Us + at)|p=r =0
U= = sin(z), Ut|p=0 = 0

with a € R.

HinT: We know that A, are real but since we do not know the sign of o we
do not know if it all A\, > 0; so you must consider the case of some of \,, < 0.
NOTE: Only find equations for eigenvalues.

Solution. Separation of variables leads to

X"+ 22X =0, (1.4)
X(0)=0, (X' +aX)(7m)=0
T" + \XT = 0.

(a) Consider A = k* > 0. Then X = Acos(kz) + Bsin(kz) and plugging
to boundary conditions we get A = 0, B(k cos(kr) + asin(km)) = 0, and to
have a nontrivial solution we need k cos(km) + asin(km) = 0 which for av # 0
is equivalent to

k = —atan(km). (1.7)

Solving graphically

Figure 1: Brown line for a > 0, red line for a < 0.
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(b) If A =0, then X = A + Bx; plugging into boundary conditions we get
A =0, B(1+ ar) =0 and we have nontrivial solutions only for « = —1/7.

(c) Let A = —k? < 0. Then X = Acosh(kz) + Bsinh(kx); plugging into
boundary conditions we get A = 0, B(kcosh(km) + asinh(kw)) = 0, and
we have nontrivial solutions only for k cosh(km) 4+ asinh(k7) = 0, which is

equivalent to
k = —atanh(km). (1.8)

It has only one solution and only for o < —1/7.

Figure 2: Brown line for « > —1/7, red line for a < —1/7.

Continued on the other side
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Problem 2 (4pt). Solve

Ugy + Uyy = 0 —oo<zr<oo, 0<y<oo, (2.1)
1 Jz| <1,

(1, + el = g(a) = {77 22)

max |u| < oo. (2.3)

HinT: Use partial Fourier transform with respect to x. Write solution as a
Fourier integral without calculating it.
Find restriction to « , so that there will be no singularities.

Solution. After partial Fourier transform
— kU +1,=0 0<y<oo, (2.4)
(i + att)|y—0 = g(k).

sin(k)

One can calculate easily g(k) = ——.
Solving (2.4) we get & = A(k)e”*¥ 4 B(k)e*v and B(k) = 0 due to (2.3)

and plugging to boundary condition we get A(k)(—|k| + a) = % =
mk(a—[k[)’ in(k)
. Sin —|kly 2.6
YT TR— TR 20
and 0 in(k)
o) = | ' 20

There will be singularity for |k| = a which is excluded by a < 0. O
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Continued on the other side
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Problem 3 (4pt). Using Fourier method find eigenvalues and eigenfunctions
of Laplacian in the rectangle {0 < x < a, 0 < y < b} with the boundary
conditions:

Ugz + Uyy = —AU O<z<a, 0<y<b, (3.1)

um|x:0 = ux’x:a = u|y:0 = u‘y:b = 0. (32)

Solution. Separating variables u = X (z)Y (y) we arrive to

X// Y//
7 + ? +A=0 (3.3)
Then
X"+ uX =0, (3.4)
X'(0) = X'(a) =0 (3.5)
and
Y+ uX =0, (3.6)
Y(0)=Y(b) =0 (3.7)
and
A=pu+v. (3.8)
Next
7m? Tma
Hom = 5 szcos( - ), m=0,1,2,..., (3.9)
2,2
v, = ngl 7 Yn:sin(ﬂ—:y), n=12..., (3.10)
and finally
2 2
A = T2 (% + 2—2), Ump = COS(T‘—ZLQ:) sin(ﬂzy), (3.11)

withm =0,1,2,...,andn=1,2,.... ]
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Continued on the other side
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Problem 4 (4pt). Consider Laplace equation in the disc with a cut

1 1
Upp + —Up + —Ugg = 0 r<9, 0<60<2r (4.1)
r r

with the Dirichlet boundary conditions as # = 0 and 6 = 27«
u)p—o = u|p=2r = 0 (4.2)
and the Neumann boundary condition as r =9
Up|r=g = 1. (4.3)
Using separation of variables find solution as a series.

Solution. Separating variables u(r,0) = R(r)O(0) we get

T’2R” + TR/ @//
_—+— =0
R e
and therefore both terms are constant:
Q"+ 16 =0, (4.4)
O0)=0627) =0 (4.5)

2

and therefore A\, = 7, ©, = sin(%e), n=1,2,.... Then

n2
R’ +rR — Th=0 (4.6)

and R = Ar"? + Br—"/2 where we drop the last term as it is singular at

r=0. So u, = A,r"?sin(2) and
u= ZOO:Anr”/Q sin(n—e). (4.7)
n=1 2

Plugging into (4.3) we get

n no
. n—2 _: 1: 4.
ng_l A —23 8111(—2 )=1; (4.8)
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then
A, = 232_" X 1 /2” sm(n—e) df = : 8. 31-2m e (4.9)
n T Jo 2 om+ 1) n=2m+1
and N
- ]

Continued on the other side
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Problem 5 (4pt). Find Fourier transforms of the function
f(x) = cos?(x)e ! (5.1)
and write this function as a Fourier integral.

Solution. The simplest:

~

f(k) :l Re</000 COSQ(ZC)G_M_“W dg;) —

/0

% Re (/0 (14 cos(2z))e "~ d:v) =

iRe(/ (2 | Qi +€—2im)e—m—ikx da:) _
0

47
0
%Re(/ (260 4 oe(Lbhi=2i) | —e(1ki+20) d:c) _

1R( 2 n 1 n 1 )
—_ e g
AT 14tk 1+ki—20 1+Fki+21

1( 2 N 1 N 1 >
2r\1+ k% 14+ (k—2)2 1+ (k+2)2%/
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