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This thesis consists of two parts. In the main part of the thesis we introduce an extension of the Alexander
polynomial to tangles, known as I'-calculus or Gassner calculus, which has appeared in [BNS13, Hal16]
and various talks by Prof Bar-Natan. Our main object of study is w-tangles, which we describe using
the language of meta-monoids (see [BNS13, BN15a, Hal16]). There is a map from usual tangles to
w-tangles and so an invariant of w-tangles induces an invariant of usual tangles. Using the language
of I'-calculus, we rederive certain important properties of the Alexander polynomial, most notably the
Fox-Milnor condition on the Alexander polynomials of ribbon knots [Lic97, FM66]. We argue that our
proof has some potential for generalization which may help tackle the slice-ribbon conjecture. In a sense
this thesis is an extension of [BNS13].

In the second part of the thesis, we study the associated graded space of w-tangles, which is the space
of arrow diagrams [BND16, BND14]. We describe an expansion of w-tangles, i.e. a map from w-tangles
to its associated graded space. The concept of expansions is inspired by the Taylor expansions, and
w-tangles have a much simpler expansion than usual tangles (for usual tangles an expansion is given
by the Kontsevich integral [Oht02]). There is a relationship between arrow diagrams and Lie algebras.
Using the expansion of w-tangles we recover I'-calculus by choosing a particular Lie algebra, namely the
two-dimensional non-abelian Lie algebra. We give a commutative diagram that summarizes the spaces

and maps involved. The second part of the thesis is more or less independent of the first part.
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Chapter 1

Introduction

The Alexander polynomial is one of the most important invariants in knot theory. Originally discovered
by Alexander in 1928 [Ale28], many things are known about the polynomial. For instance, it has a
topological description [Lic97], an interpretation as a quantum invariant [Oht02, KS91], and recently
has been categorified via Heegaard-Floer homology [0S04]. To compute the Alexander polynomial of
a knot with many crossings, one strategy would be to break the knot into smaller pieces called tangles,
find an appropriate extension of the Alexander polynomial to tangles, compute the said extension for
each constituent tangle, and then “glue” the results together. One can obtain an Alexander invariant
of tangles in several ways, which are roughly based on two perpestives: from the quantum invariant
point of view [Oht02, Sar15] or from the topological/combinatorial point of view [CTO05, Arc10, Pol10,
BNS13, BCF15, DF16].

One important aspect of knot theory is its implementation on a computer. For that purpose, two
definitions of the Alexander polynomial are particularly useful: in terms of R-matrix, i.e. quantum
invariant [Oht02], or in terms of Fox derivatives [Arc10]. These two formulations come from two
different perspectives. One perspective is based on the theory of quantum groups [Kas95] and the other
perspective is based on the topological definition of the Alexander polynomial, i.e. in terms of the infinite
covering space of the knot complement. In this thesis we introduce a new way to view a tangle: as an
element of a meta-monoid (Section 2.1) [BNS13, Hal16]. Namely, we can just decompose a tangle into a
disjoint union of crossings and then glue, or in our terminology, “stitch” the strands together to recover
the tangle, (with the caveat that we do not stitch the same strand to itself since we do not allow closed
components in the theory). Note that the use of meta-monoid structures allows us to describe a bigger
class of tangles, namely w-tangles (Section 2.2), which include usual tangles.

On the algebraic side we introduce a particular meta-monoid that gives us a tangle invariant known
as Gassner calculus or T'-calculus (Section 3.1). Roughly speaking, I'-calculus assigns to a tangle with
n components a Laurent polynomial and an n x n matrix whose entries are rational functions. In the
case where a tangle has only one component, we recover the Alexander polynomial. One can obtain a
topological interpretation of I'-calculus along the lines of the arguments in [CT05] and [DF16] but we
will not pursue that direction in this thesis. On a computer, I'-calculus is quite simple to implement (see
Section 3.1 where we also include Mathematica code) and it also runs faster than current algorithms
that compute the Alexander polynomial (although not by a substantial amount). One can think of I'-
calculus as a generalization of the Gassner-Burau representation [KT08, BN14a] to tangles (compare
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also with [KLIWO01]). In essence, we break the determinant formula of the Alexander polynomial into
a step-by-step gluing instruction with each step involving some simple algebraic manipulations. This
approach may play a role if one wants to categorify the invariant, which might lead to a simpler way to
approach the formidable Heegaard-Floer homology.

Chapter 6 is the main part of this thesis, which is devoted to giving a new proof of the classical
Fox-Milnor condition for the Alexander polynomials of ribbon (hence slice) knots [Lic97, FM66], using
the formalism of I'-calculus. Our ultimate goal is to say something about the slice-ribbon conjecture
[GST10], which asks whether every slice knot is also ribbon. Let us give a brief overview of our approach
(see [BN17] for more details). First of all, given a tangle 75, with 2n components, there are two
closure operations, denoted by 7 and « (Section 6.1), which gives an n-component tangle 7,, and a
one-component tangle 77, i.e. a long knot, respectively

Or in picture

[
R K
\ H -

A (1 .1 A2 A 20 [\ A/\
S, v

Now we have the following characterization of ribbon knots (Proposition 6.1), namely a knot K is
ribbon if and only if there exists a 2n-component tangle 75, such that x(7»,) = K and 7(75,,) is the
trivial tangle. More succinctly, if we denote the set of all m-component tangles by 7,,, then

{ribbon knots} = | J {K(Tzn) : Ty € Top and 7(Thy) = Uy, € n},

n=1

where U,, denote the trivial n-component tangle. Therefore if we have an invariant Z : 7, — A of
tangles, where Ay, is some algebraic space which is well-understood (think of matrices of polynomials),
together with the corresponding closure operations 74 and x4 which intertwine with r and «:

Z(5(Ton)) = ka(Z(Ton)),  Z(7(Ton)) = TA(Z(T2n)),

then we have an “algebraic criterion” to determine if a given knot K is not ribbon. Specifically, if
a knot K is ribbon then there exist some n and an element ( € Ay, such that Z(K) = x4(¢) and
74(¢) =1d,, € A,, or more simply

Z(K) € G ka(m1 (1dy)). (1.1)
n=1

We denote the set on the right hand side by R 4. Of course to have any practical values, we need to
make sure that R 4 is strictly smaller than .4;. Then a knot K is not ribbon if Z(K) ¢ R 4.

In [GST10] the authors propose several potential counter-examples to the slice-ribbon conjecture.
These are knots with a high number of crossings. Our long term goal is to construct a class of invariants
of tangles which are computable in polynomial time and behave well under the closure operations (and
some other operations) in order to test these counter-examples in the framework proposed above (see
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partial progress in [BN16a]). The simplest example of such invariants is I'-calculus, and condition
(1.1) yields the familiar Fox-Milnor condition, as to be expected since I'-calculus is an extension of the
Alexander polynomial to tangles.

The two main results in this thesis which are due to the author are

Theorem 1.1 (Unitary Property, see Section 6.2). Let 8 be a string link and X = {ay,...,a,} be a finite
set of labels of the bottom endpoints. Let p be the induced permutation. Then the bottom endpoints of 3
are labeled by (a1, as, ..., a,) and the top endpoints of 3 are labeled by (a1 p, . .., a,p) and suppose that the
invariant of 8 in I'-calculus is

w ‘ a - an,

o(B) = a:l M

Qn

Then we have
(MP)*QM? = Q(p),

and
w = wdet(M?P),
where the matrix Q is given by
(1—tg,)t 0 0
- 1 (1 %az)—l 0
A S A

and Q(p) is obtained from ) by permuting the diagonal entries according to the permutation p, i.e.

(1 —talp)*l 0 0
1 (1 —tap)™t -+ 0
Qp) = )
1 1 R (S P

Using the above theorem together with the characterization of ribbon knots (Proposition 6.1) we
obtain a new proof of the Fox-Milnor condition in the framework of I"-calculus.

Theorem 1.2 (Fox-Milnor [Lic97, FM66], see Section 6.3). If a knot K is ribbon, then the Alexander
polynomial of K, Ak (t) satisfies
A (t) = f6) ),

where = means equality up to multiplication by +t", n € Z and f is a Laurent polynomial.

Although the original proof of the Fox-Milnor condition [FM66] is quite short and elegant, we believe
our new proof offers several advantages as summarized below.

e The original proof also applies to slice knots and so cannot be generalized in order to tackle the
slice-ribbon conjecture. In contrast, our proof uses a characterization of ribbon knots which does
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not apply to slice knots, so it has potential for generalization. Although in the case of I'-calculus
we just obtain the Fox-Milnor condition, we hope that the techniques developed in this thesis can
be modified to work with a stronger invariant which will give us a genuine condition to distinguish
the slice and ribbon properties.

e With the framework of I'-calculus, the bulk of our proof uses just elementary linear algebra, which
is more accessible to the students.

e In our proof we also have an interpretation of the function f. More specifically, f is the invariant
of a tangle obtained from a tangle presentation of the ribbon knot (as given in Proposition 6.1).

So as it stands this thesis serves as a warm-up step in a long project and it also presents I'-calculus
(or meta-monoids in general) as a useful framework to study knot theory, which may deserve more
attention.

In Chapter 4 and Chapter 5 we also explain the general framework that produces I'-calculus as the
end result. Although one can define I'-calculus simply by giving the formulas, it is always instructive to
know where these formulas come from. The construction is based on two fundamental ideas: expansions
and the relationship between knot theory and Lie algebras. The concept of an expansion is inspired
mainly by Taylor expansions and the Kontsevich integral (see [Oht02, BN95, CDM12]) in knot theory.
Roughly speaking an expansion converts an object to a graded object. Graded objects are more desirable
to work with since we can study them degree by degree. In the case of Taylor expansions, we turn
an analytic function into a power series which is graded by the power of the variable. In the case of
the Kontsevich integral, we turn a knot into a series in chord diagrams which is graded by the number
of chords. An expansion maps a space to its associated graded space, which is our main object of
study. For the space of isotopy classes of knots, its associated graded is the space of chord diagrams (see
[BN95, CDM12]). The formula of the Kontsevich integral is highly non-trivial and its extension to tangles
requires the use of a sophisticated technology known as a Drinfeld associator (see [BN97, Oht02]). In
this thesis we will perform a similar analysis for w-tangles (Section 2.2). For w-tangles, its associated
graded space is the space of arrow diagrams (Section 4.2). An expansion of w-knots is much more
straightforward than an expansion of usual knots. Moreover the procedure naturally extends to w-
tangles, without the necessity of a Drinfeld associator.

Let us give a quick executive summary of the thesis. In Chapter 2 we give the main definitions
and properties of meta-monoids as well as some main examples. This chapter is mainly expository and
contains no new results. The concept of meta-monoids was invented by Prof Bar-Natan and has appeared
in various papers by himself and his students [BNS13, Hal16, BN15a].

In Chapter 3 we describe our main meta-monoid: T'-calculus and derive various formulae therein.
Again the materials in this chapter are standard and has appeared in [BNS13, Hall6]. We present a
streamlined introduction to I'-calculus and fill in some missing details. Two main results in this chapter
which are due to the author are the stitching-in-bulk formula (Proposition 6.1), which is used quite
often in subsequent chapters, and the fact that I'-calculus indeed computes the Alexander polynomial
(Proposition 3.8). (The fact that I'-calculus computes the Alexander polynomial has been proven in
[BNS13, BN15a, BND16]. Here we provide an alternative proof directly from I'-calculus.)

In Chapter 4 we introduce the general algebraic framework that gives rise to I'-calculus: algebraic
structures and expansions. There we study the meta-monoid of arrow diagrams. The key result is that
arrow diagrams form the associated graded space for w-tangles (Proposition 4.2). This chapter is mainly
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expository, the concepts of expansion and arrow diagrams have appeared in various papers by Prof
Bar-Natan and collaborators [BND14, BND16].

In Chapter 5 we explain the connection between arrow diagrams and Lie algebras. Specifically
we describe a map from arrow diagrams to Lie algebras. Then we specialize to the Lie algebra g
and describe various formulas that allow ones to do computations with exponential series in gg. The
materials here have been given in various talks by Prof Bar-Natan. The relationship between go and T’
have appeared implicitly in various papers by Prof Bar-Natan. What the author contributes here is to tie
everything together and give a succinct description via the commutative diagram

Z Tﬂo
W—— AY —— U(go)

This is the content of Proposition 5.9.

Chapter 6 is the main main part of this paper where we introduce ribbon knots and prove the Fox-
Milnor condition. The materials presented in this chapter are new, which include the two main theorems
which are due to the author. Although some key lemmas leading to the proofs are inspired by ideas from
Prof Bar-Natan.

Finally in Chapter 7 we show how one can extend the scalar part of I'-calculus to links and derive the
classic Alexander-Conway skein relation (Proposition 7.5). Again this chapter is mainly expository and
is quite independent of the other chapters. We end the thesis with some possible directions for future
research.

Notice that Mathematica codes are given at various places throughout this thesis. We emphasize
again that this is one advantage of I'-calculus, where we can verify certain properties simply by using
Mathematica. To help the readers better navigate this thesis, we provide a summary of the dependence
of the chapters in the diagram below. Observer that after Chapter 3 the thesis veers off in three different
directions which are independent of each other. A reader interested in the application of I'-calculus to
ribbon knots can just read Chapters 1, 2, 3, 6 without losing any understanding.
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Chapter 7

Chapter 1
Chapter 2
Chapter 3
/
Chapter 4 Chapter 6
Chapter 5

Conventions. In this paper we use the Mathematica notation ;/ to denote compositions of functions
because we find that it is more natural to read composition in this way and also easier to convert the

formulas to Mathematica commands. Specifically,

f

Also a bold-faced letter will general denote a matrix, or in particular a vector, whose dimension depends

on the context.

Jg:=gof.




Chapter 2

Meta-Monoids

2.1 Definitions

In this section we introduce the central concept of this thesis: meta-monoids. Meta-monoids first ap-
peared in the paper [BN15a] by Prof Bar-Natan. When one reads the definition of a meta-monoid given
below, it is instructive to keep a concrete example in mind by comparing the notations with Example
2.1. Given any monoid one can obtain a meta-monoid, and in fact that is where the name meta-monoid
comes from.

Consider the collection C of all finite subsets X of some fixed set Z (if we do not specify Z, take it to
be the set of natural numbers). A meta-monoid indexed by C' (see [BNS13, BN15a, Hal16]) is a collection
of sets {Gx}, one for each finite set X of labels, together with the following maps, which we also call
operations:

e stitching m2"Y : Gy, yux — G-jux, whenever {z,y,2} N X =0 and = # y,
e identity e, : Gx — Gzyux, Whenever z ¢ X,
e deletion 1), : Gxuis} — Gx, whenever z ¢ X,
e renaming 0% : Gx (s} — Gxuf}, whenever {z,z} N X = 0.
e disjoint union U : Gx X Gy — Gxuy, whenever X NY = (),
These operations satisfy the following axioms®:
e Monoid axioms:

maY [ mi* =mb* [ mi*  (meta-associativity),
eq | m&® =  (left identity),
ey ) m@ =02 (right identity),

e Miscellaneous axioms:

ea [ of =€y, of Job =02, of [ ob=1Id,

Ln this thesis we use the notation // to denote function compositions, namely f / g = g o f.
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ol =Nay  €a [ Na=1Idy, M [ ne=np ) Nas

me? [ og=mg", of [ mg© =my©.

