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The notion of finite type invariants of virtual knots introduced in [GPV] leads to the
study of .Afn, the space of diagrams with n directed chords mod 6T (also known as the
space of arrow diagrams), and weight systems on it. It is well known that given a Manin
triple together with a representation V' we can construct a weight system.

In the first part of this thesis we develop combinatorial formulae for weight systems
coming from standard Manin triple structures on the classical Lie algebras and these
structures’ defining representations. These formulae reduce the problem of finding weight
systems in the defining representations to certain counting problems. We then use these
formulae to verify that such weight systems, composed with the averaging map, give us
the weight systems found by Bar-Natan on (undirected) chord diagrams mod 4T ([BN1]).

In the second half of the thesis we present results from computations done jointly with
Bar-Natan. We compute, up to degree 4, the dimensions of the spaces of arrow diagrams
whose skeleton is a line, and the ranks of all classical Lie algebra weight systems in all
representations. The computations give us a measure of how well classical Lie algebras
capture the spaces A, for n < 4, and our results suggest that in A, there are already
weight systems which do not come from the standard Manin triple structures on classical

Lie algebras.
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Chapter 1

Introduction

This thesis is about the space of directed chord diagrams modulo 67" (from now on the
space is referred to as the space of arrow diagrams) and functions mapping it to Lie
algebra-related spaces. Such functions are called weight systems, which have roots in
the study of finite type invariants of virtual knots (J[GPV]). The first chapter is a review
of the notions of arrow diagrams and weight systems. Topics include arrow diagrams,
acyclic directed trivalent diagrams, finite type invariants of virtual knot diagrams, weight
systems coming from Manin triples and r-matrices, and construction of Manin triples from
simple Lie algebras. In chapter [2] we present combinatorial formulae of weight systems
coming from Manin triples constructed from classical Lie algebras (gl, so and sp), and
their defining representations. In Chapter [3| we present results of computations done
jointly with Dror Bar-Natan. The results tell us how well these classical Manin triples
capture the space of arrow diagrams when the skeleton is an oriented line and when the
degree is low. We cover all representations in our computations by working with the

universal enveloping algebras of the Manin triples.

This thesis is intended for an audience with background in finite type invariants.
Standard references include [BN2J on finite type invariants of classical knots and [GPV]

on finite type invariants of virtual knots.



1.1 Directed chord diagrams modulo 6T

A directed chord diagram with skeleton I' (which is usually a disjoint union of oriented
circles and lines) is a diagram with oriented chords joining distinct points of I'. The
space we study in this thesis is the space of directed chord diagrams modulo 6T. The
6T relation is as shown in figure [[.1} The solid lines are parts of the skeleton while the
dotted arrows are the directed chords. (The solid line segments may come from the same
connected component of the skeleton.) The pictures only show the part of the diagrams
where they are different. The parts which are not shown are the same for each diagram.

We make the following definition:

Figure 1.1. The 6T relation.

—

Definition 1.1.1. A(T") is the vector space which is the span of directed chord diagrams
with skeleton I" modulo 6T relations. From now on we will use “arrow diagrams” to refer
to equivalent classes in ./I(F) A linear functional on /I(F) 15 called a weight system. In
this thesis we will also refer to functions from .Z(F) to Lie algebra-related spaces (the

universal enveloping algebra of a Lie algebra g, or the tensor product of multiple copies

of g, its dual g* and a representation) as weight systems.

—

In this thesis I' is either a circle or a straight line. A(T") is isomorphic to a space with
a different presentation. We define a “directed Jacobi diagram” with skeleton I' to be
a directed graph whose vertices are either univalent or trivalent so that all its univalent
vertices are attached to distinct points on I', and each trivalent vertex comes with an
orientation (i.e., a cyclic order of the three edges incident at the vertex). A directed
Jacobi diagram with skeleton I is called acyclic if the underlying directed graph (i.e., the

diagram without I') does not contain any cycle.



Definition 1.1.2. Let NS and STU be the relations as shown in figures and .

/TAJ(F) (“AJ” stands for “acyclic Jacobi”) is the span of acyclic directed trivalent graphs
— —_—
on I' modulo NS and STU.

Figure 1.2. The NS relation. We quotient out by any diagram which contains one

of the pictures above as a subdiagram.
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Figure 1.3. The STU relation. Each equation only shows the parts of the diagrams

which are different.

A(T) and A, (I) are related by the following theorem:

Theorem 1.1.1. (See Polyak’s [Polf, Theorem 4.7, Proposition 4.8 and Theorem 4.9)
The inclusion map v : A(L) — Aay(T) induces an isomorphism between A(T) and

Ay (T). The relations AS and THX also hold in Ay ().

The reason we introduce A4 7(T') is because of their similarity diagramatically to Lie

bialgebras. More details will be presented in section (1.4}
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Figure 1.4. The AS relation. The arrows may be oriented anyway so long as they
match at o1, 02 and 03. This corresponds to the reversal of a cylic order of the

incident edges.

R
Figure 1.5. The THX relation.

— —

Let A(T) denote the space A(I") where I' is an oriented line. There is a coproduct

— —

structure A @ A(T) — (A(1))®? which we are going to use in chaper . It is given by the

following formula.

Definition 1.1.3. Let D be an arrow diagram whose skeleton is a line. A(D) is the sum

> D1 ® Do, where the sum is over all ways to decompse D into two subdiagrams Dy and

Dy. (See ﬁgfor an ezample.) We extend D to all of A(1) by linearity.

Proposition 1.1.1. A is well defined on A(1).

Proof of Proposition[1.1.1. Consider the 6T relation as given in figure [[.7. We have to

show A maps the left hand side to 0. This can be done by direct computation. In



Figure 1.6. An example of a coproduct. The upper strand represents the first

component while the lower strand represents the second component.

l 4‘ l ”’T | —— l B o j [— 4

Figure 1.7. The 6T relation with all non-zero terms on one side.

particular given any (n — 2)-tuple (i1, ...,4,-2) so that each i; = 1 or 2, we consider all
summands in the image under A of the left hand side such that each arrow a; which
does not participate in 67" appears in the (ij)th component. Since we have four ways to
decide where to put the two arrows which participate in 67°, we have 6 x 4 = 24 such
summands. Out of these 24, consider those in which the arrows which participate in
67 appear in different components. There are 12 of them and each term in figure is
responsible for two. We notice that the two coming from the first term cancel the two
from the second term. Similarly the two coming from the third term cancel the two from
the fourth, and the two from the fifth term cancel the two from the sixth. What we are
left with, therefore, are those summands where the two arrows which participate in 67

appear in the same component, but this means we have a sum of a 67 relation in the

first component and a 67" relation in the second component, which is 0 in (A(1))#2. O

1.2 Relations between finite type invariants and weight
systems

This section is a review of the notion of finite type invariants of virtual knots and cor-

responding weight systems introduced in [GPV]. Also we consider the relation between



weight systems and finite type invariants of oriented virtual knots modulo “braid-like”
Reidemeister moves (see [BHLR] and below), which are Reidemeister moves where the
part of the knot involved is locally a braid. We say an invariant of virtual knots is of
type n if it vanishes on all virtual knot diagrams with more than n semi-virtual crossings.
(The smallest such n is called the degree of the invariant.) A semi-virtual crossing is the
difference between a real crossing and a virtual crossing. On the level of Gauss diagrams
we use solid arrows to represent real crossings and dotted arrows to represent semi-virtual

crossings (figure [1.8). An invariant is said to be of finite type if it is of type n for some

>2<: '\\_>< T>T ________ :M_T T
W= XX T =T

Figure 1.8. The semivirtual crossing. On the right are representations of semivir-

n.

tual crossings in Gauss diagrams. The sign above each arrow is the sign of the

corresponding crossing.

We may also think of figure as representing a change of basis, so given a virtual
knot diagram we can always express it as a linear combination of virtual knot diagrams
with only semi-virtual and virtual crossings. Equivalently, given a Gauss diagram with
solid arrows we can always turn it into a linear combination of Gauss diagrams with only
dotted arrows. Reidemeister II and III expressed in this new basis can be seen in figures

1.9 and [1.I0} On the level of Gauss diagrams the moves are given as relations in figures

[I.11] and [1.12} A type n invariant can therefore be considered as a function of Gauss

diagrams which respects these relations and vanishes on all diagrams with more than n
dotted arrows.

Reidemeister II and III moves come in two types, the braid-like ones and the non-



braid-like ones (figures and [1.10)). Braid-like Reidemeister moves are ones in which
the orientations of the participating strands define a consistent ordering on the two (or

three) crossings involved, i.e., the move takes place on a part of a braid.

Figure 1.9. Reidemeister Il in terms of semivirtual crossings. The braid-like ones

are the ones where both strands go up or both strands go down, so that both strands

S

Figure 1.10. Reidemeister Il in terms of semivirtual crossings. The non-braid-like

visit the crossings in the same order.

+

ones are ones in which the middle strand goes up (respectively, down) while the
other two strands go down (respectively, up). All the other ones are braid-like,
i.e., the orientations on the strands order the crossings consistently. All braid-like
Reidemeister Il moves are consequences of braid-like Reidemeister || moves and the
braid-like Reidemeister Ill move where all crossings have the same sign, i.e., where

all the strands above go up or go down.

