MAT244, Spring 2013, Term Test 1, Wednesday, February 13, Solutions 1

Please note: handouts are not only obligatory but allow you to solves prob-
lems faster. See problem 3 in particular.
1 [6 points]. Find integrating factor and solve

vdr +y(l4+ 22 +y*) dy = 0.

SOLUTION. As M =z, N = y(1 + z* + y?), calculating M, — N, = —2zy
we see that it is not 0 but (M, — N, )/N = —2y does not depend on z and
therefore we are looking for an integrating factor u = p(y) satisfying

(logp) =2y = p=e"

and therefore multiplying by eV’ we get

zeV dr+ye?" (1+ 22+ P )dy =0 —= U, = z¢¥ —

V= %33263’2 +x(y) = Uy =2y’ + X' (y) = (1 +2° + )y —

X'() =y’ + e’ = xly) = %?fey? = U= %(@“2 +y)er
ANSWER: (22 +y%)e¥” = C.
2a [2 points]. Consider equation
(cos(t) + tsin(t))y” — tcos(t)y’ + ycos(t) = 0.

Find wronskian W = Wyy, y2](t) of two solutions such that W (0) = 1.

2b [2 points]. Check that one of the solutions is y;(t) = t. Find another
solution y, such that Wy, yo|(7/2) = 7/2 and ya(7/2) = 0.
SOLUTION. (a) Consider the equation for W:

s t cos(t) B t cos(t) B
Ww = cos(t) + tsin(t) = V= / cos(t) +tsin(t)

In(cos(t) + tsin(t)) + InC = W = C(cos(t) + tsin(t))

To evaluate the above integral use the substitution u = cos(t) + ¢sin(t).
Then W(0) =1 = C =1 = W = (cos(t) + tsin(t)).
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(b) Note that § = cos(3) + 5 sin(5) = Wiy1, 2](5)
Plugging y; = ¢ into the Wronskian, and using the integrating factor p = %,
we get

t
1y

Y1 Y2
Vi Y
(Yot ™) = (cos(t) +tsin(t))t 2 = yot ' = /(t2 cos(t) + ¢ 'sin(t)) dt =

= tyy — y» = (cos(t) + tsin(t)) =

—ttcos(t) + Oy = yy = —cos(t) + Cit.

Yao(m/2) =0 = 0=0+5C, = C, =0.
ANSWER: 1y, = — cos(t).

3 [6 points]. Find the general solution for equation
Y + 4y + 5y =te * 4 e cos(t).
SOLUTION. The characteristic equation is
P 4dr+5=0 = (r+2P°=-1 = r,=-24i.

General solution to homogeneous equation is y = e~ (C} cos(t)+C, sin(t)).

“SHORT” SOLUTION USING HANDOUT #8:
Lly)=y" +4y +5y;  g(t) = te > + e cos(t).

STEP 1: Q(r) = +4r+5, Q(r) =2r+ 4, Q(-2) =1 = m =1,
Q'(=2)=0

Q(—2+i)=4—4i—1-8+4i+5=0, Q'(-2+i) = —4+2i+4=2 =
m =1

STEP 2: L(te ) =te 40

L(te(=20t) = 2je(=2+)t = 2e=2t(—sin(t) + i cos(t))

STEP 3: y,(t) = te™* + Le ' sin(t).

ANSWER: y(t) = e 2(C} cos(t) + Cosin(t)) + te™ + Le ' sin(t)
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“LONG” SOLUTION USING UNDETERMINED COEFFICIENTS:
As fi = te™? we look for a solution 4, = (at + b)e~? and find ¥, = te 2.
Indeed,
7, = (a —2b—2at)e " and ¥ = (—4a + 4b + 4at)e™*
= te * =g + 49, + 5y = e *(at + b)
—a=1landb=0
— Y = t€_2t
As f, = e % cos(t), which appears in the solution to the homogeneous
equation, we look for a solution 7, = te~*(ccos(t) + dsin(t)) and find
Yo = e sin(t). Indeed,
Uy = e ((c+ dt — 2ct) cos(t) + (d — et — 2dt) sin(t)),
¥y = e 2 ((2d — 4c — 4dt + 3ct) cos(t) + (—2c — 4d + 4ct + 3dt) sin(t)).

Thus,
e cos(t) = P + 475 + 5P = € > (2d cos(t) — 2csin(t))
1
—=c=0 and d= 5

t
= o = 56’% sin(?)

ANSWER: y = e 2(C} cos(t) + Cysin(t)) + te 2 + Le * sin(t).
4 [4 points|. Find solution of
y W + 8y + 16y =0
satisfying initial conditions
y(0) =1, y'(0) = y"(0) = y"(0) = 0.
SOLUTION. 7 +8r?+16 = (12 4+4)? = 1 =ry=2i,r3 =14 = —2i —

y(t) = C} cos(2t) 4+ Cat cos(2t) + Cysin(2t) + Cyt sin(2t).
Then
y'(t)
y'(t)
y"(t)

(—2 + 04 - 21502) sm(?t) + (203 + CQ + 2t04) COS(Qt),
(—4 + 404 - 4t02) COS(Qt) -+ (—402 - 403 - 4tC4) Sin(?t),
(8 — 804 + 8t02) sin(2t) + (—803 — 1202 - 8t04) COS(Qt).
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Then y(O) = Cl = 1, y,(O) = 02 + 203 = 07 y”(O) = —401 + 404 = O,
y"'(0) = —=8C3 — 12C5 = 0 and solving these equations yields C} = Cy = 1
and Cg = 03 = 0.

ANSWER: y(t) = cos(2t) + tsin(2t).