We also require that operations with distinct labels commute, for instance 1, //n, = 1y /14 Ot M2/ m‘fl’e =
mjf’e //m%? etc. Moreover, the disjoint union operation LI commutes with all other operations, for example
U/ mab ) m;lc’e = (m%?, m?’e) /.

We denote a meta-monoid (Gx,m%Y, e,, n,,07, ) simply by G. Given two meta-monoids G and H,
a meta-monoid homomorphism is a collection of maps {fx : Gx — Hx}, one for each finite set X, that
intertwine with the operations. This means, for instance, that for ¢ € Gy, 3ux, we have

C// mg,b // f{c}uX = C // f{a,b}uX // m‘;’b.

One can write down similar equations for the other operations.

In practice, usually the only non-trivial relation we have to check is meta-associativity. While the
definition of a meta-monoid is quite lengthy, a couple of examples will make it clear how to think about
meta-monoids and where the name comes from.

Example 2.1 (Monoids). Given a monoid G with identity e (or an algebra), one obtains a meta-monoid
G as follows. For a finite set X of labels, set

Gx := {functions f : X — G}.

We write a function f : X — G explicitly as {« — g,,...}, where z € X and ¢, € G. In the following
operations, ellipses “...” denotes the remaining entries that we do not care about, which stay unchanged
under the various operations:

{x =g, y—=gy,... }JmIY ={2— gagy,...},

{ly—gy,...} Jea={z—ey—gy, ...},
{z=gny=9y- 3 ={y—=9y..- }
{t—=go,.. . JU{y—gy,...}={2—=0go,...,u = gy,... },
{x—= gpy...} ol ={2— gu,... }

Let us check meta-associativity. Suppose 2 € Gxyq,,y,-} and we only write the relevant entries, the
others are left unchanged:
Q=A{z— go,y = gy, 2 — g2}

Then
Q) m7Y [ my® ={v = (9294)9:}

and
Q // mg,z // m?u = {U = gz(gygz)}'

Thus we see that meta-associativity follows from the associativity of multiplication (g,9y)9. = 92(9y9-)-
Similarly the left identity and right identity are consequences of eg = ge = ¢ for all g € G. The other
axioms are straightforward to verify. In general, m?¥ # m¥?, unless G is commutative. This meta-
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monoid also satisfies the following property:

Q=Q)n) U Q) ), QEGayy 2.1

Indeed if @ = {z — g,y — gy}, then Q /n, = {x +— g,} and Q J n, = {y — ¢, } and so the right hand
side is exactly 2. Most examples of meta-monoids will not satisfy this property, and so we see that not
every meta-monoid comes from a monoid in the above manner. &

Example 2.2 (Groups (see also [BNS13])). Consider the meta-monoid G given as follows. For a finite
set of labels X let Gx consist of triples of the form (F, u, ), where F is a finitely presented group and
w:X - F,z— py,and \: X — F, x — ), are functions X — F (u is called a meridian map and ) is
called a longitude map). Now the operations are

(Fy i, N) [ m2Y = (F/ (py = A pada) s p\ {z = oy =y} U{z = i,
M Az = Aoy = A U{z 2 Acdy ),
(F, i, A) [ €a = (F'x (), pU{z =z}, AU{z = e}),
(i, A) [ e = (F/ {pe = 1), p \ {z = pa b, A\ {z = Az }),
(B, u, YU (F' 0/ )= (FxFopup , AUN),
(Fop A) [ o2 = (Fp\{z = pat U{z = g b, AN {z = A f U {2z A }).

We leave the verification of the axioms to the reader. Notice that property (2.1) does not hold here, for
instance consider an element Q2 of Gy, ., given by

Q=)o (W), {z— Ly~ 1} {z— 1,y —1}).

Then we see that

Q) ) U (Q ) ny) = (@) *(y), {z— Ly 1} {z— Ly 1})

which is not the same as Q. &

2.2 The meta-monoid of w-tangles

In this section we define w-tangles following [BND14]. The theory of w-tangles is closely related to the
theory of virtual knots (see [Kaul2]).

Let X = {a4,...,a,} be a finite set of n distinct labels. A w-tangle diagram labeled by X is a general
position smooth immersion of n oriented intervals {I,,, ..., I,, } into R?, where the set of double points
are divided into positive crossings X, negative crossings X, and virtual crossings XK. We call
the immersion of each interval a component (or a strand) of the tangle diagram. We also require the
endpoints of the intervals to be distinct and lie in a fixed “circle at co”. As an example, the following is
a w-tangle diagram whose three components are labeled by X = {z,y, z}.
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Two w-tangle diagrams are equivalent (or isotopic) if they are related by planar isotopy and a finite
sequence of moves given as follows.

50 KX B 92
R R R X

ocC

For the endpoints on the “circle at oo” we also impose the relation

(Informally it means we allow the endpoints at co to move up to virtual crossings.) Note that we impose
the OC relations but not the UC relations (OC stands for overcrossings commute and UC stands for
undercrossings commute [BND16], they are also known as the forbidden moves in [Kaul2]).

KA we

We call an equivalence class of w-tangle diagrams a w-tangle. Note that we also did not impose the
Reidemeister 1 relations, so technically we are working with “framed” w-tangles.

A w-tangle with only one component is called a long w-knot. A long (usual) knot diagram is a general
smooth immersion of an interval into R? where the set of double points only contains positive crossings
and negative crossings (no virtual crossings) and the endpoints lie on a fixed “circle at co”. Two long
knot diagrams are equivalent if they are related by a finite sequence of R2 and R3 moves (no virtual
moves). A long (usual) knot is an equivalence class of long usual knot diagrams. There is a map from
long knots to long w-knots given by viewing a long knot diagram as a long w-knot diagram. So in
particular an invariant of long w-knots induces an invariant of long knots.

Similarly the definition of a (usual) tangle diagram is the same as the definition of a w-tangle dia-
gram, except that the set of double points does not contain virtual crossings. Two tangle diagrams are
equivalent if they are related by a finite sequence of R2 and R3 moves (no virtual moves). A (usual)
tangle is an equivalence class of tangle diagrams. There is a map from tangles to w-tangles given by
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viewing a tangle diagram as a w-tangle diagram. So in particular an invariant of w-tangles induces an
invariant of tangles.

Now we would like to introduce our main object of study: the meta-monoid W of w-tangles. Specif-
ically, for a finite set X of labels, let Wx be the collection of w-tangles with | X| (here | X| denotes the
number of elements of X) components which are labeled by the elements of X. Now let us specify the
meta-monoid operations, which all have explicit geometric descriptions in this context (strictly speaking
these operations are defined on a w-tangle diagram representative of a w-tangle, but one can verify
easily that they are well-defined).

e Stitching m?'¥Y means connecting the head of component z to the tail of component y and calling
the resulting component z. Note that the stitching is done in a trivial manner, this means no new
crossings are created other than virtual crossings, and if component = and component y are far
away, we can always bring them together via virtual crossings. From now on we use dashed lines
to mean that the components can be knotted within the tangle.

b

=

<
-t - —
>

e Identity e,, means adding a trivial component labeled « which does not cross any other component.

T e, | T

e Deletion 7, means deleting component x from the w-tangle.

e Disjoint union LI means putting the two w-tangles side by side. To simplify notation, we abbreviate
Ty UT; as just 11 Ts.

T L Ty = Ty || Ty

e Renaming o2 means relabeling component z to component z.
Then we can verify the main meta-monoid axioms visually as follows.

e The meta-associativity relation:
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~
A i A my, Uy 2 m;}tz /\ A
AR VA \ / o
R N

zho

4

e The left identity relation:

yC

e The right identity relation:

In the framework of meta-monoids, a w-tangle can be described as follows. Given a w-tangle, we
can first decompose it into a disjoint union of positive crossings Rjj and negative crossings R;

RIJ':/>/ ? Ri_,j:X

Here i is the label of the over-strand and j is the label of the under-strand. Note that the label of the
over-strand is always the first subscript of a crossing. Then we obtain the original w-tangle by stitching
the crossings appropriately. For a concrete example, let us look at the long figure-eight knot:

We can label the long figure-eight knot as in the above figure, namely we label the incoming arc with
1 and every time we go over or under an arc, we increase the label. Then we can break the long
figure-eight knot as a disjoint union of crossings:

+ pt p— p-—
Ry ¢R5 2R3 g R7 4
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The long figure-eight knot consists of four crossings: two positive and two negative. To recover the knot,
we stitch strand 1 to strand 2 through to strand 8, at each step calling the resulting strand 1. Therefore
the long figure-eight knot is given by

I 1,2 1,3 1,4 1,5 1,6 1,7 1,8
RIGR;_,2R3,8R7,4 Jmy” fmy” fmyt fmy” fmy” fmyt fmy
We can then summarize the above observation in the following proposition.

Proposition 2.1 ([BN15a, BND14]). Every w-tangle can be obtained from a disjoint union of positive
crossings and negative crossings and a sequence of stitching operations.

Remark 2.1. From the above proposition in order to define a meta-monoid homomorphism of w-tangles,
we just need to specify the images of the crossings and verify that the relations R2, R3, and OC are
satisfied.

The next proposition will not be needed in the rest of the thesis. It is a generalization of knot groups
to w-tangles.

Proposition 2.2 ([BN15a]). There is a meta-monoid homomorphism from the meta-monoid of w-tangles
W to the meta-monoid of groups G given in Example 2.2.

Proof. Given a w-tangle T, we can compute its fundamental group F' = 7;(7T') using the Wirtinger
presentation [Rol03] (ignore virtual crossings). Then p and A are the images of the meridians and
longitudes in F'. More specifically, taking as the basepoint our eyes, for a strand labeled z, u. is the
loop starting from the basepoint to the right of the tail of strand x, going perpendicularly to the left
under strand x and then back to the base point. For the longitudes, let \, be the loop starting from
the basepoint to the right of the tail of strand x and then going along a parallel copy of strand x to the
head of strand x and then back to the basepoint (here we use the blackboard framing convention). For
example, the image of the positive crossing R;fj is

We leave it to the readers to verify the operations and the axioms. (An observant reader will realize that
(F, u, \) is the peripheral system of a tangle.) O



Chapter 3

The Gassner Calculus I’

3.1 Definition and Properties of Gassner Calculus

In this section we introduce a meta-monoid that will serve as the target space of an algebraic invariant
for w-tangles, known as I'-calculus (see [BNS13, Hal16]). Let I" be the meta-monoid given as follows.
For a finite set X of labels, let Rx be Q({t; : ¢ € X}), the field of rational functions in the variables ¢,,
i € X, and Mxx(Rx) be the collection of |X| x | X| labeled matrices with rows and columns labeled
by the elements of X. Suppose that the set X has the form X = {a,b} U S, where S N {a,b} = 0. An
element of Rx x Mxxx(Rx) is a pair consisting of an element w in Rx, which we call the scalar part,
and an element in My x x (Rx ), which we call the matrix part, and can be represented as

Let us explain a bit about the notations. Here # and e are row vectors (notice the horizontal line in each
letter), whereas ¢ and ) are column vectors (notice the vertical line in each letter) and = is a square
matrix (as evident from the shape of the letter =Z). In most cases the rows and columns of a labeled
matrix have the same order of labels, but occasionally we also allow permutations of the labels. If the
labels are clear from the context sometimes we will omit the labels to simplify notations.

Now let I'x be the subset of Rx x Mxx x(Rx) that satisfies the condition

(), )

Here ¢; — 1 means substituting all the variables ¢; by 1 for ¢ € X and [ is the identity matrix. In
particular, we see that the matrix part is always invertible (since the determinant is not identically 0).
Then the operations in a meta-monoid are given by, where ¢, — ¢, means substituting ¢, by ¢;:

x wla X
w
e identity: (—‘—) /] ea = al|l 0 |,wherea¢ X,
X | M
X|0 M
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w19 ‘ X1 X2
e disjoint union: ( X, | My O , where X; N X, =0,
Xo 0 M,
e deletion:
e renaming: ,
ta—ty
e stitching:
(1—-—7yw ‘ c S
- c B+ 1% 0+ 25 : (3.1)

S ¢+1% E+1¢f7

ta,tv—tc

Here by 0 we denote a matrix of zeros whose size depending on the context. One can think of the
stitching operation as a two-step process, the first step is the algebraic manipulation, and the second
step is the change (or rename) of the variables. Before proceeding I need to verify that the stitching
operation is well-defined.

Lemma 3.1. The stitching operation (3.1) is well-defined, i.e. with the notations as above, v # 1, and
when all t; — 1, the right hand side satisfies the condition that the matrix part is 1 and the scalar part is
the identity matrix.

Proof. First of all, observe that from the left hand side we have (1—+)|¢,»1 = 1. So 1—+ is not identically
0 and so it makes sense to divide by 1 — ~. It also follows that (1 — v)w

t;—+1 = w|;—»1 = 1. Now when
all the variables are set to 1, we have a« = § = 1, 3,6,7,¢, ¢, ¢ all vanish, and = is the identity matrix.
Plugging these into the matrix after stitching we obtain the identity matrix, as required. O

Remark 3.1. The stitching formula may seem mysterious at first. Nevertheless it has an elementary
interpretation in terms of linear algebra. This interpretation is heuristic and aims to provide intuition,
which follows ideas of Prof Bar-Natan. Its meaning will be clearer when we construct a map from
w-tangles to T'-calculus. Concretely, we can think of the matrix part of an element of I'x

as an “operator” M with input strands labeled by y,, ys, ys and output strands labeled by =z, xp, 5. In
other words, the strands are labeled by {a,b} U S. We label the tail of strand a by y, and the head of
strand a by z,.
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Ya Lq,
Yo ]‘ [ Ty
Ys zs
rA~—— —

In the language of linear algebra we have a system of equations

Ya = Qq + B:Eb + Q‘TS,
Yp = VTq + 0Ty + €x g,
Ys = Qx4 + YT + ET5.

Now the stitching operation m%® can be interpreted as connecting the head of strand a to the tail of

strand b and labeling the resulting strand ¢

y(l xa
E—
a,b
oM
Tg
Yys

In terms of linear algebra we obtain the extra equation ¥, = z,. Plugging it in the second equation we
obtain

Ty =Yg + 0z + €xg, ie. xz,= Ty +

1_7 1_,}/%5.

It follows that

~

ys = (wﬂ-%) Ty + <E+ 1412).%5

Yo = (ﬁ+%>xb+(e+ﬁ )a:s

Finally, since the new strand is labeled ¢, we need to rename the variables on strand a and strand b,
namely substituting ¢, and ¢, by t., and changing v, to y., xp to x.:

Te 0 Qe ) T

ot ( tiy ta by —te o
= [

Te + (_ + 1_2) xs

taty—te

= + ﬂ)
Ye (ﬂ L= )y ty—ste

Ys = <¢+%>

ta,ty—rte
which is precisely the stitching formula for the matrix part.

To see that I' is indeed a meta-monoid, we need to check the meta-associative condition. Recall that
meta-associativity means that

CJmit Jfmbe =¢ ) mp© fme®, ¢ eTx.