We make the following definition.

Definition 1.2.1. The space of (long) braid-like virtual knots is the space of (long)



Figure 1.11. Reidemeister Il in terms of Gauss diagrams for any sign o. For

braid-like Reidemeister |l both strands go up or both strands go down.

+ ‘ +

Figure 1.12. The 8T (‘“eight-term”) relation, which is the Reidemeister Il move
represented with Gauss diagrams with only semivirtual crossings. The vertical strands
may be oriented any way. The non-braid-like Reidemeister moves are ones in which
the middle strand goes up (respectively, down) while the other two strands go down
(respectively, up). The signs of the arrows are dictated by the orientation of the

strands and figure [1.10] All other orientations give us braid-like Reidemeister IlI.

|

e THA -

Figure 1.13. A different way of drawing 6T. The 6T relation can be obtained from

the braid-like 8T relation where all arrows have the same signs by modding out by

degree-(n + 1) diagrams.

virtual knot diagrams modulo braid-like Reidemeister II and braid-like Reidemeister I11.

Invariants of type n of braid-like virtual knots are those which vanish on diagrams with



more than n semi-virtual crossings.

By the result of the computations presented in [BHLR], the space of braid-like virtual
knots is not isomorphic to the space of virtual knots. (This also follows from Theorems
1.1 and 1.2 of Polyak’s [Po2].) Let V, be the space of all invariants of type n. If we
consider an element in the space V), /V,_1, each equivalence class can be represented by
a function on diagrams with exactly n arrows. Let ¢ be such a function, then ¢ vanishes
on diagrams with n 4 1 semi-virtual crossings, so it vanishes on the term with two shown
arrows in figure [1.11] if we assume the rest of the diagram contains n — 1 arrows. This
means that if D is a diagram with n arrows and D’ is a diagram obtained from D by
making a negative arrow (if one exists) positive, then ¢(D) = (—1)@(D’). Therefore, if D
is a diagram with ¢ negative arrows and D, is the diagram obtained from D by making
all negative arrows positive, ¢ does not distinguish between D and (—1)%¢(D_ ), so signs
of arrows are superfluous. Also ¢ must vanish on the two terms with three arrows shown
in the braid-like 8T relation (figure if we assume the rest of the diagram contains
n — 2 arrows. In particular, if all arrows carry the same sign, this gives us precisely the
6T relation above. Therefore any element of V,/V, ;1 gives us a weight system on f(n
It remains open, however, if every weight system is the weight system induced by some
element of V,,/V,,_1. That is, it remains open if all weight systems satisfy consequences of
the 8T relations where all the diagrams involved have either degree n or n —1, and where
all degree-(n — 1) diagrams cancel and only degree-n diagrams remain. Computational
results presented in [BHLR] (up to degree 5) suggest that all weight systems on A, (1)
integrate to finite type invariants of long braid-like virtual knots.

Note. We restrict ourselves to only the braid-like Reidemiester II and III here for
the following reasons. If we were to introduce cyclic Reidemiester II, we will have to
impose extra relations (called “XII” in [BHLR]) on the arrow diagrams. If we were to
introduce cyclic Reidemeister 111, we then lose the correspondence (suggested by compu-

tational results presented in [BHLR]) between weight systems and finite type invariants.



(Cyclic Reidemeister III moves generate the same 67T relations but, by Theorems 1.1 and
1.2 of Polyak’s [Po2], are not consequences of braid-like Reidemeister II and III moves.

Therefore they reduce the dimensions of the spaces of finite type invariants.)

1.3 Standard Manin triple structures on simple Lie
algebras

In this section we review Manin triples and the closely related notion of Drinfeld doubles.
We follow chapter 4 of [ES| to construct Manin triples from simple Lie algebras. One
word about notation: throughout this thesis we use the Einstein summation notation,
i.e., all indices which appear twice in an expression (once as an upper index and once
as an lower index) are summed over. The reader may refer to chapter 3 of [ES] for
background in Lie bialgebras, especially those which are cobounary, quasitriangular, or

triangular.

Definition 1.3.1. A Lie bialgebra (g, |,],0) is a Lie algebra (g, [,]) with an antisymmetric

cobracket map 6 : g — g ® g satisfying the coJacobi identity
(id + 7+ ) ((6 @ id)d(z)) = 0
and the cocycle condition
o([z,y]) = ad.(0y) — ad,(0z),
for any x,y € g, where T is the cyclic permutation on g®3.

Definition 1.3.2. A finite dimensional Manin triple is a triple of finite dimensional
Lie algebras (g,9+,98-), where g is equipped with a metric (a symmetric nondegenerate

invariant bilinear form) (.,.) such that

1. g =g+ ®g_ as a vector space and g.,g_ are Lie subalgebras of g.

10



2. g.,8_ are isotropic with respect to (.,.), i.e., (g4+,8+) =0=(g_,9-).

Given a Manin triple (g,8+,8-), § is also called the Drinfeld double of g and is denoted
Dg+.

As a consequence, g, and g_ are maximal isotropic subalgebras. Suppose (g, g+, 9-)
is a Manin triple. The metric then induces a nondegenerate pairing g, ® g — C, and
hence a Lie algebra structure on g3 = g_. Let 0 be the induced coalgebra structure on
g+. We can check by direct computation (section 4.1, [ES]) that the cocycle condition is
satisfied. (g4, [.,.],0) is therefore a Lie bialgebra.

In fact the process can be reversed. Given a Lie bialgebra g, we may define a symmet-
ric nondegenerate bilinear form (.,.)gag on g® g*, by ((e, f), (€', f'))gag- = f(€') + f'(e).
If {e;} is a basis of g and {f*} is the corresponding dual basis of g*, then we can define a
Lie algebra structure on g & g* by making g and g* Lie subalgebras and setting, for any
fegandee€g,

[f,e] = ad; f — adje.

The above definition is motivated by invariance. Since, for any f, f’ € g* and e, ¢’ € g,
we must have ([f7 6]7 6/)9959* = (fa [6, 6l])g€9g* and ([fv 6]7 f/)g@g* = _<€7 [f? f/])g@g*a the g*
componenent and the g component of [f, e] must be ad’f and —ad}e, respectively. In
terms of the structure constants (with [e;,e;] = cfie, and [f7, f*] = ~/°f*) the relation

above can be written as

1", es] = caf" = vi'er. (1.1)

(See section 1.3 of [CP].) (g @ g%, g,9") is therefore a Manin triple.

There is a standard way to obtain Manin triples from simple Lie algebras, and those
are the ones we are going to use in chapters [2| and The construction below follows
Chapter 4 of [ES]. Given a simple Lie algebra g over C with metric (., .), we fix a Cartan

subalgebra h and consider a polarization of the roots A,y U A_ (with n, and n_ the

11



corresponding root spaces). For each root o we consider ¢, € g, and f, € g_, (where
g+q are the root spaces corresponding to +a) such that (e, fo) = 1. Let hy = [eq, fal-

We consider the Lie algebra

g=n,ohVepr®on
where h1) = § = ) and with bracket defined by:

M6 =0,  [HY,ea] = a(h)ea,
09, fo] = —alh)fo,  and  [ea, fo] = 5(h" + A7),

We define the following metric on g:

(x +hW + b3 2 4 O L @) = 2((hY W), + (B W) + (2, 2'),

We can check that (g, n, @™ n_@h®) is a Manin triple. In fact g is a Lie bialgebra

with r-matrix

- 1
=Y s ot L A,
aceAt )

i.e., 6(x) = ad,(r), where {k;} is an orthonormal basis of ) with respect to (.,.). We

define the projection 7 : g — g where
Tlon. =Id  w(h{) = hy = (D)

This map endows g with a quasitriangular Lie bialgebra structure with r matrix

r = ZeQ@fQ—i_%Zki@ki’ (12)

acAt

s0 0(x) = ad,(r). The Lie subalgebras b = n; @b and b_ = n_®bh are Lie subbialgebras.
Note that the map 7 is a Lie algebra homomorphism. In particular if g is given as a
matrix Lie algebra then 7 is a representation, and we call it the defining representation

of g.

12



Definition 1.3.3. Let g be one of the classical Lie algebras and (g, 8+,9-) be the corre-
sponding Manin triple constructed as above, we call the map m the defining representation

of the Manin triple (§,9+,9-).

It is worth noting that we have an easier way to describe g. If we define

hg - (h((ll) + hg))? hg = _<h(1) - h(2))7

1
2
where C' stands for “Cartan” and Z stands for “zentral” (“central”), and let h¢ be the

space spanned by all h$’s, then we have

[hcu fa] - _O‘(h)faa [hc’ ea] = O&(h)ea,
[hca hc] - 07 [hZ7g] - 07 a’nd [66!7 fa] - hg

Therefore we can write g = g ® h?, where the direct sum is a direct sum of Lie algebras.

The map 7 is given by 7(eq) = €, 7(fa) = fa, T(hS) = hy and 7(hZ) = 0.

