A simple “trick” to solve Euler ODEs

Consider equation

k=dl

Le(y) = Z cxzfy® | solve ODE  Lp(y)(x) = P(x) . (1)
k=0

Step 1. Find characteristic polynomial

Qry(r) =2 "Lg(x chr r—1)...(r—k+1). (2)

Step 2. Constant coefficient ODE in z = z(t)
L(z) = P(e). (3)

is defined by its characteristic polynomial Q. (r) := Q. (7).
Then solutions to (1) are y(x) = z(Inz) , where z(t) solves (3).
Proof of the above is based on the equality (which is proved below)
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from which it follows with ¢(t) := f(e*) that

=[G - 9)d o (5)

and therefore it also follows with y(t) := z(Inz) that

L(2)(t) == [LE(y)](et):ick( I E-D)m. ©
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i.e L(z) is a constant coefficients ODEs operator with the characteristic

polynomial Qr(r) = e "L(e™) = [ “"Lp(x T)HI_ = Qr,(r) , ie as
in (3). Hence, solutions of Lg(y)(x
L(2)(t) = P(e") via y(z) =z2(Inz) .

Proof of (4). By induction on k > 0:

It follows using chain rule that zf'(x) = g;(Inz) , where g(t) := f(e') ,
and using product rule that z*! f*)(z) = 2L (2F f®) () — ka* f®) (z) .
Then, using the inductive assumption (4) follows. O

) = P(x) correspond to solutions of