In words, it says that stitching strand « to strand b and then strand b to strand c is the same as stitching
strand b to strand ¢ and then strand « to strand b. One can check meta-associativity by hand. However for
our use later I will develop the formalism of stitching many strands at once, and then meta-associativity
will follow as a special case. An impatient reader can just skim through the formulas presented in the
next few pages and jump through Proposition 3.2.
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- (5)

and given three vectors @ = (a1,a2,...,ay,), b= (b1,b2,...,b,), and e = (ey, es,...e,) where a;,b;,ex €
X. Suppose we want to stitch strand a; to b; and call the resulting strand e;, strand as to by and call

Consider an element ¢ of I'x given by

the resulting strand e, ..., strand a,, to b,, and call the resulting strand e,, in that order. So we have a
composition of stitching operations

mgllvbl // mg§7b2 // - // mg:;bn.

We denote the composition of these operations simply by m&®. There are some conditions that a, b, e
should satisfy. We describe those conditions by first putting a, b, e in a matrix

\el €9 N en/
We require that a; # a; and b; # b; and a; # b;. The vector e satisfies some straightforward consistency
condition. For instance if we have a submatrix of the form

and b; = a;, then ¢; = ¢;. To avoid stitching the same component to itself, we do not allow submatrix of

the form
al e aj
bi - b
where (b;, . ..,b;) is a permutation of (a;, ..., a;). For instance, the following matrix
1 2 4
2 3 5
1 1 4
represents the following stitching sequence:
N A A
AZa A B A 4:;(\:;
L
IR E NG U4y e

In order to describe the stitching-in-bulk formula it is convenient to rearrange the matrix part as
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follows. Let¢ = X \ a and d = X \ b, we can then rewrite { as

As in the case of stitching, we describe the stitching-in-bulk formula in two steps, the algebraic manipu-
lation step and the change-of-variable step. Now I will record and prove the stitching-in-bulk formula in
the next proposition.

Proposition 3.1 (Stitching in Bulk). With the above data we have

3.2

where I denotes the n x n identity matrix. To obtain the final result we relabel the vectors ¢,d using the
rules a;,b; — e; and we change the variables t,,,tp, — te,.

Proof. We will prove the formula by induction on the number n of strands being stitched. When n = 1,
let us show that we recover the stitching formula (3.1). Suppose we want to stitch strand a to strand b,
we first rearrange the matrix part as follows.

w
b
a
S

Then under m%® we have w +— w(1 — ), and
w(l—7) ‘ b S w(l—7) ‘ b S

a B8 0 a -1 = a ,3—|—1°‘f6 0+ =
s (w E>+<¢>“ KU s |weds ses

1

Then if we label the resulting strand ¢ we need to make the substitutions a — ¢, b — ¢, t, — t., tp — te,
which yields the stitching formula (3.1). Now for the induction step, we write a = (a’, a,), b = (b',b,),
and e = (¢, e,,) then from the inductive hypothesis m:,, b s given by

li

w ‘ a a, ¢
/ a’ b’ w det(I - 71) ‘ ap, c
b Y1 Y2 €1 ’m'e/7 -1 1
' DU — n Y+l —7)"e e+t -n) A
n 3 4 2 —_ —
d da+01(I—71)"tye E+o1(I—m) e

d|¢ ¢ E

To obtain mZ"b we stitch strand a,, to strand b,, using formula (3.1) and the result is

= -1 ($2401(I=71) 7o) (e2+v3(I=71) " Ter)
E+ ol —m) e+ 1—’)[;4—"/’;2(1—21)731%7 ;

( w(l =4 —y3(I — 7)) y2) det(I — 1) ‘ ¢ >
d




CHAPTER 3. THE GASSNER CALCULUS I' 19
To finish the induction step we need to show that the above is the same as
wdet |[1— (7 72 c
Y3 V4
=T

- Y172 €1
o) ((02)) ()

Y3 V4 €2

For that we record the following elementary result from linear algebra (see [Pow11])

d

Lemma 3.2 ([Pow11]). Consider the block matrix

A B
C D
where A and D are square matrices not necessarily of the same size and D is invertible. Then

det <A B) = det(A — BD'C) det(D).
C D

Proof of lemma. It is easy to check that

A B I 0\ (A-BD'C B
¢ p)]\-bc 1] 0 D)’

Now taking the determinant of both sides and using the fact that the determinant of a block triangular
matrix is the product of the determinants of the diagonal blocks (one can prove this by induction) we
obtain the required identity. O

Back to our proof, from the above lemma we have that
I— - 1— -
det | I — o = det n ) - det n s
Y3 Y4 73 1= -2 I-m
= det(1 —ya —y3(I — 7)) det( —m),

which agrees with the scalar part. Now for the matrix part, we have to show that

—1 —1 —1 -1
_ (I—1) s(I=71) (=)
<I n 72 > = <(I N 71) ' T 1—7714—73(2;i71)ji’h 1—74—7;(11—"{?)2_172>

I—~;)~ ! 1
_ 1— v3(I—m1
73 74 1=va—v3(I=71)" 12 1—ya—y3(I—71) 172

which we can verify directly by computing the products of matrices. Finally we change the labels and
the variables in a straightforward manner. O

Remark 3.2. Let me present a heuristic argument to arrive at formula (3.2). Using the linear algebra
interpretation the matrix part gives us the system of equations

Yp = VTa + €Xc,

Yd = $Tq + ETec.
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Now the stitching instruction yields the equation y, = z,. Thus the first equation becomes
Tg = VTg + €Tey, O g4 = (I — 7)_16%.
Plugging it in the second equation we obtain
ya = (E+ oI — ) le)ze,
as required. I then obtain the following corollary.

Corollary 3.1. When a; # b; for 1 <4, j < n, we have the following stitching formula

. det(I — v)w ‘ c S
Ty c B4all —7)16 04+al —v) e . (33
S VoI =)' E+o(I—q) e

ta,tp—te

Here tg = (ta,,- .- ,tq,) and similarly for t, and t..
Proof. This is a straightforward application of formula (3.2) and we leave the details to the readers. [
From the stitching-in-bulk formula (3.2) I also obtain the following result.

Proposition 3.2. The order in which one performs the stitching operations does not matter. More precisely,

suppose that we have a sequence of stitching operations

m:,b — mglhbl // mgi,bz // . // mg;f’b".

Then permuting the stitching operations does not change the result.

Proof. From formula (3.2) we see that switching two stitching operations amounts to switching the
corresponding labels in b and a, which in turn will switch the corresponding columns of v and ¢ and the
corresponding rows of v and ¢. The matrix = stays unchanged. Therefore

E+g(I—7) e

will be invariant. For the scalar part, since we switch the rows and columns of v of the same indices,
we preserve I and the determinant is unchanged. (One can make the argument more precise using
permutation matrices.) O

Corollary 3.2 ([BNS13, BN15a]). I'-calculus satisfies meta-associativity.

Proof. Let me illustrate Proposition 3.2 in the concrete case of meta-associativity. Suppose that

ayp ajp a3 O

azr azp azz O3

$1 @2 P3 =

w
1

C=1| 2| an an ag 0
3
S
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To stitch strand 1 to strand 2 and strand 2 to strand 3 we rewrite ( as

wl| 1 2 3 S
2 | g1 a2 ang O
3 |as az asz O3
1o a2 a3 6p
S| o1 @2 ¢3 =
Then ¢ / m;® J/ m;” is given by
1_ _
wdet dar oz 1 S
—agz; 1 —asz
T .
1 aiz 6p + Q11 Qg2 1—an —Q22 g O
S ¢3 E b1 P2 —a3r 1—as asz O3 b ts—st1
.. 2,3 1,2 .
Similarly ¢ / m5™ J my” is given by
1 — _
w det as2 ast 1 S
—age 1 —ag
71 .
1 a1z 04 L (@2 om l—az —a3 agz O3
S ¢3 E $2 @1 —ap2 1 —an aog B tots—sty

Observe that

Q12 O11 1-— Q32 —Q3]
$2  ¢1 —a2 1 —oan
_[ain a2} (0 1) [1—as
b1 P2 10 —0g9
_ [ e l—as  —a
b1 P2 —a31 1 —a3
Thus it follows that
¢Jmy? ) my® =

This establishes the meta-associative property.

-1
—a31 0 1\ (s 6,
1—0[21 1 0 Q33 93
-1
a3 0
azz O3
¢ my® fmy®.

O

The other axioms of a meta-monoid are straightforward to verify. Thus I is indeed a meta-monoid.
The meta-monoid T is called the Gassner Calculus or I'-Calculus, for reasons which will be clear below

(Proposition 3.7).

Our interpretation of stitching implicitly uses a relationship between the meta-monoids W of w-
tangles and I'-calculus. From Proposition 2.1 in order to define a meta-monoid homomorphism ¢ :
W — T" we only need to specify the images of the crossings in I'-calculus and verify the relations R2, R3

and OC.

Proposition 3.3 ([BNS13, Hall6]). There is a meta-monoid homomorphism ¢ from the meta-monoid W
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of w-tangles to T'-calculus given by

1‘(1 b
Ry, =] a1l 1-t
b0  tF

Proof. Let us check the Reidemeister R3 move and leave the other relations as exercises

R3

In the language of meta-monoids we need to show that

@(Ri4R3—,5R6_,3) Jmi® ) mgA / mg,5 = ‘P(R£5RI3RE{2) Jmi® ) m§’4 / mgﬁ'

Let us first compute the left hand side. The image of R ,Rj ; Ry 5 under ¢ is

112 3 4 5 6
{10 0 -t 0 0
210 1 0 0 1—t; O
300 0 t5t 0 0 0
410 0 0 t 0 0
510 0 0 0 ty 0
60 0 1—tg* 0 0 1

To perform all the stitching operations at once we rearrange the rows and columns as follows.

{1 2 3 6
610 0 1—tg' 0 1
410 0 0 t1 0 0
5/0 0 0 0 ta 0
{10 0 -t 0 0
210 1 0 0 1—t; O
300 0 t5t 0 0 0

Then according to formula (3.2), the left hand side is given by

W DN ==
~
=
—_
\
~
N
S O =IO

22
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According to the relabeling we relabel 4 — 2,5 — 3,6 — 1 and ¢4 — ta, t5 — t3, tg — 1 to obtain

1 2 3 1
L1t ta—2 1
2 t1 1—t2 0
31 0 20
Finally we rearrange the columns
11 2 3
L1 1—t tg—§
210 t1 1—1
¢
310 0 &
We leave it as an exercise to show that the right hand side also yields the same result. O

Mathematica®. One advantage of I'-calculus is its easy implementation on a computer. Our implemen-
tation is done through Mathematica. A reader with Mathematica can just get the entire notebook from
http://www.math.toronto.edu/vohuan/ and run it directly. The version of I'-calculus that we present is a
slightly modified form of the original program, which can be found http://drorbn.net/AcademicPensieve/2015-
07/PolyPoly/nb/Demo.pdf. Let us briefly go through the program. First we write a container that will
display I'-calculus in a nice format. This is mostly for aesthetic purpose.

I'Collect[T'[w_, A_]] := T'[Simplify[«],

Collect[1, x , Collect[#, y , Factor] &]1];
Format[T[«_ , A ]] := Module[{S, M},

Union@Cases[I‘[w, A1, (x]y)a = a, oo];

Outer[Factor[dy,,y,., 2] &, S, S];
Prepend[M, y, & /@ S] // Transpose;

S
M
M
M Prepend[M, Prepend[x; & /@ S, «]];
M // MatrixForm];

The container I" takes as input a rational function w and a matrix A. Here )\ is given as a bilinear form

A=y,Mz, = Z M YT
1,J€a
where the vector a is the labels of the strands and M = (m; ;)i jca. Note that here we use y to label the

rows and z to label the columns. So for instance, the following input

ot (82 32) on ]

produces

w Xa Xp

Ya 911 912
Yb 921 J22

Now we include the main bulk of the program, which is the subroutine that executes stitching together

with the definitions of the crossings.


http://www.math.toronto.edu/vohuan/
http://drorbn.net/AcademicPensieve/2015-07/PolyPoly/nb/Demo.pdf
http://drorbn.net/AcademicPensieve/2015-07/PolyPoly/nb/Demo.pdf
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' /: T[wl_ , A1 _ 1T[w2_, A2 ] := T[wl*w2, A1+ A2];
M. onc [T[4., A]] := Module[{a, B, ¥, 6,6, ¢, 6, b, 5, u},

¥ 6 € aYe,an ay:a,l"e/l aYel /. (Y|x)a|e_)0;
¢ ¥ E Ox. A Ox. A 2

rli=1-n o, (yo, 13 (515970 2792/ 1) ixe, 1]

[a B 9] aYa,xaj aYarxe/1 aYa/l

/. {ta-t., to-t.} // I‘Collect];

+ 1 1-¢t

RI e = I'[l, {va, Ye}'(o t a)-{xar xe}];
a

Ry . =Ri_. /. ta»1/ty;

Let us check the meta-associativity condition. Meta-associativity involves three strands in a tangle, so
we input a matrix with a 3 x 3 minor singled out together with the meta-associativity equation

a1 a1z aiz 61

a a a e
§=r[wl {er Y2, Y3, YS} 2t 22 23 2 .{xl,xz,x3,xs}]
31 a3z a3z O3

¢1 ¢2 ¢3 E
(8//my,251 // my,351) = (8 // mp 3,2 // m1, 2,1)

The output is
W X1 X2 X3 Xg
y1 o011 Qiz 013 61
Y2 021 Q22 023 O2
y3 Q31 032 033 O3

ys ¢1 ¢2 ¢3 E

True

as expected. Next we check the Reidemeister III relation. Its left hand side is

Ry, 4aR3 sRg,3// mi,651 // M2, 452 // M3, 5,3

and the output is

1 x1 X2 X3

yvi 1 1-t; (1+tg) tp
t1

y2 O t1 1-t
t2

ys3 O 0 o

Its right hand side is

Ri sRE 2 RE 3 // my 551 // Mg, 652 // M3 4,3

and the output is

1 x1 X2 X3

yvi 1 1-t1 (1+tg) tp
t1

V2 t1 1-t
to
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as expected. For the Reidemeister II move we look at

Ri, i Ri,1 // M s // my,055

which yields

yvi 1 0

1 xi x5
Y3 0 1]

as required. For the OC relation we want to verify

Ri,2R{,3//m 451 ==Rj 3R, //m 4.1
Both sides yield
1 xi X2 X3
yvi 1 1-t; 1-t;1
y2 0 t1 0
ys 0 0 t1

as expected.

Example 3.1. Consider the long w-knots L and L’ given by

L/
In the language of meta-monoids, L has the description

L=RigR{y [my® [ my® ) my™.

(L) = ( 2_1t11 1 ) .

In the language of meta-monoids, L’ has the description

Then its invariant in I'-calculus is

L'= RisRlz / m},Q / m%,s / m1’4.

sO(L')=<2_1tl 1)

Thus L and L' are not equivalent as long w-knots and are non-trivial. (However when we close L and

So its invariant in I'-calculus is

L’ by joining the two endpoints we obtain the trivial (closed) knot.) &

Observe that Proposition 2.1 gives an inductive framework to prove properties for w-tangles. Namely,
one first check the property for the crossings, and then show that the property still holds under disjoint
union and stitching. Let me illustrate this method with an important property of w-tangles.
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Proposition 3.4 ([BN14b]). Let T be a w-tangle whose components are labeled by the set X and

- (34)

Then the sum of the entries in each column of M is 1.