1.4 Directed trivalent graphs and Lie tensors

In this section we follow section 3.2 of [Ha] to construct elements of tensors of Lie algebras
out of diagrams from /T(F) and ffAJ(F). First we notice that equation immediately
suggests a relation between Lie bialgebras and ff(F ). Given a Lie bialgebra g we consider
its Drinfeld double g @ g*. If {e;} is a basis of g and {f?} is the corresponding dual basis
of g*, we follow [Hal] and put f* at the end of an arrow and e; at the head. (See figure
) We then move along fragments of the skeleton to get a tensor product of letters,
picking up an f? or an e; whenever we encounter the tail of the head of an arrow. If we

do the above to figure [I.1], we get figure [[.14] which is a diagrammatic representation of

the following equation in (Dg)®3:

Foleloe=[f,f1oe e+ ' f* [er, €.

13



Figure 1.14. The 6T relation with each arrow labelled by f! ® e;.

(By equation (|1.1)) we can check that the equation holds as both sides are equal to
Wi @ea®e) —d(f e ffoe).)

Given that A(T) and A4, (T) are isomorphic, we use the STU relations to interpret
the trivalent vertices in elements of A4 J(I'). Given NS we only have two types of
vertices (“two in, one out” and “one in, two out”). The STU relation suggests that a
vertex corresponds to a bracket in Dg. The first two relations in figure suggest that
the “two in, one out” vertex should correspond to the bracket in g, while the “one in,
two out” vertex should correspond to the bracket in g*, or the cobracket in g. Once this
correspondence is established, the last two relations in the same figure then just become
a diagrammatic version of equation ((1.1)).

These are exactly the tensors Haviv introduced in his paper ([Ha]). To complete the
picture we assign a representation Dg — End(V) to each connected piece of the skeleton,
so that the tail of a piece of the skeleton corresponds to a copy of V* while the head of

the skeleton corresponds to a copy of V.

[/ )
\ /

Figure 1.15. The arrow.

In more details the cobracket tensor is given by f*® f7 ® [e;, ;] = cfj(fi ® fi®er),

while the bracket tensor is given by f! ® d(e;) = %jk(fi ® e; ® ey), where cfj and vfk are

14



the structure constants for the bracket and the cobracket, respectively. (See figure [1.16])
It is worth noting that under this interpretation, the 3-term IHX relations become the

Jacobi and coJacobi identities, and the 5-term [HX becomes the cocycle identity.

f! r f! i 3(es) e ey
— ok voA — it v A
i i i
v '/ A A
le; ;ej] ék ! /!

Figure 1.16. The bracket (two in, one out) tensor (left) and the cobracket (one in,

two out) tensor (right).

To assign a tensor to a directed graph, we break it down into subgraphs with 0 or 1
vertex, assign tensors to these elementary pieces, and at the points of gluing along the
dotted edges we contract these tensors using the metric. When we glue pieces of the
skeleton we contract the corresponding pieces of V' and V*.

Given a representation R : g — End(V) where V is given a specified basis b =
{v1,...,vq}, if the skeleton is part of the picture, we assign Greek letters ranging over

{1, ...,d} to each section of the skeleton. For example in figure [1.17} we assign
R(e))® f' € End(V) ® g,
or
(V" (R(e))(va))(v* @@ fl eV aVeg
to the picture on the left. Also we assign
R(f)®d(e;) € End(V) 2 g ® g,
or
W (R(F) (va))(6er) = 50 (R(F) (0a)) (0 9 05 @ s © ) € VF OV @59 §

15



to the picture on the right. Note, since v” = (vg,.) where (.,.) is the inner product of
C? with respect to the given basis, the same values can be written as (vg, R(e;)(va)) f*
and (vg, R(f")(va))de;. Here we do not distinguish R(f*) or R(e;) from its matrix with

respect to the basis b.

v A
A
e ¥
> _—

Figure 1.17. We assign a representation to the skeleton. The diagrams correspond
to (R(e;))5f* and (R(f1))2(6e;), respectively. (R(e;))a ((R(f%))3) is the entry in
the By, row and the a'® column of the matrix of R(e;) (R(f?)) with respect to the

given basis.

If we restrict ourselves to the case where the skeleton is a circle, we can see that the
construction above gives us the trace of the tensor in the given representation. Note, how-
ever, if we don’t specify a representation we have a weight system from arrow diagrams

—

to the universal enveloping algebra U(g) (for A(T)) or U(g)/{zw—wz : z € g,w € U(g)}

(for A(O)).
CYBE Weight Systems. Here we briefly introduce a different class of weight

systems called CYBE weight systems. (CYBE stands for classical Yang-Baxter equation.
See chapter 2 of [CP] and sections 3.2 and 3.3 of [Pol].) We recall figure which
is a different way of drawing 67. It is a diagrammatic way of writing the Classical

Yang-Baxter Equation (CYBE)
(712, T13) + [r12, 23] + [113, 23] = 0.

If we take an r-matrix, we get a map A(I") — U(g) which is called a CYBE weight system.

Note that a triangular Lie bialgebra g (chapter 3, [ES]) gives us both a Drinfeld double

16



weight system and a CYBE weight system. (For the Drinfeld double weight system we
associate to each arrow the element in g ® g* which corresponds to the identity map on g,
while for the CYBE weight system we associate to each arrow the r-matrix, an element
in g®g.) The two resulting weight systems, however, may have different ranks. One
easy example is that given any non-trivial Lie algebra, we can define a triangular Lie
bialgebraic structure on it by letting » = 0. In this case the CYBE weight system would

be 0, but the Drinfeld double weight system would not be 0.

17



Chapter 2

Combinatorial Formulae in the

Defining Representations

In this chapter we will present combinatorial formulae for weight systems coming from
Manin triples constructed from classical Lie algebras, following chapter [I| and their
defining representations. These formulae turn the problem of finding weight systems in
the defining representation into certain counting problems. The metric in each of the Lie
algebras is (A, B) = tr(AB). Throughout this chapter m;; or m* is the matrix whose
ij-th entry is 1 and zero everywhere else. Given a matrix M, the term MP? is the entry
in the £ row and o' column of M. Let 7 be the defining representation as given in
section (i.e., the map which identifies the two copies of the Cartan subalgebra), we

let z; = w(e;) and & = 7 (f7).

2.1 gl(N)

We begin with gl(N), the Lie algebra of all N x N matrices. Note that gl(N) is not

simple, but our construction in section can be applied to s[(N). One decomposition

18



of s[(N) into positive and negative root spaces is

ny = span{m;; i <j}
n_ = span{m;; :i < j}
h = span{m; —miy1,41:1 <i<n}

Applying the procedure in section results in the Manin triple (;[,5 (,sl_), where
sl = n, ® bW and sl = n_ @ h®. Let s be the commutative Lie algebra of scalar
matrices. We define

gl, =sl, @s

and

gl_ =sl_@s®

where 51 and 5 are two distinct copies of the (commutative) algebra of scalar matrices,
and the direct sums above are direct sums of Lie algebras.
We define a Lie algebra 5 [ which as a vector space is gl, @ gl_, and whose metric and

bracket are as follows. The metric is given by

(ZL’ + 8(1) + 5(2)71/ + 8/(1) + S/(Q)) 2((8(1), S’(Q)) + (8’(1)7 8(2))) + (CL’,ZE,)g[

ol =
where z, 2’ are arbitrary elements in 5N[, while s, s’(M) are arbitrary elements in s(!) and
5@ ¢'@ arbitrary elements in 5. We define the bracket so that sl is a Lie subalgebra
of gl (ie., [s,sl]; = [s,sl];) and

[5(i),x]5[ =0 fori=1,2 and any x € gl,

where (.,.); and [, .]5 are the metric and the bracket in sl, respectively.
We consider the Manin triple (gN[, gl,,gl_). In this thesis we use gl(/N) instead of
sl(N). Note that {e;;}i<; forms a basis of n* @ s and {f¥},<; forms the corresponding

dual basis of g* = n~ @s®. The map 7 is as given in Section We have x;; = m(e;;) =
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my; and 9 = w(fY) = m’". Following the previous chapter we put £ at the tail and z;;
at the head of each arrow. By equation 1} we multiply by a factor of % when ¢ = j.
We consider the tensor in figure 2.1 It corresponds to the map:
Y i@y + 5 Zg“®x“ VeV oVaV.
i<j
In tensor form we can write it as Tﬁ”v ®Xv*®@vg®v,. What we mean by a combinatorial
formula in this thesis is a combinatorial description of T(f: in terms of its indices.

u/c'f’j xy’\v
B\ ]u

Figure 2.1. The simplest subdiagram in an arrow diagram.

We now find the coefficient T7. Since x;; = my; and £9 = m/’, the coefficient is

given by

v i v 1 i v
T = D m")miy) + 5 Z(m Ja(mi);,
i<j
= > 5768675, + Z 506761,
i<j
(
5555 for o < 3
= %5555 for a =

0 otherwise.

—_

fora=v<fB=p

fora=v=0=u

N[ —=

0 otherwise.

\

The result can be expressed more clearly using a diagram as in figure 2.2] where we
connect two Greek letters if they are required to be equal if Tgﬁ is to be non-zero. The

double headed arrow is a shorthand for the relation above (i.e., the coefficient is 1 when
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the side from the tail of the double-headed arrow is bigger and % when the two sides of

the double-headed arrow are equal).

VR TN
Bk 7|_1| B/L\p

Figure 2.2. A diagrammatic representation of the gl(N) tensor.

Direct verification that the above formula satisfies 67. Here we include a
direct verification that the above formula satisfies the 67" relation.

