
Linear ODEs with constant coefficients

Let

L(y) = y(n) +
n∑

j=1

pjy
(n−j),

Q(z)
def
= zn +

n∑
j=1

pjz
n−j.

Claim 1.

L
(
xm

m!
· erx

)
= erx

 ∑
0≤s≤min(m,n)

xm−s

(m− s)!
· Q

(s)(r)

s!


Lemma 2.

(f · g)(j) =
j∑

s=o

(
j

s

)
f (s) · g(j−s).

Proof. Proof by induction on j starting j = 1 and using(
j

s

)
+

(
j

s+ 1

)
=

j!

s!(j − s− 1)!

{
1

j − s
+

1

s+ 1

}
=

(j + 1)!

(s+ 1)!(j − s)!
=

(
j + 1

s+ 1

)

Proof of Claim 1. Lemma for f = xm

m!
and g = erx implies

L
(
xm

m!
· erx

)
= erx


n∑

j=0

pj
∑

0≤s≤min(j,m)

[
xm−s

(m− s)!
· rj−s

]
·
(
j

s

)
= erx

∑
0≤s≤min(m,n)

xm−s

(m− s)!
· 1
s!

[
n∑

j=0

pj · j · (j − 1) · . . . · (j − s+ 1) · rj−s
]

= erx
∑

0≤s≤min(m,n)

xm−s

(m− s)!
· Q

(s)(r)

s!
.

as required.
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Corollary 3. Assume that

Q(z) =
∏

1≤j≤q

(z − rj)mj.

Then xk

k!
erjx for k = 0, . . . ,mj − 1, j = 1, . . . , q are solutions of equation

L(y) = 0. There are exactly n solutions; denote them Y1, . . . , Yn. These
solutions are linearly independent and therefore they “generate” by linear
combination all solutions and W{Y1,...,Yn}(x0) 6= 0.

Proof. (i) Note that for Yk,r = xkerx/k!

(
d

dx
− λ)(Yk,rj) = (rj − λ) · Yk,rj + Yk−1,rj .

Hence, using

(
d

dx
− rj)sYk,rj =

{
Yk−s,rj s = 0, . . . , k,
0 s = k + 1

we conclude that LYj = 0.

(ii) Let us prove linear independence. Assume that∑
j

∑
0≤k≤mj

Ck,j · Yk,rj(x) ≡ 0

as x ∈ I, I = {x : α < x < β} where Ck0−1,j0 6= 0 and Ck,j0 = 0 for k ≥ k0.

Then ∏
j 6=j0

(
d

dx
− rj)mj(

d

dx
− rj0)k0−1(Yk,rj) ≡ 0

for all j 6= j0, 1 ≤ k < mj and for j = j0 and k = 0, 1, . . . , k0 − 2.

Therefore,

0 = Ck0−1,j0 ·
∏
j 6=j0

(
d

dx
− rj)mj(

d

dx
− rj0)k0−1(Yk0−1,rj0 )

= Ck0−1,j0 ·
∏
j 6=j0

(
d

dx
− rj)mj [erjox]

= Ck0−1,j0 ·
∏
j 6=j0

(rj0 − rj)mj · erjox.

Hence Ck0−1,j0 = 0, as required.
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