Proof. The property clearly holds for crossings and is preserved under disjoint union. So we only need
to show that it is invariant under stitching:

. (1—7y)w ‘ c S
mg’ 5
— c B+ % + 1267
[l €
S ¥+ T =ti5 tasty—te

Assume that the property is true for the matrix on the left, i.e.

a+y+{(p)=1
B+do+W)y=1
0+e+ (Z)=1,

where 1 denotes a row vector whose each entry is 1 and (¢) of a column vector ¢ means taking the sum
of the entries. For the case of =, we apply () to each column to obtain a row vector. Then we have

da 5{(¢) _ (o + (¢)) 5(1—1)
6+1*7+<¢>+ﬁ_1_6+ 177 =1 6+ 177 _17
and
ae o, (d)e (a+ ())e (1 =)e
9+1_7+<u>+1_7 1-e+ T =1—-¢+ T =1,
as required. O

As a corollary we have that when K is a long w-knot the matrix part is 1, so only the scalar part is
WK 1
K)= ,
P(K) ( ' )

Example 3.2. Let us look at the long trefoil K

interesting, i.e.

where we denote the scalar part by wg .
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Its meta-monoid description is given by
1,2 1,3 1,4 1,5 1,6
R1+,4R5+,2R3+,6 Jmy” fmy” fmyt fmy? fmy

The image of R{ ;R ,R{  under ¢ is

111 3 4 5 6
1|1 0 1-t O 0
210 173 0 0 0 0
310 0 1 0 0 1—-13
410 0 0 t1 0 0
510 1—-t5 O 0 1 0
6|0 0 0 0 i3

After we perform all the stitching operations the matrix part is 1 and the scalar part by formula (3.2) is
the determinant of the matrix I — -, where ~ is obtained by removing the first row and the last column
of the above matrix, i.e.

1 —ts5 0 0 0
0 1 -1 0 0
wrg =det [0 0 1 —t; 0 =1—t+1t
0 ts—1 0 1 -1
0 0 0 0 1 N
which one recognizes to be the Alexander polynomial of the trefoil (Proposition 3.8). &

As another application of the stitching-in-bulk formula (3.2), observe that a priori, the scalar w
and the matrix entries are rational functions. However, it turns out that for a w-tangle w is a Laurent
polynomial, as shown in the following proposition.

Proposition 3.5 ([BN14b]). Let T be a w-tangle with scalar part w and matrix part M, then w is a Laurent
polynomial and wM is a matrix whose entries are Laurent polynomials.

Proof. One can obtain T starting with a collection of crossings and then stitching all these crossings at
once using formula (3.2). Observe that when we take the disjoint union of crossings, the matrix part
consists of Laurent polynomials (since each crossing is) and the scalar part is 1. Then after stitching
the scalar part becomes det(I — ) where + is specified by the stitching instruction. Since ~ consists of
Laurent polynomials, det(I — ) is a Laurent polynomials, thus w is a polynomial. Now for the other
property, we look at

wdet(I —7)(E+ ¢(I — )" te).

All the matrices have Laurent polynomial entries, except for (I — ~)~!. Recall that (I —~)~! can be
computed by dividing its adjugate (which are Laurent polynomials) by det(I — ). Therefore multiplying
with det(I — v) removes the denominator, and so the resulting entries are Laurent polynomials. O

Example 3.3. Let us compute the invariant for the tangle 7" given by.
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Figure 3.1: A tangle.

As a disjoint union of crossings, T is given as follows

R;F,ZRIO,GRE:HRZ;HRZSRJ,I / miA / m§,5 / mg’ﬁ / mg,? / mg’g / mg’g / mg,lo / mg,u / mg,m'

Using Mathematica we obtain its invariant in I"-calculus:

(2 +1) (ts — 11 (1 — 1)) 1 2 3
1 _ ts (t1—1)(tz—1)ts _ (t1—1)(tsto—ta—2t3+1)
tat1—t1—t3 (ta+tz—1)(tat1—t1—t3) (ta+tz—1)(tat1—t1—t3)
2 0 ta to—1
tot+ts3—1 tot+tz3—1
3 ty(tz—1) . ti(tz—1) t1ta—ta—3tits+titatz—tatz+2t3+t1 —t1tatta—1
tgt1—t1—t3 (ta+tz—1)(tat1—t1—t3) (ta+tz—1)(tat1—t1—t3)

If we multiply the matrix part with the scalar part then we get

—1+ty+1t3 —1 4ty +t3—tit3 toty — BI 41L =2t — o+ 2 — - 42
0 —tity + 52 + 1 —toty + BE — Lttty — 1
—taty —t3ty + B — 421 th— ¢ —taty —t3ty + B — 2 43 ity by — 2+ o — 2

The fact that each entry is a Laurent polynomial suggests that it might be possible to categorify the
invariant. &

3.2 The Gassner Representation of String Links

In this section we restrict I'-calculus to string links (compare with [KIW01]). Given a positive integer
n, fix n points in the interior of the 2-disk p1, ..., p,. A string link of n components is a smooth, proper,
oriented 1-dimensional submanifold of D? x [0,1] homeomorphic to the disjoint union of n intervals
such that the initial point of each interval coincides with some p; x {0} and the endpoint coincides with
p; x {1}. Two string links are equivalent (or isotopic) if they are related by a sequence of R2 and R3
moves (or equivalently if there is a smooth family of string links interpolating between the two. We did
not impose the Reidemeister move R1 because technically we are working with framed string links.) In
our setting the string links are labeled, i.e. each component is labeled with an element from some set of

labels X. An example of a string link is as follows.
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In the figure the orientation is such that the components run from the bottom to the top of the diagram.
Given a labeled string link 3, the labels of the components yield a labeling of the bottom endpoints
and top endpoints. Suppose that the bottom endpoints of /3 are labeled by a1, as,...,a, and the top
endpoints of 3 are labeled by by, bs, ..., b, (Where we read the endpoints from left to right). The labeling
of the endpoints yields a permutation p given by

a; [ p="b; 1<i<n.

Note that here permutations act on the right. We call p the permutation induced by 5. To simplify
notation, for a vector a = (ay,...,a,) we denote

ap:=a/ p=(a1p,azp,...,anp) = (b1,ba,...,by).
For instance in the above figure the string link induces the permutation (1 — 3,2 — 1,3 +— 2) (this is

because the labels on the top are 3, 1, 2).

Correspondingly, if p(f) is the image of 5 in I'-calculus, we can rearrange the columns and rows of
the matrix part of p(f3) as follows

w ‘al an w

aip e An P
a1 a
permute the columns
= ST Ty . 3.4
@(ﬂ) /\/Z according to p /\/Z p 34)
Qp QA

In other words column j of M” is column a;p of M.

Let 81 and (3, be string links with n components. There is a composition or multiplication of string
links (81, B2) — 1 - B2 obtained by stacking 2 on top of ;. Note that we also identify the labels of the
top endpoints of 5, and the labels of the bottom endpoints of ;. So for instance in the following
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N
-

(=]

we identify the label 4 with 1, 5 with 3, and 6 with 2. In terms of meta-monoids, the composition §; - 52
can be described by the sequence of stitching

(B1Ba) ) my™t ) my® ) m3°.

Let us find out the permutation induced by ; - B2. Suppose that the bottom endpoints of 3; are
labeled by a@ = (as, . .., a,) and the bottom endpoints of 3, are labeled by b = (b, ..., b,), where a; # b;
for 1 <i,7 < n. If p; is the permutation induced by /3, and p, is the permutation induced by s, then
the top endpoints of 3, are labeled by ap; = (a1p1,...,anp1), and the top endpoints of 3, are labeled
by bps = (b1p2,--.,bnp2). In the composition 3; - B2 we relabel b; to a;p;. Therefore the labels of the
top endpoints of 31 - B2 iS a1 p1pa, . . ., anp1p2. In other words, the permutation induced by S - 35 is p1p2,
where recall that in our notations p;p2 = p1 // pe.

Assume that the images of 5; and 5 in I'-calculus are given by

sowl):(": A‘;) and m):(f AL )

then I have the following result.

Proposition 3.6. In I'-calculus, the composition 3 - B2 is given by

%) ‘ apip2
a | M{'MS?
tb—tapy

Proof. In the stitching language, the composition g; - 3, is obtained by stitching the strands a;p; to the

strands b;. By formula (3.2) we obtain

b 0 M
2 a | M Mg

W12 apy bpg o
‘ mant? ( w1wa ‘ bps >
a | M 0

Then identifying the labels b; with the labels a;p, we obtain

W1W2‘ apip2
a | M Mg ’

tb‘)apl

as required. O
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Now let us explain where the name Gassner calculus comes from. When £ is a labeled braid, recall
that its Gassner representation (see [BN14a]) is given by

1—t, 1 0 ¢!
RF, , R, — a
’ ta 0 ’ R

and extends by the identity matrix. For instance the following braid

)

has the Gassner representation

1—t; 1 0\ /1 0 0 1—t; 0 3!
ttv, 0 0olfo o &t |=| t o0 0 ,
0 01/ \0 1 1-#t 0 1 1—t3!

as required. Now I can show that I'-calculus recovers the Gassner representation.

Proposition 3.7. Let 3 be a labeled braid with n components and induced permutation p. Suppose that

w‘al a,

then w = 1 and MP is the Gassner representation of .

Proof. We first look at the standard generators of the braid groups o', 1 < i < n — 1. Notice that the
permutation induced by each generator is a transposition. Ignoring the identity part, we have

1 b a
+ permute the columns I
SO(RU, b) - . K a 1-— ta 1 5
? according to the permutation
b ta 0
and
1 ‘ b a 1|a b
_ — permute the columns —
e(R,,)=1 b| t;* 0 b0 ;!
) according to the permutation
all—t;1 1 all 1—¢;1

We see that the right hand sides are exactly the Gassner representation. From Proposition 3.6, composi-
tions of braids correspond to products of matrices. Thus M? agrees with the Gassner representation of
B. Furthermore, since the scalar part of each generator is 1, the scalar part of 3 is still 1. O
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3.3 The Alexander Polynomial

In this section I relate I'-calculus and the Alexander polynomial. Given a long (usual) knot K, let K be
the knot obtained by connecting the endpoints of K in a trivial manner. For two long knots K; and K>,
it is known that if I?l and I?g are equivalent, then K and K are equivalent (see [JF13]). Then I have
the following result.

Proposition 3.8. Let K be a long knot and suppose that

so(K):(j 1)

Then w = A (t). Here A (t) is the Alexander polynomial (see [MK99]) of IN(, where K is the closed knot
obtained by closing the open component of K trivially and = means equality up to multiplication by +t",
n € 2.

Proof. By Alexander’s Theorem (see [KT08]) K is the closure of a braid B. Then the Alexander polyno-
mial of K (see [MK99]) is given by

Ag(t) = det([I — f(B)]1)-

Here f(8) denotes the Burau representation of 3, i.e. the Gassner representation when we set all the
variables to ¢ and [A]? denotes the matrix obtained from A by removing the ith row and the jth column.
From Proposition 3.7 we know that f(/3) agrees with (a permutation of) the matrix part of ¢(3). Now
if we take the closure of § by connecting the kth top endpoint to the kth bottom endpoint in a trivial
manner, except when k = 1, then we obtain a long knot K. Proposition 6.1 says that the scalar part of
K is

det([7 - F(B))-

To finish off, we observe that K7 is equivalent to K because they both close to the same knot K. There-
fore the scalar parts of K; and K must agree. In other words,

as required. O

Thus we see that I'-calculus gives us an extension of the Alexander polynomial to w-tangles, which
include usual tangles. In the case of one component, we obtain an invariant of long w-knots, which
contains the Alexander polynomials of usual knots. We can compute the Alexander polynomial by taking
the closure of a tangle (not necessarily a braid). For instance, consider the long knot 7; in the Knot Atlas.
In the following figure we cut the knot 77 at three different points to obtain the tangle inside the dashed
circle. The tangle has three components labeled by 1,2, 3. To recover the knot we perform two stitching
operations and leave component 3 open in order to get a long knot.


http://katlas.org/wiki/7_7
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In terms of meta-monoids the tangle is given by

- e Ly 25, 26, 27, 28, 39, 310, 3,11, 3,12, 3,13, 3,14
ngR1+4,4R5,13R3,6R12,9R7+711R1+0,8//m1 Jmy” fmy” fmy " fmy” fmy” fmy ™ fmy T fmy T fmy T fmy
Suppose that its invariant in I"-calculus has the form

\123

Q11 Q12 013

Qo1 Qg2 (23

w N =&

Q31 (32 (33

Then by stitching strand 2 to strand 1 and strand 3 to strand 2 the invariant of the long knot is given by
wdet | I — a2 A
Q2 (r23

t72 —5t71 49 — 5t 42,

to,t3—t

Doing the calculation one obtain

which one can check to be the Alexander polynomial of the knot.

3.4 Orientation Reversal

For subsequent sections, it is useful to have a formula to reverse the orientation of a strand of a w-tangle
in I"-calculus.

H(I

—_—

J) 4

We denote the operation of reversing the orientation of strand a of a w-tangle by H®. To proceed, let us
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introduce another meta-monoid o, called o-calculus, defined as follows. For a finite set X, let ox be the
set {er ¥ szvx}, where s, is a monomial in the variables ¢,, z € X and {v, : © € X} is a (formal)
linearly independent set of vectors. Let us record the operations below:

o identity (> oy $a¥z) [/ €a = (X ex Sa¥a) + Vo, Where a & X,

e disjoint union (Y, y S2vs) U (ZyGY sy'vy) = cxuy SV, Where X NY =10,

o deletion (3 cx Sa¥a + Sa¥a) [ Ma = ey (S2)t,—1Va, Where a € X,

o renaming (Y, Sa¥a + Sa¥a) [ 08 = Y sex (S2)tamty Vo + (Sa)t.—t,V5, Where {a,b} N X =0,

b StitChing (Sava + spvp + ZwES vaw) // m(cl7b = Z:L’ES(8$)ta;tb—>tc,UI + (Sasb)ta,tb—nfcvo

It can be verified that these operations satisfy the meta-monoid axioms. There is a meta-monoid homo-
morphism from w-tangles to o-calculus, which we also denote by ¢, given by

Rib — v, + tflvb.

One checks readily that the Reidemeister relations are satisfied. So we obtain a w-tangle invariant. Given
a w-tangle, one sees that s, of the strand labeled « is given by

[1a"

where the product is over all crossings such that a is the understrand and b is the overstrand (including
a itself) and +1 is the sign of the crossing. For example, the tangle given in Figure 3.1 has value

0 = tavy + tots vy + 1ty 5 Mg,

To describe the operation H properly we need to extend I'-calculus. Let I' be the meta-monoid given
as follows. For a finite set X of labels,

fx = (Fx,Ux).

We call T extended I'-calculus. From the above discussion there is a meta-monoid homomorphism ¢ :
W — T defined componentwise.