Considering figure [I.1] let ¢; be the index corresponding to the free end of the skeleton
in the top left corner, and let the indices corresponding to the other free ends be (s, ..., (s
counting counterclockwise (figure . By figure , the coefficient of v ® ve, ® V9 ®

v, ® v% ® v, is possibly non-zero only if, for some «, 3, 7, o, u and v,
LG=GCG=7 G=G=aand (4 =( =0, or
2. G =0=o0,C(=_=pand (3 = (s = v for some o, 3,7, i, v, 0.

The gl tensor further dictates that « > v and § > v, and p > v and pu > o.

< s < G < G ¢

Figure 2.3. The terms of the 6T relation, with free ends of the skeleton labelled as

described in the body of the text. Ln (respectively, Rn) is the n-th term on the left

(respectively, right) in figure [1.1]

Suppose only one of the conditions above are satisfied, we prove that the coefficients

of v ® v, ® VS ® v, ® VS ®ve, on both sides of 61 are equal. In the following table the
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Figure 2.4. The terms of the 6T relation, with relations imposed on the indices by

the gl tensor. Ln (respectively, Rn) is the n-th term on the left (respectively, right)

in figure

column Ln (Rn) represents the contribution of the n' term on the left (right) hand side
of 67 to the coefficient of v7 @ v, ® v* ® v3 ® v° ® v, (if relation 1 above is satisfied) for
different values of o, 3,~. If relation 2 is satisfied we give the contribution of each term
to the coefficient of v7 ® v, ® v ® v, ® V" ® v, for different values of i, v, 0. In all cases

the total contribution from the left equals to the total contribution from the right.

Order Relation satisfied | L1 | L2 | R1 | R2 | R3 | R4
a> 3>y 1 only 110 1 0 0 0
a>f=y 1 only o ijojolo
a=[0>v 1 only 1 0 % 0 % 0
B>a=rvy 1 only 110 0] 0 1 0
08>a>xy 1 only % 0 0 0 % 0
w>v>a0o 2 only 0| -1 0| —-110 0
U=v>ao 2 only 0|30 |-2]0/0
p>v=o 2 only 0|—-1| 0/|—-3]0|—3
p=0>v 2 only 0O|-2)lo]0]o0]|—3
w>o>v 2 only 0O |—-11] O 0 0| -1

All §;’s equal 1 and 2 -3 Y {-3] 3|1

Note that if both conditions 1 and 2 above are satisfied, we have (; = (o, = (3= (4 =

(5 = (g, hence the last row in the table.
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2.2 s0(2N)

One decomposition of s0(2/N) into positive root spaces, negative root spaces, and Cartan

subalgebra is as follows:

span{m;; —mjinen 11 <i<j < N}U
span{m; j+n —mjitn:1<i<j <N}
span{m’’ —m™VITN . 1 << j < N}U
span{m/ TN — NI 1 << < N}

span{m; — mi N4y 2 1 <i <N}

For 50(2N) (with two copies h(V), h® of the Cartan subalgebra, see section |1.3)) we

use the basis {e;j} for ny @ h and {f¥*} for n_ @ h@, where 0 < i < j < N and

k = 1,2, such that if we let x;j;,

Tij1
Xij2
52’3‘1
67Lj2

= m(eyx) and 9% = 7(fF), we get

My — MjyN,i+N, Where ¢ < j

M j+N — MjitN, Where ¢ < j

1 o
§(mﬂ — m NI Cwhere @ <
1 o
§(m]+N’Z — m"N9) where i < j

The arrow is, by equation (|1.2)), identified with the element

) 1 i N
Z §9F @ @y, + 2 Z (m™ = m™ ) @ (mi; — misnien)-

1<i<j<N
k=1,2

T/ in this case is given by

1<i<N
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> (m = m NN (g — )

v i v 1
Iy = Z(fjk)g(%k)ﬁg

L i j 5 i j v v
= D (G5, = NG (318, = O i)
i<j
L. 5is i j j i\ ( SV v
()" (0PN A+ 6N G ) (07 0 — 67 )

In the expression above the first summand is given by the case when k£ = 1 while the
second product corresponds to the case k = 2. We consider the first product. Letting A
be the set {1,2,...,N} and B the set {N + 1, N +2,...,2N}, we can assign a tag A or
B to each of «, (8, u and v to indicate which set it belongs to. The four combinations
that correspond to the four ways to expand the first summand in the last equation are

as given in figure [2.5

S
==l =]

SR - R
[=}

= <

[ S N
by e o
™ 8 ™ 2
= < = <
W W W W@

-

Figure 2.5. Four ways to assign A and B to «, 3, p and v.

Starting at the top left corner and going clockwise the four pictures correspond to
0% 08,0% 8y, 0P I6L0Y N Oy OPTNGIENGY (6w and P HNGTENGY S respectively. If
we remove the arrow and join two Greek letters to indicate that they are equal (or equal
modulo N, if one comes from A and the other from B), then the first summand can be
expressed diagramatically as in figure [2.6]

The double headed arrow here indicates that the value of the coefficient is 1 when
the side from the tail of the double-headed arrow is bigger than the side from the head
when we mod out by N, and % when the two sides of the double-headed arrow are

equal. Now we look at the product corresponding to the case k& = 2. The only possible
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4 o v 4 4 o v B B o v 4 B « v B
4 BK}L 4 A [3><].L B B B><].L A B BK}L B
Figure 2.6. The s0(2N) tensor when k = 1.

combination of tags is given in figure Similarly we can represent the second summand

diagramatically. See figure [2.8]

Figure 2.7. The only possible assignment of A and B when k = 2.

4 a v 4 4 a v A4 4 a v 4 4 a v A
BB><;LB BﬁiuB st<u3 Bﬁ><p,B
Figure 2.8. The s0(2N) tensor when k = 2.

In this case the equality may be weighted with any factor because whena = =y =v
we get zero. If we choose the factor to be %, as we did in the beginning of this subsection,
diagramatically the coefficient Tfﬁ may be expressed as in figure Note the last four
terms in figure 2.9 can be simplified to figure [2.10] by the property of the double headed
arrow. What this means is that for the particular combination of tags shown in the
diagram, the coefficient is 1 whenever o = v and (3 = p, regardless of the relative order

between « and /.
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y a\_/ A 4 « v B B « v 4 B o v B
? < A B/L\p A_ A B><p B o B B><p A—I_ B Bjip B
A a v A 4 «a v A A v A A a v A
N~ 7
o B |3><p B—|_ B Bjip B —|_ B B)\p B_ B p ! n B >

Figure 2.9. The s0(2N) tensor.

A o v A 4 o v A4

S ><
B P~ ™u B B p u B

Figure 2.10. The last four terms from figure can be simplified to this figure.

2.3 sp(2N)

One decomposition of sp(2/N) into positive root spaces, negative root spaces, and Cartan

subalgebra is as follows:

ny = span{my; —mjynin:1<i<j<N}pU
span{m; j+n + mjipn 1 <i < j< N}

n_ = span{m/ —m"IN 1 <i<j<NIU
span{m?/ ™M £ m NI 1 < << N}

h = span{m; —myinitn 11 <0 < N}

For sp(2N) (with two copies b)) h® of the Cartan subalgebra, see section we

use the basis {e;j} for n, @ h and {f¥*} for n_ @ h@, where 0 < i < j < N and
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k = 1,2, such that if we let z;;, = 7(e;j%) and 9% = 7w (f7*%) we get:

Tij1 = Myj; — MjLNi+N, where ¢ S ]

Tijo = My jpN +Mjipn, Where ¢ < j

Ul = %(myZ — m NI Cwhere i < j

52’]’2 _ (%)Jij+1(mj+N,i + mi+N7j)7 where i < j

The arrow is, by equation (|1.2)), identified with

| 1 g ) )
Z Tije ® ézjk + 5 Z (mzz _ szrN,erN) Q (m“ B mi+N,i+N)-

1<i<j<N 1<i<N
k=1,2 - =

If we look at the coefficient Tfﬁ we get:

T o= ) (M) > () (i),

1<i<j<N 1<i<j<N

1 i 7 7 v
*3 > (m = m NN (g — )

1<i<N
L\ 50 | S A j v v
= Z((?MH(W]% — SN SIENY (6785 — 0 N it )

i<j

1. 50 . , . .
+(§)6 TGP 4 00T G ) (87 8 g+ 0 Gi )

The extra factor of % in the second product is due to the fact that (w0, ) = 4.
Like in the case of s0(2/N) we assign tags A and B to the four corners to indicate which
set each of «a, 3, p and v belongs to. The only possible labellings are the same as the
ones for s0(2N). (See figures and for the cases k = 1 and k = 2, respectively.)
Following the same steps as in the s0(2/N) case we can see that the sp(2/N) tensor may
be given as in figure Note that it is almost the tensor for s0(2N) except for some
sign difference. The last four terms in figure can be simplified to figure by the

property of the double headed arrow.
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p 1
A 4 « v B

y A a\r/v >< B (x><v A—I_ B ajiv B
2 A B/L\p A A4 B } u B B B n A B B u
A a v A 4 «a v A

A(x\_/vA 4 o v 4
—|_B|3i pB+BBKpB+BB/‘_\pB+BB><p

=

=

Figure 2.11. The sp(2N) tensor.

