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Problem 1 (4pt). Solve by Fourier method
m

T
— Uyy = 0 ——<z< -, 1.1
Uy — U 5 x 5 (1.1)
uiElIL':—’]T/Q - ux‘x:w/2 = 07 (12>
U|t:0 = 5172, ut‘t:O = 0. (13)

HINT: Since problem is symmetric with respect to x = 0 consider only even
with respect to x eigenfunctions.

Solution. Separation of variables leads to

X"+ XX =0, (1.4)
X'(-3)=X'(3) =0, (1.5)
T" + AT =0 (1.6)

We know that for this BVP A > 0 and A\ =0, Xy = %; consider \ = k? > 0;
then X = C'cos(kz) + Dsin(kz) and according to Hint we consider only
cos(kz). Then (1.2) implies sin(k7w/2) = 0 k = 2n, \, = 4n?, X,, = sin(2nz),
n=1,2,.... Then T,, = A, cos(2nt) + B, sin(2nt) and finally

u(x,t) = %(AO + Bot) + i(A” cos(2nt) + B, sin(2nt)) cos(2nt). (1.7

n=1

Plugging to (1.3) we get

1 o0
§A0 + ; A, cos(2nt) = 22, (1.8)
1 (0]
§Bo + nz::l 2n B, cos(2nt) = 0. (1.9)
Then
4 7T/2 2 71'/2
Ay :—/ 2% cos(2nz) do = — 2% dsin(2nx) =
™ Jo ™ Jo
4 7'('/2 2 7'('/2
—— sin(2nz)r dr = —; x dcos(2nz) =
™ Jo mn 0
2 o /2 1
W(m cos(2n:v)]w;0/2 — /0 cos(2nx) d:c> = ﬁ(_l)”



APM346, Fall 2015, L5101 Term Test 2, Wednesday, November 18 3/12

forn>1, Ay = %foﬁm 22 dr = %2 while B,, = 0. Finally

Continued on the other side
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Problem 2 (4pt). Solve

Upy + Uyy = 0 —oo<zx <00, 0<y < oo, (2.1)
1

)= ———— 2.2

max |u| < oco. (2.3)

HinT: Use partial Fourier transform with respect to x, and formula

1
F(2*+ab) ™ = 2—6_|k|& as a > 0. (2.4)
a

Solution. After partial Fourier transform (using (2.4))

— K+ Gy, = 0 0 <y < oo, (2.5)

Solving (2.5) we get @ = A(k)e™*¥ + B(k)el*¥ and the last term must be
dropped as it grows for y > 0: @& = A(k)e *¥. Plugging to (2.6) we find
A(k) = Je ¥l and

o= %e—““'(y“). (2.7)

and using (2.4) again
y+1

= 2.8
u x2+y2+1 ( )

[]

Continued on the other side



APM346, Fall 2015, L5101 Term Test 2, Wednesday, November 18 6/12

Problem 3 (4pt). Using Fourier method find eigenvalues and eigenfunctions
of Laplacian in the rectangle {0 < z < a, < y < b} with Dirichlet boundary
conditions:

Ugz + Uyy = —AU O<z<a, 0<y<b, (3.1)

Up— = Ug—gq = Uy— = Uy—p = 0. (3.2)

Solution. Separating variables u = X (x)Y (y) we arrive to

X// Y//
5d + v +A=0 (3.3)
Then
X"+ uX =0, (3.4)
X(0)=X(a)=0 (3.5)
and
Y'"+vX =0, (3.6)
Y(0)=Y(®b) =0 (3.7)
and
A=pu+v. (3.8)
Next
m2m? ., Tm
Hm =~ Xm:sln(T), m=12,..., (3.9)
m2n? . TN
Vn = 5 Y, = Sm(T), n=12,..., (3.10)
and finally
2 2
/M n ., Tmy . TN
Aon = T <¥ + ﬁ)’ Umn = Sm(T) sm(7), m,n=1,2... (3.11)
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Problem 4 (4pt). Consider Laplace equation in the half-disk
1 1
Upr + —Ur + —Ugg = 0 r<l0<f<m
r r2
with the Dirichlet boundary conditions as 8 = 0 and § =7
ulg—o = ulp—r = 0
and the Robin boundary condition as r =1
(up +u)|r=1 = 1.
Using separation of variables find solution as a series.
Solution. Separating variables u(r,0) = R(r)O(0) we get
T’QR” + rR’ Q"
_ _|_ _— =
R C)
and therefore both terms are constant:

0"+ X0 =0,
0(0) = O(r) = 0

and therefore \, = n?, ©, =sin(nf), n = 1,2,.... Then

0

PR +rR —n*R=0

(4.1)
(4.2)

(4.3)

(4.5

(4.6)

and R = Ar™ 4+ Br~" where we drop the last term as it is singular at r = 0.

So u, = A,r"sin(n#) and

u = Z A,r" sin(nd).
n=1
Plugging into (4.3) we get
Z A,(n+ D)r"sin(nf) = 1;
n=1
then
5 [m 0 n = 2m,
Ap(n+1)r" = —/ sin(nd) df = 2
T Jo n=2m+1

(4.7)

(4.8)

(4.9)
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and

z:: (2m + 1)2(2m Ty s(@m1)6). (4.10)

u =
m=0

]

Continued on the other side
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Problem 5 (4pt). Find Fourier transforms of the function

-
cos(z) |z| < 5
f(z) = T
0 \x! > §

and write this function as a Fourier integral.

Solution. The simplest:

Fli) == [ flaye e =
1

/2 .
cos(z)e " dy =

% —m/2

1 /2 ’ ’

- (em + 6—295) e—zlm dr =

47 —m/2

/2

i (ei(l—k)x + e—i(l—i—k)w) dr =

47 —m/2

1 . . /2
—((1=Fk -1 i(1-k)z _ 14k -1 l(lJrk):E) _
(=Rt = et [

since e*™/2 = +i we get

1 . . . .
4_((1 . k)—l (e—zkﬂ'/Q + ezkﬂ'/Q) + (1 4+ k)—l (ezlm/2 + Z-e—zkﬂ'/Q)) _
s

1
— cos(kr/2) ((1 — k) (14 k:)‘1> -

7
cos(km/2)

(14 k?)

Conversely
> cos(km/2) .. /oo 2 cos(km/2)
= ————e""dk = _— kx) dk
f@) /_oo T+ k%) e ostke)

which is cos-Fourier integral (as f(z) is even function.
Note: no punishment for not writing the last equality. ]