Mathematica®. Let us briefly discuss how we can implement I'-calculus in Mathematica. A reader
with Mathematica can get the notebook from http://www.math.toronto.edu/vohuan/. This will be very
similar to the I'-calculus program. First we write a subroutine to display I' in a nice format

er'Collect[el'[# , A , o ]] := er'[Simplify[«],
Collect[A, x , Collect[#, y , Factor] &], ol;
Format[eT[« , A, o ]] := Module[{S, M},

S = Union@Cases[eI‘[aj, A, 01, (x|¥)a » a, oo];
Outer[Factor[dx,,y., 4] &, S, S1;
M = Prepend[M, y, & /@ S] // Transpose;

M

M = Prepend[M, Prepend[x, & /@ S, w]];
{M // MatrixForm, a}];
er'[wl , A1 _, 0ol ] = el'[w2 , A2 , 02 ] :=
Simplify[PowerExpand[wl == w2 A 21 = 12 A\ ol =02]];


http://www.math.toronto.edu/vohuan/
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Here we call the container eI to distinguish it from the I" container. It will take as input a scalar w, a
labeled matrix A and a o element, for instance

11-t,

In[21]:= el‘[l, {YaIYe}~(0 t. )-{xa,xe}, {sa, se}.{va,ve}]

and returns
1 =xa Xe
vya 1 1-ta

r Sa Va + Se Ve}
ve O ta

out[21]= {

Notice also that we use = to compare two elements in el’. Then we include the stitching subroutine
together with the definitions of the crossings

er /: er'fwl_, A1_, ol_lel[w2_, A2 , 02 ] := el'[wl*w2, A1+ A2, ol + 02];

em, ., [eT[w , A, o 1] := Module[{a, B, ¥, 6,6,€,¢, ¥, B, u},
a B 6] [‘3ya,xa/2 Oy.,xe A Oy, A

Yy 6 a}(e/xa/2 a}(ezxe/2 6Ye/2] /. (le)a|e_)0;
¢ ¥ I - W R

@ o

B+ad/u 6+ae/pu
b+Sd/p E+de/p

(0 /. Vaje»0) +v. (3y, o) (8y. a)]

er[(u=1-v o, {ye, 1} ) {xe, 13,

/. {ta>t., to-t., byob., bob.} // eI‘Collect];

11-t,

0t ).{xa, X}, va"'tave];

eR: . = er[1, {va, v} |
eR; := eR: . /. ta-til;

a_,e_

Note that here we denote the stitching operation by em, .. and the crossings by eR,fe to distinguish
them from the ones in I'-calculus.

Proposition 3.9 ([BN14b]). We have the following commutative diagram

Wiayus RRLE Wiayus

L I

N LA T (ajus

where the operation dH® is described as follows. For an element of f{a}US given by

wla S
a (0% 9 ;8aVa + Z SzVUg )
S ¢ = €S
its image under dH® is
aw/sq ‘ a S
a 1/ 0/ 785111@-1—281;0@
S | —6/a (a2—g0)/a = L

ta—rtg

Mathematica®. Before presenting the proof let us describe our implementation of dH* in Mathematica
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dH[a ]J[el'[w_, A, o ]] := Module[{a, e, ¢, &, sa},

(a 9) _ (ay.;zrxa/I a}(a"2
o 2l | 82 2

sa = 0y, 0;

| 7. wim. -0

1/« e/a
-¢p/a (aE-¢86)/a

Y (o). (V. ->0})] /. {tao1/t., b.-b.} // eI‘Collect];
sa

eI‘[aw/sa, {ya,l}.( )-{xarl}l

The subroutine dH[a] reverses the orientation of strand a in I'-calculus.

Proof. We want to show that
H [ o=¢ ) dH". (3.5)

The meta-monoid structure allows us to use an “inductive” proof as follows. Given a w-tangle T, to
reverse the orientation of strand a, we first decompose T into a disjoint union of crossings, reverse the
orientations of the crossings that contain a part of strand a, and then stitch them together. For the base
step, we need to check the crossings:

Ry, ¢ dH =Ry, | H' | o =RT, /¢, (3.6)
RY, [ [ dH* =Rt, | H* | ¢ = Rf, [ ¢, (3.7)

where recall that here the image lies in I'-calculus

RY, [ o= 11— | o+t e,
0 !
For the “induction” step the relevant equation to check is
@ [ mbe JdH* = ¢ | dH ) dHE | m&P. (3.8)
We can visualize the above equation as follows
A
bl vye a v
H" ) Hl i H"
boA c,b '/\:
| ! ma’ : !
- >
by c Y a

To see why equation (3.8) implies equation (3.5), suppose that strand « is obtained by stitching strand b
to strand c. Then to reverse the orientation of strand a we can reverse the orientations of strands b and
¢ and then stitch them, i.e. H* // ¢ is given by

H® | H® [ mg® [ o=H" [ H [ ¢ [ mg®
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where we can commute ¢ and mS® because ¢ is a meta-monoid homomorphism. From the “induction
hypothesis” suppose that we already have

H' Jo=¢dH",  H[¢=¢/)dH".

Then

H* | o=H"JH o [m*=H"[ o[ dH® | m3® = ) dH" | dH | m3® = [ mb¢ | dH
=mb° o dH" = [ dH,

as required. Now equations (3.6), (3.7) and (3.8) are simple enough that we can just check them by
hand. However it is much faster to use Mathematica. For equations (3.6) and (3.7) the commands are

(eRi,, // dH[1]) = (eRf ;)
(eRy,, // dH[2]) = (eRy ;)
(eRy,, // dH[1]) = (eR{ ;)
(eRy,, // dH[1]) = (eR{ ;)

For equation (3.8) we define an arbitrary element ¢ and apply both sides to . The command is

a B 6
§=eI‘[w, {¥b, Yer ¥s}-|¥ O G]-{xb, Xc, Xs}, Sbe+Sch+SsVs]
¢ ¥ =
(8// emy,c,a // dH[a]) = (£ // dH[b] // dH[c] // emc,bsa)
When one runs these commands, they all return True, and that completes the proof. O

Again it is useful to have a formula to reverse the orientations of many strands at the same time. I
will record and prove it in the next proposition.

Proposition 3.10. Let T be a w-tangle and @ = (a1, ..., ay) is a vector where a; # a; for 1 <i,j < n.
Suppose that the image of T in T'-calculus is

T/)e= a
S

n
) E Saivai + § SLUIU$
i=1

zeS

Let dH® denote the composition dH® ) --- [/ dH then ¢ [/ dH®* is given by

wdet(a)

Fisa | @ S n
_ _ E —1 2
a (6] 1 « 19 ) Sai Vg, + SV )
S _(ba_l — (ba_l& i=1 €S

ta—ta !

where t, — t; ! denotes the sequence of substitution t,, — t, ' for 1 <i < n.

Proof. We proceed by induction on n. The case when n = 1 is precisely dS*. Now for the induction step,
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we write a = (@', a,,) and

w‘a’ a, S

a |a; ax 6 —
1 2 1
o(T) = ) § Sa;,Va; T Sa,Va, + § SzVq
n | a3 Qs O i=1 z€s

(1]

S | o1 ¢

Then reversing the orientation of strands a’, using the induction hypothesis, we obtain

det
alfa) | g an S
Hi71 2a n—1
/ —1 1 —1 —
a « o] a; 0 _
1 1 2 1 1 § : 1
1 1 1 ’ Sai ’Uazi + Sanvan + SzVUsg
an —as0q g —oagae] g Oy —agal 0 i1 ves
-1 -1 —- -1
S —p1ay P2 — pra] az E— ¢rai 0

-1
tqr —Hfa,

Now we reverse the orientation of strand a,, to get

~ /
w an a S
=T =T
1 azag 02 —aza; 0
Gn, =1 - =T =T
Qq—a30y Q2 Qg —Qa30y Q2 Qg —Q30y (2
’ a tas 1 a tasaszart 1 a_laz(Ggfagoc—lGl)
a — 1 al 1 1 al 31 _ % 1

a4—a3a;1a2 a4—a3a;1a2 a4—o¢3a;1a2
—1 —1 —1 —1
—potpra] T« -1 —pra] az)aza —_ -1 —a] T« O—aza; 0
P2tdra; ao —pra]t + (p2—¢10y "az)azay bra7 0, — (p2—ai "asp1)(f2—azay "61)

—
—

—1 —1 —1
Oé47a30¢1 o oc4fa3a1 o Ot470(30(1 Qg

ta—tg !

where
. wloy — aza;tag) det(a)

w =
H?:l Sa;

)

ta—ty !
and the o-part is given by
n
—1
E :(Sai )tastz Vai T E :(Sm)taet;wm
i=1 reSs

Again by Lemma 3.2 we have

a; o a4«
det ! 2) = det 4 3

a3 Oy g (1

= det(ay — azay ag) det(a;).

To finish off, we just need to show that

-1 -1 -1
—1 Ctil a; Tagazog ay  ag
—1 - =1
ap Q2 1 ag—ozay Qs ag—azay o
= -1 s
. a3y 1
a3 Oy —T —T
a4—o¢3a1 (e 5] 04—(13051 (e 5]

which one can easily check by performing matrix multiplications and we leave the details to the readers.
O

3.5 Strand Doubling

This section is not essential to the rest of the thesis so a reader can skip it on first reading. For conve-
nience let us also describe the operation of doubling or unzipping a strand of a w-tangle, which is the
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operation of replacing a strand by two parallel copies of itself.

K=k K™K

More concretely we denote the operation of doubling a strand labeled 7 to two strands labeled j and %
by A’ . Soif X is a set of labels and X = {i} U S, where {i, j,k} NS = 0, then

A;k s Weizus = Wyjkius

We would like to investigate the effect of strand doubling on the image of a w-tangle in I'-calculus. Our
framework will be similar to the case of orientation reversal

Proposition 3.11 ([BN14b]). We have the following commutative diagram

Aj,
Weiyus —5 Wy kyus

Lok
Tius — Taus

where the operation qA i 1s described as follows. For an element of F{Z}U g given by

, SiVi + § SzVg )

eSS
its image under A’ ; is

w | j k S
j —a+titgs;+tv (71+t]‘)1/ (71+tj)9
J73 j2 M . .
i t;(—1+tp)v —sittjtra—t;y  t;(—1+t5)0 si(v; +vi) + Z SzVs )
H M H z€S
S 10} 10} =
where y = —1+t;andv=a—s;

ti—tjtg

Mathematica®. Again before proving the proposition let us
Mathematica:

present our implementation of ¢gA’, in

39
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qQAli , 7., k. 1[eT[z , A, o 1] :=Module[
{a’ e’ ¢, E’ Si’ M, ti’ u’ v}’

dy. w. A 8y A
(0‘ 9):( yioxi”t Uyi ]/. (Y| %):>0/. t; »ti;

¢ = By, A A
si=08y;0/. ti»ti;u=-1+ti; v=a-si;
—a+tisi+tjv (-1+t4) v (-1+t4) e
U U u
M= ti (-l+ty) v -si+tia-t5v t4(-1l+tg) 6 ;
H H u
¢ o) B

er[w/. {ti>t;te}, {Vi, ¥i, 1} .M. {x5, X, 1} /. {ti > t; tx},
(/. {vi=>0}) +(vyj+vy)si/. t;|ti->t;ty] // elCollect

]:

The subroutine ¢Al[i, j, k] doubles strand ¢ to strands j and .

Proof. Our strategy will be to use an “induction” procedure analogous to the proof of orientation reversal.
Given a w-tangle T, to double strand z, we first decompose T into a disjoint union of crossings, double
the relevant strands, and then stitch them together. For the base case we have to check the following
equations

Ri:} 1ol QA%,Q = Rig /A%,z [ o= R;3Rf4 /mgA I e = R;3Rf4 /o ) myt,
Ris/el in,z =Ri; /A%z /¢ =Ri3Ry, /m§’4 Jeo=Ri 3R/ #) mgA,
sz a7y qA%,s = sz / A%,S /e = R1+,2ij,3 / m}A [ e = R;r,QRIS 1ol m%747
Ris /e (ZA%,3 =R,/ A%,?, Je=R 3R/ myt o = RisRi. e/ myt.

These equations are simple enough to be checked by hand, but it is more convenient to use Mathematica.
The commands are

qA[l, 1, 2] [eR} 3] = (eR} 3 eR{ 4, // em3 4,3)
gA[l, 1, 2][eR],3] = (eRj,3eR; 4 // em3 4,3)
aA[2, 2, 3] [eR] ;]
qA[2, 2, 3] [eRy ;]

(eRj,; eRj 3 // emy 4,1)

(eRy,3eRy , // emy, 451)

They all return True. For the “induction” step the equation we need to verify is

o 1Al i, [ 4B, g, gl ) mis” = fm [ Ay, g, 3.9

We can visualize the above equation as follows
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1 i jl\ \jQ
% 1] aA;, s, [ 4B, 5, f f b
iy i iy Y
m;c]l Tn;cll’jl //nliiz,]’z
L gAL L, //\
X ! i N Lo
: ' ki k2 yy

Finally we can verify equation (3.9) in Mathematica by applying both sides to an element ¢ as follows

a 3 6

Yy 6 e].{xi, X5, Xs}, sivi+sjvj+ssvs]
o ¥ E

(g // qA[il i, i2] // qA[jl jll JZ] // em;,,j1-k1 // emiz,jz-»kz) =
(8//em; 5,x // gAlk, ki, k2])

§=er[w, {Yi, ¥35/, ¥s}.

The command returns True and that completes the proof. O



Chapter 4

Expansions of w-Tangles

In this chapter and chapter 5 we explain the algebraic framework that gives rise to I'-calculus. The
chapters are mainly expository and are independent of other chapters so a reader mainly interested in
applications of I"-calculus to ribbon knots can go directly to chapter 6 without losing any understanding.
The materials here are taken from [BND14, BN16b].

4.1 Algebraic Structures and Expansions

Let us give the definition of an algebraic structure as introduced in [BND14] (see also [Lei04]). Let C
be a set whose each element is called a kind. An algebraic structure indexed by C, denoted by A, is a
collection {A,} of sets A,, one for each kind « € C, along with a collection of set maps, which we also
call operations. Each operation is of the form

Slrn®h s Ap X X Ay = Aags Q0,00 € C

@o

Here k is a non-negative integer and x is the usual set product. The operations are called unary if k = 1,
binary if k = 2, or multinary if k > 2. For convenience we also allow the case k = 0, which we call a
0-ary operation. A 0-ary operation on .A,, specifies a named “constant” in the set .A,,.

The operations may or may not be subject to axioms—an axiom is an identity asserting that some
composition of operations is equal to some other composition of operations. One can think of an alge-
braic structure A schematically as in the figure, where each oval denotes a set of a certain kind, and the
arrows denote the operations (typically each arrow has multiple inputs, but only one output).

42
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G '
e :
W

In the figure the algebraic structure A has five kinds of objects C' = {1, 2, 3,4, 5}, five unary operations,
two binary operations, and two 0-nary operations (the named constants 1 in .4; and 0 in .45) . Examples
of algebraic structures abound in mathematics (see [BND14]). For our purpose, we focus on two main
examples: monoids and meta-monoids.

Example 4.1 (Monoids). Let G be a monoid with identity e. Then as an algebraic structure G has one
kind of object (C = {1}), one binary operation: multiplication, which we denote by m, and one 0-nary
operation: the identity, which we denote by e.

The operations satisfy the following axioms:

(mx1Id) J m=(Id x m) J/ m,
(Idxe) Jm=(exId) ) m=Id

The first axiom corresponds to associativity and the second axiom corresponds to the identity e. &

Example 4.2 (Meta-monoids). Our main examples of algebraic structures will be meta-monoids (see
Section 2.1). Note that the definition of a meta-monoid is already formulated in the language of algebraic
structures. In this case we have infinitely many kinds of objects and infinitely many operations (here C
is the collection of finite sets X of some set Z, the operations are stitching, identity, deletion, renaming,
which are unary, and disjoint union, which are binary). &

Now given an algebraic structure A indexed by C, for each o € C' we consider the free Q-module
generated by the elements of A,, denoted by Q.A,, (one can replace Q by any field with characteristic
0), and we extend the operations in a linear or multilinear fashion. In this manner, we can assume from
now on that for an algebraic structure A, each A, is a Q-module.