A o v A 4 «a v A
N

BB/_\pB+BBXpB

Figure 2.12. The last four terms from figure 2.11] can be simplified to this figure.

2.4 502N +1)

In this section, given a (2N + 1) x (2N + 1) matrix we count the rows and columns

starting from 0.

ny. = span{m;o—moisn:1<i< N} U
span{m;; — mj NN : 1 <1 <j < N}U
span{m; j;n — mjiynl <1 < j < N}

n_ = span{mgo; —miyno: 1 <i < N}U
span{m?’" — mANITN 1 << < N}U
span{m?/ ™ — NI 1 << j < N}

h = span{m;; —mynitn 1 < i < N}

We fix a basis of §0(2N + 1): e, [, €ij1, [, eijo and f92 where 0 < < j < N.

Letting x = w(e) and & = 7(f) we have:
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Tio = My0 — Moi+N

Tiji = Mij — MjiNi+N, Where 1 < j
Tije = MyjN — Mjiyn, Where i < j
i0 1
§ = §(mo,z’ - mi—l—N,O)
5111 — (5)6 J+1<mj,z _ mZ+N,]+N), where i < j
gz]Q — (5)5 J+1(mJ+N,z . m’+N’]), where i < j

The coeflicient Tfl’j is then given as

Ty = Y (€3 wio) + D (€7 (@),
1<i<N i<

1 ; . .
+§ Z(mu _ mH—N,H—N)g(mM o mi—&-N,i—i—N)Z
)

1 4, .
= D (G(=0%NG 4 6706,) (87,0 — 50,0 n)

— "2
(5]
1 ij | St % j v v
()"0, = 0NN (07 0 — 0w i nn)
1 iJ A j j 7 v v
H(G)" (NG + NG ) (670w = 0 0iv )

Using U, A and B to denote the sets {0}, {1,..., N} and {N +1, ..., 2N} respectively,
we can follow the same steps as in s0(2/V) to get a diagrammatic representation of 7, 5,’; .
The result is given in figure [2.13] Like for so(2n) the last four terms can be simplified to

the two terms in figure [2.10

29



A4 « v A A4 « v U U a v
! _B B><p

A4 « v A A4 « v B B « v A B « v B
+ _B B><p

v A4 A

+ (x\r/vA A(x><vA
BB}\HB BBT w B

|
[o+]
=
X
=
[o+]
+
[o+]
=
: : —>>,
=
[o+]

Figure 2.13. The s0(2N + 1) tensor.

2.5 Composing the weight systems with the averag-
ing map

Let an unoriented chord diagram with skeleton I' be a diagram with unoriented chords
joining distinct points of ', and A(T") be the space of (unoriented) chord diagrams modulo

AT

Figure 2.14. The 4T relation. Like in the figure for the 6T relation the part of the

diagram which is not shown is the same for all terms.

—

We define the averaging map from A(I") to A(I") as follows:

Definition 2.5.1. The averaging map a takes a chord diagram to an arrow diagram by

summing over all possible ways to direct each chord. (See figure for’ an example.)

It can be shown that a is well-defined, i.e., a maps the 47T relation to a linear combi-

nation of the 67 relation.
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Figure 2.15. The averaging map.

Let A(I') be the vector space of unoriented chord diagrams on I' modulo the 4T
relations. We know that metrized Lie algebras give us weight systems on A(I"). (See
[BNT] and [BN2].) If we have a weight system on A(T), then composing it with the
averaging map a gives us a weight system on A(T"). (4T is a consequence of 6T by
repeatingly applying the averaging map.)

Since a complex simple Lie algebra g has both a metric and a standard Manin triple
structure, it gives us both a weight system on A(I") and a weight system on ff(F) Haviv
([Hal) proved that composing the latter with the averaging map gives us the former at

the universal enveloping algebra level. In the rest of this section we compose the formulae

we obtained in the previous sections with the averaging map to show the following.

Formulae. Composing our combinatorial formulae from the previous sections with the

averaging map gives us the formulae for weight systems on chord diagrams mod 4T found

in Bar-Natan’s [BN1).

We will look at each case separately. For gl the unoriented tensor is calculated as in
figure [2.16] Note the absence of restrictions on the values of unconnected Greek letters
give us the weight system as given in [BNT].

For sp(2N) we have figure 2.17, which again is the weight system given in [BNT].

For s0(2N), we have figure 2.18, We consider a new basis w; so that v; = M(w;) of
C?N, where

il il
(2.1)

Sl

-1 -1
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v o v
o+
> A, ; .
B NPl
(N

Figure 2.16. The unoriented gl(N) tensor.

y A a\_/v A A (1\_/\/ A B a\_/v B B a\_/v B
2

A P T~u 4 B B~/ ™~n B 4 p~ ~p 4 B B TNp

A «a v B B o v A A o v A4 B v B
- < = X+ + >
4 p wB  Bp noA B B noB 4 B o

o3

R

Figure 2.17. The unoriented sp(2N) tensor.

y b ~ - A (x\_/v A B u\_/v B B a\_/v
2

A4 P T~p 4 B p~/ ™~u B A P77 ~p 4 B p~" ™~u B

4 «a v B B« v 4 4 a v 4 B a v B

A B><|.1 B B [3><|.1 A B [3><p B A B><|.1 A >
Figure 2.18. The unoriented so(2N) tensor.

and [ is the N x N identity matrix.
Note M is a unitary matrix, so w’/ := w} = (wj,.) where (.,.) is the inner product
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O ey, Y gy =7 ¢k We therefore have the following relations for 1 < j < n:

v = \%(iwj — Wj+N) (2.2)

vien = 5(—iw; — wjin) (2:3)

o = Ja((iw; —wyen, ) = J(—ind —wt) (2:4)
VItN — \%((—iwj — Wiy, )) = \/%(iwj — wItN), (2.5)

We consider this change of basis diagramatically. Consider, for example, figure [2.19]

It gives us the tensor

N
E V'@V Q@ ujyy Q ;.
Z'7j

Expressed in the new basis, we have
4 Y (i’ —w ) @ (iw' — wtN) @ (—iw; — wiin) © (iw; — wjyn),
‘7j

which can be expanded into a sum of 16 terms by distribution. Expressed diagramatically
the sum above becomes the sum of the 16 diagrams in figure [2.20, where constants may
be factored out of the diagram (figure . If we allow for “distribution of tags”, the
sum in figure 2.20] can be contracted to one diagram, as shown in figure 2.22

A « v A

BB><pB

Figure 2.19. One of the term that appears in the s0(2N) weight system.

Following this procedure, whenever an A appears at the head of an arrow which is
part of the skeleton we can replace it by iA’— B’. Similarly we can replace B by —iA’'— B'.

If they appear at the tail of an arrow that is part of the skeleton, however, we replace

A and B by —iA’ — B’ and 1A’ — B’, respectively, by equations (2.11)) and ({2.12]) above.

If we expand each of the diagrams linearly we obtain the same result as in [BN1]. See

figure [2.23]
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-
x
2
<
RN
RN
2
<
=
RS
=2
=
o]
x
2
<
RN

Figure 2.21. Constants may be factored out of a diagram.

-iA"-B'a v iA"-B'

-iA"-B'p u id-B'

Figure 2.22. The sum in figure [2.20] expressed as one diagram if we allow for

“distribution of tags”.

For the case s0(2N + 1) we use the change of basis matrix

V2 0 0
0 il —il

Sl

0 -1 -1
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“(9" + o“f Y |
p u BY /H
1 A a\_/v A A a\_/v A a\_/v B B a\_/v B
2 4 B~ 4 B B~ ™~un B B ~u 4 B B~ ~nu B
A4 «a v B B « v A A4 « v A B « v B
A [3><|.1 B B B><|.1 A4 B><|.1 B A [3><p A
— i i -id'-B ’0:\_/\! iA-B’ —l_ -id"-B '&\JV iA"-B'
2 4
iA-B' B~ -id-B' <iA"B'B " id"-B'
—|_ iA-B’ (I\_/V -id"-B' —|_ id"-B’ &\JV -iA-B’
iA-B' B~~~y -id-B' <iA-B'B " id-B'
-id"-B"a v -iA"-B' iA-B' a v iA"-B’
id"-B' [3><y id"B'’ -id ’-B'B><p -id"B'
-id'-B"a v i4-B’ i4-B' a v -iA"-B’
-id '-B’B><y iA"B' id"-B' [%><p -id"B'
’ A a\_/\f _4—|_ A a\_/v A B a\_/v B B a\_/v
2 A" B~ 4" B B~ ™~u B AP ~pn 4 BB TN
A" o v A A" o v B’ B« v A B a v
8 e el e
1 “><V
2 (PNT! p n

Figure 2.23. Calculating the unoriented s0(2/N) tensor in the new basis. The third
line is obtained from the seond line by expansion and cancelling. The fourth line
is obtained from the third line by realizing that the latter is the former broken into

cases.
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The change of basis is therefore given by

vy = W (2.7)

v; = \%(iwj — W) (2.8)

virn = 5(—iwj — wjiw) (2.9)

W0 = (2.10)

v = (i — wyew, ) = J5(—iw —wi ) (2.11)
ItN — \%((—iw]’ — Wi, ) = \/Li(iwj — @It (2.12)

Like for so(2N), we replace A and B at the heads of arrows which are parts of the
skeleton by iA" — B" and —iA’ — B’, respectively. If they appear at the tail of an arrow
that is part of the skeleton, we replace them by —iA" — B’ and 1A’ — B’, respectively.
All U’s are replaced by U"’s. The change of basis can be expressed diagramatically as in

figure [2.24] We get the same expression as in Bar-Natan’s [BN1J.
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1 U u\_/v L+ B a\_/v B B a><v U U a><v B
2 A B~ ™ 4 UBr ~u U UBp T | 4 B w U
+ A u\_/v 4—|_ U a\_/v U U a><v A A (x><v U
UPBr ™~u U B p~" ™u B B P T UBp n B
+ A a\d/v 4—|_ A Q\JV A+ B G\JV B + B Q\Jv B
A B~ ™ 4 B p~" ™u B A P77 T~ 4 B B~ ™ B
4 o v B B « v A 4 « v A B «a v B
4 [3><p B B [3><|.1 A B [5><p.1 B A [3><p 4
o U u\_/v L+ A a\_/v A+ U u\_/v U —i_ B a\_/v b
2 4! B/—\u 4! L’ B/—\H b.'ﬂ Bﬂ B/—\P Br Lr B/—\“ LF
U« v A A a v U U a v B’ B' a v U
A’ [3><|.1 u U B><p.1 A’ B’ [3><p U U B><|.1 B’
4 a\_/v A A a\_/v 4 B a\_/v B B a\_/v B

= - Pl
2 BN p u

Figure 2.24. Calculating the unoriented so(2/N + 1) tensor and expressing it in the

new basis.
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Chapter 3

Dimensions of A,(1) and of Their

Images in Classical Lie Algebras

In this chapter we present results from computations, done jointly with Dror Bar-Natan,
of the dimensions of ffn(T), for 1 < n < 4, and of the ranks of weight systems coming
from all classical Lie algebras (using their standard Manin triple structures) and all
representations. These ranks measure how well the standard Manin triple sturctures on
classical Lie algebras capture /fn(T) To consider all representations, instead of fixing
a representation V' and considering a weight system as a map from ffn(T) to End(V),
we do not choose a particular representation and we take our weight systems to be
maps from A, (1) to U(g), where g is the Drinfeld double obtained through the standard
construction presented in chapter[I] To do our computations for all classical Lie algebras
gl(N), s0(2N), so(2N + 1) and sp(2N) for all N, we construct intermediate spaces where
the parameter N does not appear but through which each weight system factors. We

will explain how this is done in the following section.

In this chapter we use the Poincare-Birkhoff-Witt Theorem and the notion of a PBW-

basis. The reader may refer to chapter 17 of [Hu| which covers these topics.
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3.1 What to do with N?

3.1.1  gI(N)

We first define a map T 5y, from A, (1) to U(gl(N)). Let D be an element of A, (7).
We find Tj; ;i ny (D) as follows. At the tail and the head of the m!" arrow (how the
arrows are ordered is not important) we put the letters fm and e, , respectively, so
in the end we have a word where each of the letters fJt, ..., finin e; . ... e; ; appear
exactly once, with the understanding that for each k, i, < j.. To get TU(Q[(N))(D) we
sum over all possible values of the indices to find 7, Ui N))(D). For example, for D in

figure , the word is f"9%e; ;, f272€;,;,. Let Wi j1ij, denote the word. We have

1
U(g~[(N))<D) = Z (§>qm1jli2j27

1<im,jm<N
im<jm

where ¢ is the number of m such that i,, = j,,. (The factor % is due to such an element

being in the Cartan subalgebra.)

\ 4

Figure 3.1. A diagram in A5(1).

Once a PBW basis is fixed (for example, gl, before gl_, with pairs of indices ordered
in lexicographic order), each summand in 75(D) can be PBW-reduced, and we can
calculate the dimension of the image of T We observe that in g[ reduction to PBW
basis is independent of the actual indices; rather what is of material is the order of the

indices relative to each other.

Example 3.1.1. The PBW reduced word for ei3f**ess can be obtained from the PBW
reduced word for eisf3%ers by replacing 3 by 2, 5 by 3, 6 by 4, 7 by 5, and 8 by 6.

This motivates our definition of the following vector space.
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Definition 3.1.1. Let V' be the space spanned by generators (k)W where the following

conditions are satisfied:

1. W is a string of letters of the form f%9) or eujy, where i,j are natural numbers

greater than or equal to 1 and @ < 7.
2. k 1is greater than or equal to the largest index which appears in W.

V(g[) is the space V- modulo relations between generators. The relations are
(k)S1(esyeia)) Sz — (F)S1(epq eiig))Sa = ¢ijpg (k) S1(€(rs) ) S,

(k)S1(f) f 1) Sy — (k) Sy (f29) f997)Sy = 4279 (k) Sy (f 7)) Sz, and
(k)S1(f P e(pq)) Sz — (k) S1(eqpay f ) Sz = cif s (RYSL(F ™) Sa = 757 () S (er)) S

where Sy and Sy can be any pair of strings of letters (which may even be empty). The

constants ¢j3 . and yP1 are structure constants from U (gl(N)) so that

(€37, €pa] = Cljpqers and [, fP] = P9 f7.
Equivalently,

— 60085 — 6,:076% and 4P = §19578) — 6P 518,

ZJ pq

Note. By thinking of (k)ey; and (k)" as regular elements in al(k) we can see that as
a vector space V (gl) is isomorphic to

P uik)

k=1
where the (k) in front of W indicates which U(gl(k)) the word W belongs to. It is worth
noting that we do not want to identify the sum of two words (k)W + (k)W with the
same tag (k) with

(k)(W1 4+ Wa).
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(Such a term is not even an element of V.) Nor do we want to define multiplication in
V' by juxtaposition
((F)W1) - ((kYW2) = (k)W W,

where W1Ws is the concatenation of the two words Wy and Ws. Such a multiplication

would not commute with the interpretation map vy defined below.

The relations are symbolically the same as the bracket relations in 5[. Like in a
universal enveloping algebra we can define a PBW basis for V(g[). (Consider the vector
space isomorphism between V (gl) and D, U (gl(k)).) The interpretation of an element
W € V(gl) is that it represents the sum of all words in U(gl(N)) such that the relative
order of indices inside angled brackets are observed. To be more precise, given any N we
can define an interpretation function ¢y from V(gl) to U(gl) as outlined in the following
paragraph.

..........

indices removed.) We define an “interpretation function” vy from V(gl) to U(gl(N))
which is given by

LN - <k>W<n1 ,,,,, np> — ZWf(nl) 77777 f(np)- (31)

The sum ranges over all functions f: {1,...,k} — {1,..., N} such that i < j & f(i) <
f(j). If k> N we sum over an empty set and get 0. Such a function can be thought of

as giving actual values to the abstract indices while observing their relative order.

Proposition 3.1.1. For each N, vy : V(gl) — U(gl(N)) is well-defined, i.c., a relation

in V (gl) is mapped to a relation in U(gl(N)).
Proof. Take, for example, the relation
(k)S1(eijyep)S2 — (k)S1 (e es))S2 = € pg(k)S1(ers)) G-
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The function ¢y takes the left hand side to
pCHETIE, )53 — sf(e eriniin)ST)
1\EF@) () EFP)f(a))22 1\Er () f()CF () f())P2
!
(where the sum is over all functions f: {1,...,k} — {1,..., N} suchthat i < j < f(i) <
f(5), and S7 and SJ are obtained from S; and S, by removing the brackets around the
indices and replacing each index i by f(i)). The right hand side is mapped to

Y St (€s15(9) S5 (3.2)
7

Note that, since each f we sum over is an injection, we have

_ T cs r fr) f f(r) s£(s) f(r)f(s)
= 0;p0; 5 5qi5p5 = 05()f(p 5 5 - 5f(<1)f(i)5f(p)5fj D),

U Pq

Therefore we can rewrite (3.2)) as

f(T)f(S) f
Cri (), f(p)f(q)S (€5 ()5 -

f

and ¢y maps the relation

(k) S1(€ij epg))Sa — (k) S1(epgyeiy) Sz = ¢ pg (k) S1(e(rs)) S

to
f(r)f(s) f
> (ST (esmrriermra)St = ST(ermraermsd)Sh) = Y Chotin e raSi (€rmr)Si,
f f
which is a relation in U(gl(N)). We have similar proofs for the other relations. O

Equivalently ¢n can be given as
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In the definition above it is understood that whenever m < n, (7:) = 0. Note that
in the process of PBW reduction some indices may disappear. For example, f*3e;3 =
e13f? — e1a, where 3 does not appear in the second term on the right. We therefore add
an extra piece of data (k) to keep track of the number of distinct indices we started with.
This information is not superfluous. For example, when mapped to U (5[(7)), the index
2 in ¢7((2)eq2y) can take on the value 7 in some of the summands, while the index 2 in
t7((3)e12y) never takes on the value 7. The coefficients on the right in equation ({3.3)
above are there to represent the number of possible ways we have in choosing the value
of the indices which get hidden in the process of PBW reduction. In what follows we
summarize how we find the image of a diagram with n arrows in V(gN[). First we make a

definition.