Given two algebraic structures A and B indexed by C, then A O B means that B, is a submodule of
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A, for all @ € C. An algebraic structure A is called filtered if there exists a filtration
A=A"DA' DA D ...

If an algebraic structure A is filtered, we define the associated graded structure of A (with respect to the
given filtration) to be
grA = H Am/.Am-i_l.
m=0
Here again by the quotient A™/A™*! we mean the algebraic structure consisting of {A™ /A" +1} for
each a € C (since A™ and A™*! are Q-modules we can take their quotient). The algebraic structure
grA is indexed by C. More specifically,

oo

(grA)a = ] Ap A7+,

m=0

where oo € C. One advantage of working with gr.A is that it is graded. We denote the degree m piece
A™JA™FL of gr A by gr,, A. So an element a of (grA), has the form

oo
a= Z Am,y  Qm € AT JATTL

m=1

If the operations of A preserve the filtration, this means that an operation

,(/)al,...,ak :-Aal X e X -Aak — Aao

@0

satisfies
Gk AT 5 ATy g
for all my, ..., myg, then grA inherits the operations from .A. However the induced operations on gr.4

may or may not satisfy the axioms satisfied by the operations of A.

Note that if an algebraic structure A is graded:

A:ﬁAm,

m=0

then it has a canonical filtration given by

o0
A" = ] An.
n=m
With respect to the canonical filtration we have

grA= [ Am/A™ = ] An = A.
m=0

m=0

So in particular we have gr(gr.A) = grA.
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Consider two filtered algebraic structures .A and B indexed by C, i.e. we have filtrations
A=A"DA'DA2D ..., B=B'DOB'DOB%D--..

Amap f: A — B between two algebraic structures consists of a collection of module homomorphism
{fa : Aa — B}, one for each a € C. Amap f is called filtered if it preserves the filtration of .A and B:

f(AYCBY, n=12,...

A filtered map f between two filtered algebraic structures induces a graded map grf between their
associated graded structures
grf:grA — grBB

given by grf([a],) = [f(a)]n, where a € A™ and [a],, denotes its equivalence class in A"/ A" !, Now we
are ready to define the main construction of this section:

Definition (Expansions). An expansion is a filtered map Z from a filtered algebraic structure A to its
associated graded gr.A
Z:A— grA

such that the induced graded map grZ : grA — gr(grA) = gr.A is the identity map.

Let me unpack the above definition. First of all, since the map Z is filtered, we have

Z(a) e [ A™/A™, forac A"

m>n

We can make the condition for Z more concrete as follows: let [a],, € A"/ A", we have
grZ(laln) = [Z(a)]n = [a]n.
In other words, for a € A", we have
Z(a) = [al],, + higher order terms. “4.1)

When grA inherits the operations from .4, we say that an expansion Z is homomorphic if it commutes
with the operations of .A. We are interested in finding homomorphic expansions of various algebraic
structures.

Example 4.3 (Taylor Expansions). The prototypical example of an expansion is the Taylor expansion.
Let A be the algebra over R of analytic functions f : R — R. Let Z be the ideal

I={feA:f(0)=0}.
Then one obtains a filtration of A given by

A=1"D>I271*°D ...

)
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where 7" denotes the product ideal. We can then define the associated graded
grA = H /7"
n=0

In this case it is quite easy to figure out what the n-th degree piece of gr.A should be. Specifically, an
element of Z" has the form
f=12"¢g, forsomeg e A

Therefore
7"/7"! = span{z"}.

Now an expansion Z : A — gr.A is given by

> £(n)
n=0 :

n

To check that Z is indeed an expansion is almost a tautology. If f € A", then f has the form

1 O
f=a2"g=2a" (g(O) +4g'(0)x + g 2(' )x2 + - > .
Thus
Z(f) = x™g(0) + higher ordered terms = [f],, + higher ordered terms,

as expected, where [f], just denotes the n-th degree term of f. Note that the expansion is clearly
homomorphic:

Z(f9) = 2(f)Z(9)

since the Taylor series of a product is the product of Taylor series. &

Now given an algebraic structure .4 indexed by C, we describe a canonical procedure to obtain a
filtration of A as follows. Again for each a € C we consider the free Q-module QA,, generated by the
elements of A, and extend the operations in a linear or multilinear manner. Then we define Z, the
augmentation ideal, to be the algebraic structure indexed by C' given as follows. For each a € C we
define Z,, to be the submodule of A, given by

— {iakxk:iak()andxk G.Aa}.

k=1 k=1

For m > 0, we let Z° = A, and Z™ be the algebraic structure defined as follows. For each o € C,
I consists of all outputs of algebraic expressions in Z,,, where an algebraic expression is a arbitrary
composition of the operations in .4, that have at least m inputs in Z and possibly, further inputs in A
(note that the inputs are not necessarily of the same kinds). It is clear that Z D Z™*! for m > 0,
meaning that Z7 O I+ for all o € C. We then have a filtration of A

A=1"D>1T27%*D ...



CHAPTER 4. EXPANSIONS OF W-TANGLES 47

and its associated graded
oo
grA =[] 7"/7"+".
n=0

It is clear that for this particular filtration, the operations of A preserve the filtration, and therefore gr.4
automatically inherits the operations of .A. When we write gr.A without specifying an explicit filtration,
we mean the augmentation ideal filtration.

In practice, to find the associated graded structure of an algebraic structure, the following proposition
is useful.

Proposition 4.1 ([BND14]). Let B be a graded algebraic structure and A a filtered algebraic structure
both indexed by C. Suppose that we have a surjective graded map © : B — gr.A. If we have a filtered map
Zr : A — Bsuch that w || grZg : B — B is the identity map, then w: B — grA is an isomorphism (of
modules) and Z = Zp [/ 7 : A — grA is an expansion. In short we have the commutative diagram

o

A — erA
If Z is homomorphic, then Z is also homomorphic.

Proof. The map = is surjective by assumption, and the condition 7 / grZs = id shows that it is also
injective. To show that Z is an expansion, first of all note that Z is filtered because Zj is filtered and =
is graded. We can write the condition 7 / grZz = id more explicitly as

Zp(m(by)) = by, + higher order terms, for b, € B,,.

Now for a € A™ and [a],, € A"/ A""!, there exists a unique b,, € B,, such that 7 (b,) = [a],. It follows
that

grZ([aln) = [Z(a)]n = [7(ZB(7(bn)))]n = [7(bn)]n = [a]n-

Therefore 7 is an expansion, as required. O

To summarize, to find the associated graded structure gr.A of a filtered algebraic structure .4 we need
to construct a surjective graded map = : B — gr.A and a filtered map Z5 : A — B such that

Zp(m(by)) = by, + higher order terms, for b,, € B,,. “4.2)

Then B is gr.A and Zg // 7 is an expansion. We will illustrate this method in the concrete case of W, the
meta-monoid of w-tangles.

4.2 The Associated Graded Structure of w-Tangles

In this section I describe the associated graded structure gr)V of the meta-monoid W of w-tangles. We
assume the readers have some familiarity with finite-type theory (see [BN95]), otherwise they can safely
skip this section.
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Consider the meta-monoid W of w-tangles. For a finite set X of labels we consider QWx and extend
the operations in a linear or multilinear fashion. Following the theory of finite type invariants (see
[BND16, BN95]), we introduce a new type of crossings

We call the crossings on the left hand side semi-virtual crossings. Here again the rest of a w-tangle outside
the crossings will stay the same. A w-tangle with semi-virtual crossings, which we also call singular w-
tangle, is an element of QWx. In particular, a singular w-tangle with n semi-virtual crossings is a linear
combination of 2™ w-tangles.

Recall that the augmentation ideal Zx consists of elements of the form

n n
Zakxk, Zak:(L r, €Wx fork=1,...,n.
k=1 k=1

Since the sum of the coefficients is O we can rewrite the linear combination as

n—1
Z ar(zK — Ty).
k=1

Therefore we see that Zx is generated by differences z—y. Now for two w-tangles x,y € Wx, we can turn
x into y provided we can turn a crossing to a virtual crossing and vice versa. Concretely, we can turn all
the crossings of «x to virtual crossings, rearrange the virtual crossings to obtain a diagram representation
of y where each crossing is virtual, and then turn the virtual crossings to the corresponding crossings
of y. We can turn a positive crossing to a virtual crossing at the cost of a semi-virtual crossing and vice
versa as follows.

Similarly we can turn a negative crossing to a virtual crossing and vice versa at the cost of a semi-virtual
crossing as follows.
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In each case the cost is a singular w-tangle with one semi-virtual crossing. Thus we can write z — y as a
linear combination of singular w-tangles each with one semi-virtual crossing. In other words, the ideal
Zx is spanned by singular w-tangles with one semi-virtual crossing. It follows that Z% is spanned by
singular w-tangles with m semi-virtual crossings.

To proceed, we are going to define the meta-monoid of arrow diagrams, which we denote by A“. We
will show that A" is in fact gr)V. Let X be a finite set of labels, consider the collection of | X| parallel
directed lines labeled by X, which we also call a skeleton. Then an arrow diagram on a skeleton labeled
by X is the skeleton together with a collection of arrows between the directed lines.

A

In the figure, we use thick lines to denote the skeleton and thin lines to denote the arrows. Then we let
A% be the Q-module generated by arrow diagrams on the skeleta labeled by X modulo the T'C' (tails
commute) relations

and the 67 relations

N NN
Note that the T'C relations allow us to simplify the 67" relations to obtain the (directed) ﬁ relations

Let me explain the pictures. Here the thick lines denote three disjoint parts of the skeleton, which may
belong to different lines. The dotted parts ...’s indicate the remaining parts of the diagrams, which
stay unchanged on both sides. Note that we can have any number of arrows in the dotted parts. The

collection { A%} forms a meta-monoid with the obvious stitching operation: m}"j means connecting the
head of strand i to the tail of strand j combinatorially and calling the resulting strand [, for instance
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\

To delete a strand labeled a, if there are arrows connected to the strand, the result is 0, otherwise we
can just remove the strand from the diagram. The other operations are straightforward. A special type
of arrow diagrams are the arrow diagrams with a single arrow, which we denote by a;;

Note that we can obtain any arrow diagram from a collection of arrow diagrams with a single arrow
together with the disjoint union and stitching operations. The meta-monoid A" is graded by the number
of arrows in an arrow diagram.

Proposition 4.2 ([BND16, BND14]). The associated graded structure of W is A".

Proof. Following Proposition 4.1 we need to establish the following commutative diagram
Aw
ZV ‘n';U\ng Aw
2% — grV

Let us first define the map 7 : A¥ — grWW. From the above discussion it suffices to define = on arrow
diagrams with a single arrow. We set

\ I | pr— \ | J— 1 [
Notice that the arrow goes from the overstrand to the understrand. As an example, let us look at the
image of the arrow diagram

We first break the diagram as follows
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>

>

Then by mapping each single arrow to a semi-virtual crossing and then stitch the strands together, where
if two strands are far apart we bring them together via virtual crossings, we obtain

Using the notations for a single arrow and a crossing we get
ﬂ(aij) = R;Z —1 or R:fj = W(aij) + 1.

The map = is clearly graded, we need to show that it is well-defined and is surjective. First of all observe
that the image of an arrow diagram with m arrows lies in Z™ /Z™*+!. Two realizations of the same arrow
diagram can be turn into one another at the cost of w-tangles with m + 1 semi-virtual crossings, which
are zero when we quotient out by Z*!. Now let us check the relations. We can rewrite the TC relations
as

I PR 3 A P

or in terms of equations a;;a;x — a;xa;; = 0 (recall that we compose from bottom to top). To show that
its image is 0, we start with the following topological fact

O 7?1

which follows from the OC relations. In terms of equations we obtain

+ pt + pt o
Ry R, — Ry = 0.
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Then we have

W(aijaik - aikaij) = (R;Z - ]‘)(Rj:k — 1) - (Rj:k — ].)(.RJr ].) = R?f]Rthk - Rj:thj = 0,

(A

as required. Similarly for the 67 relations we first rewrite it in a vertical form

or in equation
(@i g, @ik] + [aij, a5k] + [@ik, ajr] = 0. (4.3)

To show that its image is O we consider the Reidemeister 3 relation

( S
B )

i jwk i wj k

or in equation R, R, R, — R, R, RT = 0. It follows that

(m(ajr) + 1)(m(air) + 1)(m(ai;) + 1) — (7(aiy) + 1)(m(aix) + 1)(7(a;r) + 1) = 0.

Note that the terms m(ajiaixai;) and w(a;ja;xa ) vanish because we mod out by Z*. Therefore the
above equation reduces to the equation

m([aij, aik] + [aij, ajk] + [aik, ajx]) =0,

as required.

To see that r is surjective, consider an element of Z™/Z™*!, i.e. a w-tangle D with m semi-virtual
crossings modulo w-tangles with m-1 semi-virtual crossings. We can associate with D an arrow diagram,
a.k.a. 771(D) as follows. We go along the skeleton of D, and mark the positions of the semi-virtual
crossings, ignoring the usual crossings. Then we replace each semi-virtual crossings by an arrow that
goes from the overstrand to the understrand. Concretely let us look at an example, but the argument
works for the general case.
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Now to see that the arrow diagram is indeed 7~ (D) we need to show that the following two w-tangles

\

represents the same element in Z™/Z™ 1. This follows because one can turn crossings to virtual cross-
ings and vice versa at the cost of w-tangles with m + 1 semi-virtual crossings, which vanish since we
quotient out by Zm+1,

Now we define the expansion Z 4« : W — A" by sending the crossings to

X@XXXXX

e | = + + o + g + -
o S > B s ]

Here we use the notation e* and “/” in the middle of an arrow to denote an exponential of arrows,
as described above. We then extend Z 4« to an arbitrary w-tangle using disjoint union and stitching.
Therefore Z 4. is homomorphic by construction. To show that Z 4. is well-defined, we need to check
that Z 4. satisfies the R2 relation, the R3 relation and the OC relations. For the R2 relation we consider
two cases depending on the orientations of the strands

AN 7

) ()

7 AN

The first R2 move is clearly satisfied since e*e~* = 1. For the second R2 move the image of the left hand

side under Z 4~ can be written as

A

TC

Here again an arrow with a “/” denotes an exponential of arrows, where the top exponential is e* and the
bottom exponential is e~*. The T'C relation allows us to switch the tails of the arrows, then e“e=* =1,

as required.
Let us look at the left hand side of the R3 relation under Z 4w

+ p+ pt+\ _ 0k Gk Qi
Zaw (R R R) = e®retites
= e%ke® kT (because of the TC relation: [a;;, a;] = 0)

= etk Taitae (because of the A7 relation: [aij + @ik, aji] = 0).
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Similarly the right hand side of R3 is given by

e (R;;R;R;rk) = e%ietiketik
= e%itaikedk  (because of the TC relation: la;j, a;,] = 0)

= e%ktaiitair (because of the A7 relation: [aij + aix, ajx] = 0),

as required. For the OC relation, its image under Z 4w is

N

The two sides are then the same due to the T'C relation. Finally to see that Z 4« is an expansion we need
to verify that
Z pw(m(an)) = an, + higher order terms,

where a,, € AY, i.e. an arrow diagram with n arrows. By construction it suffices to verify for the case
n = 1. We have that

XXX Py

Then for a general w-tangle we obtain the identity by homomorphicity of Z 4. . Identifying A% with gr\V

and Z with 7 o Z 4» we obtain a homomorphic expansion. O



Chapter 5

Relations with Lie Algebras

In this chapter we describe how the formalism of associated graded spaces and expansions developed
in chapter 4, or more specifically, the meta-monoid of arrow diagrams A", gives rise to I'-calculus. The
key idea is the relationship between arrow diagrams and Lie algebras. This chapter is mainly expository,
which depends on chapter 4 but is quite independent of other chapters and can be skipped on first
reading. The materials here are mainly taken from [BN16a].