Definition 3.1.2. An order type on a set S is a function 7 : S — N\{0} such that if

ny < ng and ny € 7(S), then ny € 7(5).

We can think of an order type on S as an ordering of elements in S, such that for any
s1,82 € 5, 51 < s9 iff 7(s1) < 7(s2). (Different elements of S may be considered equal
in a particular ordering.) This function is minimal in the sense that there are no gaps in

the image of 7.

Definition 3.1.3. The function Ty, A, (1) — V(gl) is given as follows. (Steps Al to
A5.)

Al. We label the arrows aq, ..., a,.

A2. For each arrow a,, we put the letter f'/m at its tail and the letter e;, ;. at its

head.

A3. Given that the skeleton is an oriented line, we follow the orientation to string

together the letters from the previous step to form a word W.
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A4

Ab5.

We consider the sum

> erlp) W

T

where the sum is over all order types on the set {iy, ji, ..., s, jn} such that for each
m, T(im) < T(Jm). Wr is obtained from W by replacing each e;; by e(;¢) ;) and
each 7 by f{r@70) The term p, is max({7(i1), 7(j1), ..., 7(in), 7(jn)}) which is
the number of distinct values that the indices take on. The term c; is given by (%)q
where ¢ is the number of m’s such that 7(i,,) = 7(jn). (The factor 1 is due to such

an element being in the Cartan subalgebra.)

We reduce each W, to a linear combination of PBW basis elements.

We compare the above with the algorithm which finds T}, 5 ) (D).

Definition 3.1.4. The function Ty

) A,(1) — U(gl(N)) (the “universal gl(N)

weight system”) is given as follows. (Steps Bl to B5.)

Bl1.

B2.

B3.

B4.

We label the arrows aq, ..., a,.

For each arrow a,, we put the letter f'm at its tail and the letter e, ;. at its

head.

Given that the skeleton is an oriented line, we follow the orientation to string

together the letters from the previous step to form a word W.

We consider the sum
AL
]

where the sum is over all functions ¢ : {i1,j1,..., %, Jn} — {1,..., N} such that
for each m, ¢(im) < ¢(jm). Wy is obtained from W by replacing each e; ;. by
€olim)b(im) aNd each fimim by folim)Um)  The term c, is given by (1)? where ¢

im

is the number of m’s such that ¢(i,) = ¢(jim). (The factor i is due to such an

element being in the Cartan subalgebra.)
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B5. We reduce each W, to a linear combination of PBW basis elements.

Each word W obtained in step B4 corresponds to exactly one word (p,)W, obatined
in A4. (7 is the unique order type on {i1, j1,. .., in, jn} for which 7(i,,) (or 7(j,)) is less
than or equal to 7(ip,) (or 7(jm)) if and only if ¢(iy,) (or ¢(j)) is less than or equal to
G (i) (or ¢(jmr)). The tag p, is then the cardinality of the image of ¢.) Given U(gl(N)),
cyWy is one of the summands of tx(c (p;)W:) (See step A4). We therefore have the

commutative diagram:

—

An(1)

T ~

y iTU@(N»
V(gl) — U(gl(N))

By considering the map

D v Viah) — P U(sl(m)),

and the direct sum of weight systems

N N
EB TU(g~[(m)) : "In(T) - EB U(gl(m)),
m=1 m=1
we have
A (1)

T ~
V(gD
/ l@%zl TU(ﬁl(m))

V) —= D Ulal(m))

69%:1 tm
From this diagram we have, for each N,
N

rank (17, 5) = rank(@ Ty aitm))- (3.4)

m=1

In section we will show that for N > 2n the inequality above becomes an equality.

3.1.2 The Other Classical Lie Algebras

Let g be a Manin triple of type so(even), so(odd) or sp. We define V(g) in a similar

manner. In the definition below each ey or ey stands for ey (for V(so(odd)) only),
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€)1 Or €gjy2. (ews1, for example, stands for e;;; where the only information we keep is
the relative order of ¢ and j, between themselves and with respect to indices from other
letters in the same word. The reader may refer to chapter [2 for an explanation of the
notations e, €1 and e;j2.) Similarly each £ or £ stands for f@° (for V(s0(odd))

only), f@t or fli@12 The terms ¢l and 7 are corresponding structure constants.

Definition 3.1.5. Let V' be the space spanned by generators (k)W where the following

conditions are satisfied:

1. W is a string of letters of the form f or ey, where i,j are natural numbers

greater than or equal to 1.
2. k is greater than or equal to the largest index which appears in W.

V (g) is the space V' modulo relations between generators. The relations are
(k)Si(emes)Se = (k)Si(ewem) S = (k)Si(e e) s,

(k)S1(f FN) Sy — (k) Sy (f® f11) Sy = (k) S1 (7, f) S, and
(k)S1(f " er)S2 — (k)Si(ew f) Sz = ¢ (k) Sy (f)S2 — v (k) S1(eq) Sa,

where Sy and Sy can be any (even empty) string of letters.

Like in the 5 [ case, the relations are symbolically the same as the bracket and cobracket
relations. We define functions ¢y which map V(so(even)), V(sp) and V(so(odd)) to
U(50(2N)), U(sp(2N)) and U($0(2N + 1)), respectively, in a way similar to the gl casc.
(The maps ¢y take an element from V to the sum of all ways to assign actual values
to indices within brackets while respecting their relative order. The proof that such
maps are well defined is similar to the proof of Proposition ) The following is the
algorithm for finding Ty (g (D) given D € A,(1).

Definition 3.1.6. The function Ty ) : ffn(T) — V() is given as follows. (Steps Al to
A5.)
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Al.

A2.

A3.

A4.

Ab.

We label the arrows aq, ..., a,.

For each arrow a,, we put the letter fimJmbm at its tail and the letter e;, . 1. at

its head. (If k,,, = 0, then j,, is empty.)

Given that the skeleton is an oriented line, we follow the orientation to string

together the letters from the previous step to form a word W.

We consider the sum

> erlp)Ws

Tkm

where the sum is over all order types on the set {iy,ji,...,%n,jn} such that for
each m, 7(iy,) < 7(jm) and k,, = 1,2 (for so(even) and sp) or k,, = 0,1,2 (for
s0(odd), keeping in mind that j,, is empty when k,, = 0). W, is obtained from
W by replacing each ez by e(-(i) -y and each fi% by fr@760k  The term p,
is max({7(41),7(j1),...,7(in), 7(jn)}), which is the number of distinct values that
the indices take on. The term ¢, is given by (%)‘1 where ¢ is the number of m’s such
that k,, = 1 and 7(i,) = 7(jm). (The factor 1 is due to such an element being in

the Cartan subalgebra.)

We reduce each W, to a linear combination of PBW basis elements.

Like in the last section we compare with the following algorithm which maps a diagram

D to actual universal enveloping algebras. If we let g be a Lie algebra of type so(even),

sp, or s0(odd), we use g(N) to denote 50(2N), sp(2N), or s0(2N + 1), respectively.

Definition 3.1.7. The function Ty gy : A,(1) = U@(N)) is given as follows. (Steps

BI to B5.)
B1. We label the arrows aq, ..., a,.
B2. For each arrow a,, we put the letter fimJm#*m at its tail and the letter e, j, . at

its head. (If k,,, = 0, then 7, is empty.)

47



B3. Given that the skeleton is an oriented line, we follow the orientation to string

together the letters from the previous step to form a word W.

B4. We consider the sum

> Wy

&:km
where the sum is over all functions ¢ : {i1,j1,..., %, Jn} — {1,..., N} such that
for each m, ¢(i,,) < ¢(jm) and k,, = 1,2 (for 50(2N) and sp(2N)) or k,, = 0,1,2
(for s0(2N + 1), keeping in mind that j,, is empty when k,, = 0). W, is obtained
from W by replacing each e;j, by e4().6()1 and each fi7% by f¢@¢0)* The term c,
is given by ()7 where ¢ is the number of m’s such that k,, = 1 and ¢(i,) = ¢(jm)-

(The factor % is due to such an element being in the Cartan subalgebra.)

B5. We reduce each W, to a linear combination of PBW basis elements.

Like in the 5[ case any word W, obtained in B4 corresponds, through ¢y, to exactly

one word (p,)W, obtained in A4. We therefore have the commutative diagram

A (1)

Ty (5) N
/ @mzl TU(E(””»

Vg —= D, U(a(m))

®an:1 tm
The above implies

N
rank(Tyv () > rank(@ Tsm))- (3.5)
m=1

When N > 2n, as in the 5[ case, the inequality above becomes an equality. This is
the topic for the next section. After that, in section [3.3] we will present results of our

computations on the rank of the map

A (1) = V(gl) @ V(50) ® V().
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3.2 The Rank of 7y and the Rank of the Weight
Systems

In this section we relate the rank of Ty to the ranks of the actual weight systems. The

first step is the following proposition.

Proposition 3.2.1. Let Vi be the subspace of V' spanned by elements (k)W such that

k< K. The map @le Ly, restricted to Vi s injective.

Proof. We fix a positive integer K and consider a linear combination of distinct words

such that each k; < K. Let k = min{k;}. We consider the map

@Ln : V(E[) — @U(g[(n))

and suppose
U1 b...P LK(Z Oéz<kl>Wl) =0.

This implies, in particular, that

Lk(z oy (k)Y W;) = 0.

By our choice of k, if k; # k, k; > k. By (3.1)), the above is given by

S an(E)W) = > (k)W)

i for which k;=k ¢ for which k;=k

If W; is a word whose list of indices is {ni,...,n,} (we denote it by Wiy, . 5,)), then we

.....

have

where W,

.....

np)y Dy removing all brackets

,,,,,

around indices. We denote the word obtained from W in such a manner by W/ and we
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have

Z aiVVi' = 0.

i for which k;=k
Since the W/’s are distinct PBW-reduced words in U (gl(k)), we must have all a; = 0,
whenever k; = k. By induction all ;’s in the word given in (3.6) must be 0. Therefore

@5:1 L, must be injective when restricted to Vi. O

If D is a diagram in /Tn(T), since each arrow is responsible for at most two distinct
indices, Ty (D) contains only terms of the form (k)W where & < 2n. The function
@727?:1 tm therefore maps the image of Ty, injectively to @727?:1 U (g[(m)) This together
with give us the following corollary.

Corollary 3.2.1. The rank of Tv@) on /Tn(T) equals to the rank of the direct sum of

weight systems

P Ty A1) — P U(gl(m)).

An important implication of the corollary above is that the weight systems coming
from 5[(1), . ,g[(Qn) capture the FULL strength of all EI(N) weight systems on A,. The
corollary above was proved for 5[, but by similar arguments and 1’ we can also show

the following.

Corollary 3.2.2. 1. The rank of Ty ) on f(n(T) equals to the rank of the direct sum
of weight systems

2n 2n

D Tam : Au(1) — D Ush(2m)).

m=1 m=1

2. The rank of Ty (so(cven)) ON Kn(T) equals to the rank of the direct sum of weight

systems

B Teom : A1) — DU So(2m)).

m=1

50



3. The rank of Ty (so(odd)) 0N A'n(T) equals to the rank of the direct sum of weight

systems

2n 2n
B Teoemsn : A1) — EP Ulso(2m + 1)).
m=1

m=1

3.3 Results

In this section we present our computational results. We consider the direct sum of all

classical Lie algebra weight systems:
Ty =Ty Gy © Tv(so(even)) D Tv (so(0dd)) D Tv(sp)-

Given a diagram D € A,(1), Ty takes D to V(gl) @ V (s0(even)) @ V (s0(odd)) ® V (sp).
The rank of Ty on /(n(T) measures the dimensions of f(n(T) seen by the standard Manin
triple structures on classical Lie algebras. To get a better strength out of the weight
systems, we compute the rank of (Ty @7y ) o A. For the reader’s reference we also present

the rank of the g[ weight systems alone. Our results are contained in the following table.

n 11 2 3 4

Number of generating diagrams 2112|120 | 1680

Number of 67-relations 0] 6 | 120 | 2520
dim(A, (1)) 2| 7] 27 | 139

dim(Ty, 5y (A, (1)) (no coproduct) | 2| 7 | 27 | 118
dim(Ty, gy @ Ty o) © AAL(T)) || 2| 7 | 27 | 122

(
dim((Ty @ Ty') o A(A,(1))) 21 7| 27 | 125

Comments:

1. In computer programming bugs are always a possibility. We therefore welcome and

appreciate independent verification of our numbers.

2. The third row of the table contains the number of all 67-relations generated using

our algorithm. They are not the number of independent 6T-relations.
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3. The doubled Cartan is necessary to get the dimensions listed above, i.e., we do not
want to take the further step 7 : U(§) — U(g). In particular, the subspace of Ay(7)
seen without the doubled Cartan has dimension 6. The kernel is spanned by the

diagram in figure [3.2]

v
A\ 4

Figure 3.2. Without the doubled Cartan subalgebra this non-trivial element of

—

As(T) is mapped to 0.

4. Since 125 < 139, our results suggest that the standard Manin triple structures on

classical Lie algebras do not detect all diagrams of degree 4.

5. For degree n = 4 the rank 125 can be obtained just by using Manin triples of type
gl and $0(2N). In other words, including sp and §6(2N + 1) does not lead to a

higher rank.

6. We also computed the weight system arising from the triangular Lie bialgebra
structure on sl(2), with r-matrix H A E (Example 2.1.8, [CP]). The image of
this weight system on fﬁ(T) has dimension 20. When restricted to the kernel of
the classical weight systems, its image has dimension 3. We also computed the
CYBE weight system on all degree-4 diagrams, and the resulting dimension is 1.
This provides evidence with non-trivial » that, given a triangular Lie bialgebra, the

CYBE weight system is different from the Drinfeld double weight system.
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Appendix A

Sample Calculations in the Defining

Representations

Figure A.2. Calculating the gl(IN) weight system.

We now do some sample calculations. In this section the skeleton is always a circle
oriented counterclockwise. First we calculate the two diagrams shown in figures

and using the gl(N) weight system. For the first picture, each triple («, 3, u) €
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{1,...,N}? such that a < 8 < pu gives us a value of either 1, % % depending on
whether o = 3 or 8 = u. Therefore the diagram should have weight a + %b—i— ic, where a
is the number of triples («a, 3, pt) such that o < 3 < p, b is the number of triples («a, 3, p)
such that « < = p or a = 8 < p, and ¢ is the number of triples («, 3, 1) such that

a = 8 = p. The number is
(5)+ () + 5
Using a similar argument we know the weight of the picture in figure is
2(3) +2(3) + 5,

so the gl(IV) weight system is capable of telling the two diagrams apart.

+

27
oM

Figure A.3. Calculating the so(2N) weight system. The first line gives us the only

possible combinations of tags.

Now we calculate the s0(2/N) weight of the picture in figure We assign tags A, B
to each arc following the rules from section 2.2 (see figure[A.3). (We want the combination
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of tags around each arrow to give us non-zero tensors.) For each assignment we have
one or four ways to resolve the diagram, and for a resolution with k loops we count the
number of k-tuples in {1,..., N} such that the inequalities as denoted by the double-
headed arrows are satisfied, bearing in mind that each equality comes with a weight %
The weights of the first two diagrams and the last two diagrams on the right hand side
of the first equation in figure are therefore 1(&) and $(—& — X+ &+ ((7) + &),

respectively. The weight of the diagram is therefore

1),

%)



Appendix B

A Partial Sample Calculation of

T, g0y On an Element of A5(7)

\ 4

Figure B.1. A sample diagram in A5(7).

Let D be the degree-2 diagram shown in figure [B.I We have

Sijtom gij,, gl
Ty iy (D) = Z (5)%07%8 fey; fren.
i<j k<l
1<i,j,k,I<N

Given the restriction ¢ < j, k < [, all possible relative orders on 1, j, k, [ are listed in
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table B.I] We can therefore write the following.

Lsos
Ty (D) = ()™ ey f*eq)
1 1
1) f M eqn f ey + Z<2>f<11>6(11>f<22>€<22> + Z<
1
(3) F M ey £ egomy + §<2>f<n>6(11>f<12>6<12) +
1

(2)f e fM P ey + 5 (8)f ey 1P

2>f<22>€<22>f<11>€<11)
(3) f ey f P eis)
<3>f<23>€<23>f<11>€<11>
(2) P e f ey + %<3>f B e1) [ egan) + 5(2) [P eqa) [P e
(3) M ey f P ess) + (4) f 1P ey [P esay + (4) f ez [P e

4) fMe1ay fPV e a3y + (4) F P e s f M eqay + (4) PV epny f P e s,
+<4>f<34>€<34>f<12>€<12) + <2>f<12>6<12>f<12>€<12> + <3>f<12>€<12>f<13>6<13>
+(3) 1P e 1) f® ey + (3) F1¥ ez f1 ez + (3) F 1 sy fP e o)

+<3>f<23)€<23>f<12>€<12) + <3>f<23>6<23>f<13>€<13> (B.1)

—~

+ ol

+
+

+
NN~ DN~

+
N RN RN =N -

~—

+

—~

Each term can now be PBW reduced by the relations of V(g[) given in Definition m
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Relative order on indices || 7(z) | 7(j) | 7(k) | 7(I)
i=j=k=1 1 1 1 1
i=j<k=1 1 1 2 2
i=j>k=1 2 | 2 | 1 |1
i=j<k<l 1 1 2 3
i=j=k<l 1 1 1 2
kE<i=j<l 2 2 1 3
k<l=i=j 2 2 1 2
k<l<i=jy 3 3 1 2
k=l<i<y 2 3 1 1
k=l=i<j 1 2 1 1
i<k=1<j 1 3 2 2
i<j=k=1 1 2 2 2
i<j<k=lI 1 2 3 3
1<) <k<l 1 2 3 4
1< k<jy<l 1 3 2 4
1< k<l<y 1 4 2 3
k<i<jg<l 2 3 1 4
k<i<l<y 2 4 1 3
k<l<i<y 3 4 1 2
i=k<j=1 1 2 1 2
1=k<j<l 1 2 1 3
i<j=k<l 1 2 2 3
1=k<l<y 1 3 1 2
1<k<jg=l1 1 3 2 3
E<i=l<j 2 3 1 2
k<i<jy=lI 2 3 1 3
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Table B.1. A table listing all possible orders of 4, j, k,[ given i < j and k < .
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