5.1 From A" to Lie algebras

In this section we aim to elucidate the connection between A" and Lie algebras. First let us recall the
semidirect product of two Lie algebras. Let g and § be finite-dimensional Lie algebras and suppose that
g acts on h by derivations, this means that

v (o, Y] =z - +[p,x-¢], xeg dYeED.
Then the semidirect product of g and b, denoted by h x g, is h & g equipped with the following Lie bracket:

[(#1,21), (P2, 22)] = ([¢1, P2] + @1 - P2 — T2 - D1, [T1, T2]),

where ¢1,¢> € h and z1,22 € g. We leave it to the readers to check that the above is indeed a Lie
bracket. When b is g* with the trivial Lie bracket we define

Ig:=g*xg.
Here g acts on g* by the coadjoint action:

(z-9)(y) = 9o(ly,z]), =,y€g dcg”

The Lie algebra Ig is a special case of what is known as a double (see [CP94]).

Now given a finite dimensional Lie algebra g we can define a meta-monoid U(/g) as follows. Let

55
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U(Ig) be the universal enveloping algebra of I'g. For a finite set of labels X, we let
U(lg)x = U(Ig)*~.

Here each factor in the tensor product is labeled by an element of X and ® is the completed tensor
product, i.e. we allow series instead of just finite summations. For the completion, we define the degree
of g* to be 1 and the degree of g to be 0. So for instance the element ¢; 2 ® ¢121 ® 23, where ¢1, ¢ € g*
and z1, x5 € g, has degree 2 + 1 + 0 = 3. In general we should also specify the labels of the components
of the tensor product, but we suppress the labels when they do not play a role or if no ambiguity is
ensued.

The operations in a meta-monoid is defined in a straightforward manner: disjoint union corresponds
to tensor product, for example:

(T102 ® 201) U (21 @ ¢2) = 212 ® T21 @ 1 @ P,

stitching corresponds to multiplication of tensor factors, for example:

3,2
(x102 ®$§¢1 ®$%$2) Jmy” =112 ® l‘%ﬂig%?
o N —

1 2 3 1 2
where the underbraces indicate the labels, deletion is obtained from the map U(Ig) — Q which is the
identity on QQ and zero otherwise, for example

(21 @@1p2® 1 ) [z =21 @212, but (1 @@1P2® _1 ) /11 =0.

1 2 3 1 2 3

We leave it as an exercise to verify that these operations satisfy the axioms of a meta-monoid. One can
visualize an element of U(Ig)®¥ as “beads on strands” as follows. We think of each tensor factor of
U(Ig)®X as a directed strand and the elements of Ig as beads on a strand. For example,

. s
T10372 @ poxihy (q;l 1
N—— N — 1 ¢
i J Z1 2

i J

Then one can interpret the meta-monoid operations visually. For instance the stitching operation is given
by

k
T T
1 P2 mbJ ¢2 ®2 5
& ry ok i ry — T1P1T2P271 P2
~—_—————
x 2 T 2 k
i J

There is a meta-monoid homomorphism 7, : A* — U(Ig) given as follows. Since an arrow diagram
can be obtained from a collection of single-arrow diagrams and stitching operations, it suffices to define
T, on these diagrams. Specifically, choose a basis {x;}}_,; of g with corresponding dual basis {¢;}?_, of



CHAPTER 5. RELATIONS WITH LIE ALGEBRAS 57

g*, i.e. ¢;i(x;) = J;;, the Kronecker § function. For an arrow, we label it with an index ¢ € {1,...,n},
place ¢; at the tail of the arrow and z; at the head of the arrow and then sum over i:

‘ZJ L sz Ty zn:gbi@mi
i=1

k

J

Here the image lies in U(Ig)®/"*}, where j, k are the labels of the strands. As another example, we have

j ¢j n
¢J i, Ty > i@ zixie;

. ij=1
-1

Note that we read the elements along the orientation of the skeleton.

Proposition 5.1 ([BND16]). The map T, : A¥ — U(Ig) is well-defined, i.e. it does not depend on a choice
of basis and satisfies the 4T and TC relations.

Proof. Let us first show that the map T, does not depend on a choice of basis. Given two bases {z;}];
and {y;}]~, of g with corresponding dual bases {¢,}?_, and {¢;}?, of g* and suppose that

n n
yj:zaijmi’ %ZZ@W@ j=12,...,n.
i=1 i=1

Let A = (aij)i<ij<n and B = (b;;)1<i j<n. We leave it as an exercise in linear algebra to show that
B = (A71)t. Then it suffices to show that the term

Y ¢i@w € U(Ig)*?,
=1

which corresponds to a single arrow, does not depend on a choice of basis. Indeed, we have

n n o n n
ij ®y; = Zzbij¢i ® Zaijk
J=1 j=14i=1 k=1

n n n
=D DD bigonidi @
k=1i=1 j=1

n

Z(BAt)ik¢i ® Tk

=1

I

a~
Il
-
«
Il

Sipi @ ¢, (since BA! = 1)

|
NE
NE

=~
Il
_
o
Il
—

|
s
&
=

s
Il
-

as required.
Next let us prove the TC relations
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Under Ty, the left hand side is given by

n

i,j=1
and the right hand side is given by

n

1,j=1

Here again .. .’s denote other elements of U(Ig), which stay the same on both sides. Then

n n

i,j=1 i,j=1 1,j=1

since the Lie algebra g* is commutative.

Finally let us proceed to show the ﬁ relation

J

For that we first let ¢;;;, be the structure constants of g, i.e.

n
(@i, 2;] = Zcijkxk, 1<i,j<n.

k=1
Note that [¢;, z;] = —x; - ¢;. It is a simple exercise in linear algebra to show that
n
—Ti Q5 = Zcikj¢k, 1<4,5<n.
k=1

Under T, the left hand side of a7 is

n

ij=1

Zj.--

0,

58
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and the right hand side is

n

i,j=1
Taking the difference of both sides we obtain

n

i,j=1
n n
= Z czk;¢k¢z$j — Z ...qu...@...cijkxk...
i,5,k=1 ,5,k=1
n n
= Z Cljk¢j¢1xk) - Z d)J(b,LC”kS(}k :07
ij,k=1 i,.k=1
as required. O

5.2 The Lie Algebra g,

In this section let us specialize to the simplest non-trivial case, namely when g is the non-abelian 2
dimensional Lie algebra. Specifically, as a vector space g is two-dimensional over Q given by

g= Span@{cv U)},
and the Lie bracket is given by [w, ¢] = w. Then the dual Lie algebra g* is given by
g" = spang{b=c",u=w"}

and the Lie bracket is given by [b,u] = 0. In order to obtain /g let us compute the brackets between
elements of g and g*. For instance, we have

[u,w] = —w - u.
Now by the definition of the coadjoint action we have
(w - u)(c) = u(le,w]) = —u(w) = —w*(w) = —1.

Thus we get [u, w] = ¢* = b. Similarly we obtain [u, c] = —u, and [b,-] = 0. In other words, b is central.
Now we let go := Ig. So the Lie algebra g is the four-dimensional vector space

do = Span@{ba ¢ u, ’(U}
equipped with the Lie brackets

[b,]=0, [c,u]l=wu, [cw]=-w, [u,w]="0 (5.1)
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From our convention the degrees of b and u are 1 and the degrees of ¢ and w are 0. Then one can check
that the Lie bracket preserves the degree and hence gy is a graded Lie algebra. In practice, it is useful to
have a matrix representation of g

Proposition 5.2. The Lie algebra gg has the following faithful representation

0 0 -1 0 0 0 0 00 010
b—10 0 0 J|,u~ |0 0 1|,c—=]0 1 O|,w—=1]0 0 O
0 0 O 0 0 0 0 00 0 0 0

Proof. The four matrices are clearly linearly independent and it is easy to check that they also satisfy the
commutation relations given in (5.1). O

5.3 The meta-monoid G,

In this section we analyze the meta-monoid U(gg). Let X be a finite set of labels, we define

U(go)x = Ulgo)®X = ﬁ( EB Go,j>7

jeEX

where each gy ; is a copy of go and U denotes the degree-completed universal enveloping algebra. The
Lie algebra €, x 90,; can be given a succinct description as follows: as a vector space

@goﬂ' = spang{b;, cj, uj,w; : j € X},
JEX

and the Lie brackets are given as follows: the Lie brackets of elements with different indices vanish, and
[bj,] =0, lejousl = wy, ej,ws] = —wj, [uy, ws] =

for all j € X. In other words, we can index the generators of gy by the labels in X to specify which
factors of the tensor product they belong to. This results in a more streamlined notations. Concretely,
we can write

buw @ wu? @ Cw® —» biuiwiwju?ciw;z, 1,5,k € X.
i j k

Since the b,’s are central, we can absorb them into the ground field, and so we think of an element
of U (G} jex go’j) as a power series in ¢;,u;,w; with coefficients rational functions in b;’s. For the
completion recall our convention that the degrees of b, and u; are 1 and the degrees of ¢; and wy, are 0.

By the PBW theorem [AKO8] we can write each element of the universal enveloping algebra in terms
of monomials in some particular order of the basis elements which can be fixed in advance. For that
purpose let us introduce the ordering operators O(:|specs), which are linear operators

O(-|specs) : Qbj, ¢, uj,w; : j € X] — ﬁ(@go’j)

jex

Here Q[b;,¢j,u;,w; : j € X] is the algebra of power series in the commuting variables b;, ¢;, u;, w;
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where degb; = degu; = 1, degc; = degw; = 0, for j € X, and specs specifies how we should order the
variables. Since b;’s are central, we only need to order c¢;, u;, w; (compare with normal ordering in the
physics literature [VMMC06, PHPT07]). For instance,

@(eblulecle“2w2|01u1, wolts) = P e uwae? = woe? el ey,

where the second equality follows because elements of different indices commute.
Now I can describe our meta-monoid Gy. For a finite set X of labels, let (Gy)x be the collection of
commutative series of the form

f=wexp Z l; jbic; + qi juw; |, (5.2)
i,j€X

where each /; ; is an integer and w and ¢; ; are power series in by, for £ € X. The element f is character-
ized by a triple consisting of the “scalar” w and two labeled matrices L and @

I w | X Q- w | X
N X lz’j ’ B X qij '

For aesthetic purpose we stick w to the empty corners of L and (). The scalar w is required to satisfied
the following condition

(a) wis a function of %, i € X, and with the substitution e’ — ¢, we have w

ti—1 = 1.

The matrix @ is also required to satisfy certain conditions. First I need to introduce some notations. Let
D be a diagonal matrix labeled by X whose (j, j)-diagonal entry is b; for j € X. For column vectors
t=(tj:j€X)" anda = (a; : j € X)” we define

t* = H t?j.

jeEX

Then for a matrix A = (a; : j € X), where a; = (a;; : i € X)T (the jth column of 4 is a;), we define t*
to be the diagonal matrix whose (4, j)-entry is given by

to =[] ¢

ieX
Now I require the matrix @ to satisfy the following two conditions:

b

(i) each entry of DQ is a rational function in e%’s, so we can make the change of variables % — t;

fori e X,
(ii) with the substitution ¢* — ¢; for i € X we have DQ)| ., =0

where 0 is the n x n matrix consisting of 0’s. There is a map from (Gg)x to U(go)x given by
f (g (O)(f|cluzwl fori e X)

For each index the order is cuw, which we call cuw-order for short.
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In order to perform stitching, we need to understand how to reorder the generators. For that we
introduce the following switching operators

N“e: Q[[bv u, ¢, ’lU]] - Q[[bv u, ¢, ’lU]]
defined as follows. For f € Q[b, u, ¢, w], we have

O(fluc) = O((f ) N*)cw).

Notice that we only switch two consecutive variables in the ordering and the order of the remaining
variables remains intact. As a simple example, in gy we have [¢, u] = u, or cu — uc = u, S0 uc = cu —u =
(¢ — 1)u. It follows that uc? = (¢ — 1)%u. Therefore

uc® ) N“ = (¢ —1)*u.

In a similar fashion we can define the switching operators N“¢ that switches the order wec to the order
cw and N that switches the order wu to uw. To understand these switching operators the following
proposition will be useful.

Proposition 5.3 ([BN16a]). In U(go) we have the following identities

n

m
u,

1. u™c™ = (¢ —m)

2. wmd = (¢ +m)"w™,

min{m,n}

min{m,n} , ) ) Il ()T qv =T qpm—J
3. wmu" = Z (T) (n)]' (_b)]un—]wm,—J _ Z mn( b)Y u w :

2 j 2o Tilm ) (n—j)!
where m and n are non-negative integers.
Proof. The first two identities follow from [c,u] = w and [c,w] = —w. For the third identity, using

[u,w] = b, one can use induction. Alternatively, one can observe that to obtain the term u"~/w™~7, we
have to choose j elements from u’s, j elements from w’s, there are j! ways for them to interact, and each
interaction will annihilate v and w and return an element —b. O

Proposition 5.4 ([BN16a]). We have
eﬂu+'yc //Nuc — e'yc+e_'y,8u’

eanr'yc // ch — 6'yc+e’Yaw

)
where «, 8, v are scalars.

Proof. Let us show the first identity. The second identity is analogous and we leave it as an exercise. We
have

& T A S e T A8
@(eﬁu-i-vc‘uc) :eﬁue'yc _ z : B Y uet = § : 6 i (C—’I’)S’LLT
rls! rls!
r,5=0 r,5=0

[SSIP 00 "YS 0o 57”
_ P oS ro__ r o ~(e=r), T
_Zr!< S!(c r))u—zor!e“/ u

=0
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o0 _ .
=¢e° Z 7(6 W'Bu)’ = ¥t Bu — (O)(e"’c"'efw“\cu)7
r!
r=0

as required. O
Example 5.1. As a simple example, we have

ebetuw j yue — ghete tuw.
To get the corresponding identity in the universal enveloping algebra we need to apply the ordering

operator:

O(ebt ™ |wuc) = @(ebc+efb““’|wcu).
Expanding both sides we obtain the following identity in the universal enveloping algebra
= L pme b = (—n)Ppmtr

Z m!n! Z m! n! Z plm!n!

m,n=0 m,n=0 m,n,p=0

where equality is interpreted degree by degree (recall that these generators do not have the same de-
grees). &

Proposition 5.5 ([BN16a]). We have the following identities

O(e AU wu) = Qe babtawthu ),

6ﬁu+aw+wuw // Nww — I/efbua5+uaw+uﬁu+u'yuw’

where v = (1 + by)~%, and o, 3, v are scalars.

Proof. The first identity is the familiar Weyl commutation relation. For completeness we present here a
combinatorial proof. The left hand side is

e amﬁn
@(eaw-l-ﬁulwu) — eaweBu — Z wm™u"
m!n!
m,n=0

min{m,n}

N ampn mlnl (=b)" e
Z m!n! Z r!(m—r)!(nfr)!u v

m,n=0 r=0

oo min{m,n}

amﬂn(_b)r n—r,,mM=T
Z ; T!(m—r)!(n—r)!u

m,n=0

oo min{m,n}

(~bag)” (B~ (aw)™—"

rt (n—=r)! (m—r)!

[
(]
(]

_ e—ba,@eﬁueaw _ @(e—ba6+6u+aw|uw)7

as required.
The case that involves the quadratic term ww is a bit more complicated. First let us recall a familiar
trick: for a series p(x) we have
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where 9, denotes the formal partial derivative with respect to «. We can then rewrite the left hand side
as follows.

@(eﬁu+aw+7uw‘wu) _ @(e'yuweﬁu+aw|wu) _ @(eyaﬁaa 6Bu+aw|wu) _ e'yafiaa@(eﬁu+aw‘wu)
= 19295 Qe baPtawtBu ) (by the first identity)
— @(e'y@aaﬁe—baﬁ+aw+[3u|uw)

Now we let
w(a7 Bv ’Y) = ewaaﬁ efba»3+aw+,8u

as a formal power series in «, 3, . Then 1) satisfies

w(a, B, 0) = e—baf+Butaw

Observe that there exists a unique series that satisfies the above initial value problem (IVP) since we can
express the coefficient of a term of a certain degree in terms of the coefficients of lower degree terms.
All that remains is to show that the series in the right hand side

Vefbuaﬁ+uaw+uﬁu+u'yuw

also satisfies the IVP. Clearly the initial condition is satisfied. To check that the series also satisfies the
PDE is an exercise in multivariable calculus and we leave the details to the readers. O

Example 5.2. For a simple example we have

O(e"|wu) = O < ! e ) uw

Expanding both sides we obtain

mgzo —m!wmum = E — ( E (—b)é> u"w™.

m=0 s=0

Again equality is interpreted degree by degree. &

Now we are ready to define the stitching operation. First we extend the switching operators to allow
indices. For instance we define N, to be

FINE = (F ) N Sy e

or in the universal enveloping algebra

O((f

ui%uk’cjﬁck)‘ ...ukck...) = @(f//N;L7C7| ...ckuk...).

We define the other switching operators similarly. We define the stitching operation m};’j in Go by
pulling back the stitching operation in U(go). Namely, for f € Q[. .., ¢;, u;, w;, ¢j, uj, w; .. .] the stitching
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operation mzj is characterized by
O(f|... ciuwicju;w; . ..) //mlj = @(f//mz,’j|...ckukwk...).

Note that m;” on the left hand side is the stitching operation in U(gg). Concretely we first put the two

orderings c;u;w; and c;u;w; next to each other on the strand labeled %
CiU; Wi CjU; Wy

and then use the switching operators to turn the above to the cuw order. Namely

w;c; N“i“'k kauj

k k k
Citts (Wi C ) ujw; —— (Ui C ) WpUjW; —— CiCrUk (WEU; )W —— C;CLURULWEW).

Finally we relabel ¢; to ¢ and w; to wy. From the construction of the stitching operation we see that
meta-associativity is automatically satisfied because it is the pullback of the stitching operation in U(gg).
However, I need to check that mzj is well-defined, i.e. after stitching the scalar w satisfies condition
(a), the matrix L consists of integer entries, and the matrix @ satisfies conditions (i) and (ii). For this

purpose let me consider an arbitrary element ¢ of (Go)y; j1us given in matrix form by

wl| i j S w| 1 j S
I Z li Ly lis 7 Q= Z Gi G dis |
J | i Ly s J | %G i 4is
Sllsi lsj lss S|qsi qs; @qss
and the matrix D in this case is

i 5 S
D i 1b O 0
] 0 bj 0
S|10 0 bgs

Then it is a computation exercise to verify that for ¢ / mi’j the matrix L is given by

| k S
k{4l + 1+l Ls+lis |,
S lsi+1g; lss

which consists of integer entries. The scalar part is given by, where we set e?> — t,,

w

Observe that byg;; is a function of eb= by assumption and when we set ¢, — 1 the term brg;; vanishes.
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Thus the scalar part satisfies condition (a). Finally the matrix part DQ)|... ¢ is given by

k S
—lij=Tj5,~lsj LijtTj5 1S 2 lij=ljj,~Lsj 2
k t, to 77 brqijtt, t 57 b qitbe (qii+qy5)+b5(qii Qi —qiidsi)  t tg "7 brqis+brqis+by(qi9is—qiiq;s)
FyE T, 5 15,
1+15k”Jr “tSSJ braqji 1thk”+ “tSSJ brqji
Liidlis lgs Liidlas Lgs
g t,” '”tSSJ (bssgsi—brbss(q;i95i—3ji455))+bssgs; bssqss—t,” ]'7tSS]bkaS(QSinS_QJmQSS)
Tidl:: la, T tl:: 1o
1+t,7 J]tssjbkqji 1+t,7 “tSSJ brqji

In this form I can check readily from the assumption ¢ € (Go);,j3us that the two conditions (i) and (ii)
are still satisfied. Condition (i) follows because in each term the powers of b’s agree with the powers of
¢’s. Condition (ii) is true because when all ¢, are set to 1 we have byq;; = brq;; = 0, bxgqis = brg;s =0,
bssqsi = bssqs; =0, and biq;; = brgj; =1, bssqss = I. Therefore G, is a meta-monoid. We summarize
the above discussion in the following proposition.

Proposition 5.6 ([BN16a]). We have a meta-monoid homomorphism ¢ : Gy — U(go) given by
f —> (O)(f|cjujwj j S X),
where f € (Go)x.

Proposition 5.7 ([BN16a]). There is a meta-monoid homomorphism v from the meta-monoid of w-tangles
W to the meta-monoid G given by

+ eibl — 1
Ri,j — exp (:l:biCj + buiwj>
K3
Mathematica®. Before presenting the proof let us describe our implementation of G in Mathematica.
A reader with Mathematica can get the notebook http://www.math.toronto.edu/vohuan/. First we write
a subroutine CF to simplify the expressions

CF[expr ] := expr // Simplify;

E /: CF[E[v_, A ]] := E[CF[«v], CF[A]];

E /: E[wl_, A1 1]E[w2 , A2 ] := CFRE[wl w2, A1 + A2];
E[wl , 21 ] = E[w2_ , A2 ] := CF[wl = w2 \ 21 == A2] ;

Notice that here the input has the form E[w, \], where w is the scalar part and A is the bilinear form in

b;c; and ugw;. So for instance we can input an arbitrary element of (Go)y; ;; as

{i7j
Elw, Sum[lx,ybx Cy +Jx,y Ux Wy, {x, {1, 3}}, {yv, {1, 3}}11

and the output is

Efw, bicili,i+bicyli,y+bycily,i+bycyly,y+uiwidi,i+Uiwydi,j+u5wWidy,i+uywydy,;]

Notice also that we use the notation = to compare two elements of the form E[w;, A\1] and E[ws, A2].
Now we program the switching operators N, *“, N,"*“  N,;"":


http://www.math.toronto.edu/vohuan/
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Nu; o; »x [E[2_, 211 := CF[
E[w, e¥Bur+ycr+ (A/.cj|u;->0)]/. {Y-H?cjzi, B*auiﬁ}];
Nwi_Cj_-»k_[]E[a}_, 211 := CF[

E[v, eawy+ycr+ (A/.c;|wi—>0)]/. {7{—)6ch1, a—)awil}];
Nu; u; ok [E[@_, 2_]1] := CF|
E[ve, -byvaB+vpur+vdurwr+vawe + (A/.w;|u;->0)] /. v (1+by6) 2

/. {a>0y;4/.u;-0, B=0uy,A/.w;-0, 5->awi,uj,1}];
and the stitching operation
gm; ,; ok [E[e_, A_]1] :=CF[Module[{x},

(]E[wl /2] // Nwicj'ax // Nuicxax // wauj'ax) /. {ci = Cgk, Wj >Wr, V_ x> Vi bi|j —’bk}]]

Note that here we use the notation gmf;j to distinguish it from the stitching operations in other meta-

monoids.

Proof. Again we just need to check the R2 moves, R3 moves and OC moves. One can check them
directly by hand, but it is faster to use Mathematica. First we define the crossings

gR! ; = ]E[l, b; ¢y +bi! (ebi - 1) u; wj]; gR; ; = ]E[l, -b; cj +b3! (e‘bi - 1) u; wj];

Again we use the notation gRjj to distinguish it from the crossings in other meta-monoids. For the R2

move we consider

gRi, ; 9Ry 1 // gmy x,i // gmy 1,5

The output is

E[1, 0]

as expected. For the R3 move we test the following equality

(9R1,4 9R} 5 9Rg,3 // gmy 6,1 // gmp 4,2 // gm3 5,3) =
(9R1,4 9R5,, 9Rg,3 // gmy 5,1 // gmy 6,2 // gm3 4,3)

and for the OC move we test the following equality
(9R%,2 9Ri,3 // gmy,451) = (9R;,3 Ry 5 // gmy 451)
They both return True, as required. O
Next I will present an explicit meta-monoid homomorphism from Gy — I.

Proposition 5.8. There is a meta-monoid homomorphism 1 : Go — I given as follows. For a finite set X

of labels we send

wt X L
co | 2 ot s | (X tE(1 — DQlovi L, 2t
ebi—t;

i,jeX jex

where L = (li;)ijex, @ = (Gij)ijex, I; is the jth column of L, and D is the diagonal matrix whose

(i,1)-entry is b; for all i € X.

Mathematica®. Again let us implement the above map in Mathematica:
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GOtor[e ] := Module[{A, A, L,w, Q, n, II, DD, T, M, o, i, j},
w=e[l] /. e* » eSimplify[x/.bi_:-)Log[ti]] // Simplify;
A = e[[2];

A =UnioneCases[, (b|c). » a, »|;

L Outer[Factor[0y,, Oc,, A] &, A, A];

Q Outer[Factor [0y, w, A] &, A, A];

n = Length[A] ;

II = IdentityMatrix[n];

DD = DiagonalMatrix[Table[b;, {i, 2}]1];

T = DiagonalMatrix[Table[Product[t{;ﬁi]']j]], {i, 1, n}] , {3, 1, n}]];

o = Sum[Product[tifi47?, {i, 1, n}] vapy, {3, 1, n}];
M = T.(II-DD.Q) /. @* :» @imPlify[x/.bi »logltil] // gimplify;
er[w™!, Table[y;, {i, A}].M.Table[x;, {i, A}], c]];

The subroutine GOtoI takes an element e in (Gy)x and convert it to the corresponding element in r x.

Proof. Notice first that condition (a) ensures that we can divide by w. From condition (a) of w and
conditions (i) and (ii) of @@ we see that the image of 7 is indeed contained in I. Suppose that X =
{i,7} U S, where {i,7} NS = (). To show that n is a meta-monoid homomorphism we only need to check
that

Chmid fn=C¢)nfmy, ¢eGy. (5.3)

This is a matter of computation. First we need to fix some notations. Suppose that  is given by

wli j s wli j s
I_ l i iy lis 7 Q- l Qi qij  4is ’

Jl b Ui s J | 9 @i 4s

Slls; ls; lss S| @gsi qs; 4ss

and the diagonal matrix D in this case is

i j S

o_| ilv 0 0
il0 b 0

S0 0 bgs

We can check the equation (5.3) directly in Mathematica as follows. First we input ¢ using the command
E=E[w, Sum[ly,ybxcy +qx,y uxwy, {x, {i, 3, S}}, {v, {i, 3, S}}1]

And then we check (5.3) using the command

(£ // GOtor // em; 5.x) = (& // gmi, 5, // GOtor)
Mathematica then returns True, as required. O

Remark 5.1. The above proof is purely computational. Let me present a more heuristic reason of why
equation (5.3) should be true, which will also explains where the map n comes from. The following
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discussion follows ideas of Prof Bar-Natan. Again let

f=exp | Y libicj + gijuiw;
ijEX

To find a matrix representation of f we will define a representation of f on the vector space span {u; :
i € X} given by
frug = o(fuse(f)7

where . is the inclusion map defined in Proposition 5.6. We claim that it is indeed a representation, i.e.

(fuge(f Z Vik Ui

i€X

To find the matrix M = (v;;); jex our strategy is to “push” wy past ¢(f). For that, observe that the
following identity can be proven easily by induction

w'u = uw™ —nbw" ", n € Zsg.

Then we have

o0
1
exp(qiuiwg )up, = (Z A
n=0
o0

bi,
— Z 'qlku ukwk Z( 1);qzkunw2 1
= (up — brGinui) exp(giruiwy).

Similarly using the identity
c"u=u(c+1)",

we obtain
=1 =1
exp(likbick )ur = Z o ikbi Crur = Z " kb ue(cr +1)"
n=0 n=0

= ug exp(lixbi(cr + 1)) = exp(linbi ) uk exp(ligbick ).

Therefore it follows that

T exp(i;br) (1 = big;5), i =3,
keX

— T exp(kibi)bigij, i F

keX

Yiji =

Then we see that
f/n=DMD™,

where D again denotes the diagonal matrix whose (j, j)-entry is b; for j € X. In the “beads on strands”
interpretation as in Section 5.1, each term of f can be visualized as a bead diagram. We then obtain
a matrix representation of f by putting u; at the bottom of strand &k and then push it past the whole
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diagram. Together with the interpretation of stitching as connecting output to input (see section 3.1)
we see that equation (5.3) is true. Schematically, we can visualize it as follows:

l i, l i J
P11 up
push u; past f
f — M
S ]

l i J l it 1

mza“ ‘m};’j
l l
k‘ uy Uk k
push uy, past f
f — M
Uk

The reason is this, for the left hand side, we first connect the output to the input and then push u; past
the diagram; for the right hand side, we first push u; past the diagram and then connect the output to
the input. Geometrically the two ways should give the same final result, as expected.

To prove the next proposition let us introduce a useful construction known as the Euler operator
[BND16]. For a completed graded algebra with unit, in which all degrees are non-negative (think
of U(go) in our case) the Euler operator is the operator E : A — A given by Fa = (dega)a for a
homogeneous element a € A. If f € A is a series that starts with 1, we define the operator F : A — A
by

Ef = f'Ef.
Note that f is invertible because it starts with 1. We call Z the normalized Euler operator. There are
several important properties of the Euler operator that we need and we refer the readers to [BND16] for
more details.

(a) The operator E is a derivation, i.e.

E(p1¢2) = (Epr1)p2 + 1 Ed2,  ¢1,¢2 € A.

(b) The operator E is one-to-one.

(c) For a series ¢ € A,
1— e add

by _ ¢
E?)=e ( 2o >(E¢)
Here (ad ¢)(z) = [¢, z] for x € A. In particular when « is an element of degree 1 we have

E(e") =ae® = E(e) =a. (5.4)
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Thus we see that E plays a role similar to the logarithm. More generally,

if [¢p,E¢| =0, then E(e?) = Ed. (5.5)

Proposition 5.9 ([BN16a]). We have a commutative diagram

Z Tgo
W —=— AY —— U(go)

XJ

Go

Proof. Since all the maps are meta-monoid homomorphisms, we just need to check the diagram for the
positive crossings and negative crossings. Specifically, we want to show that
+b;

e’ —1
U Wy U, CjW5 | -
b;

Let us prove the positive case, the negative case can be proven analogously. The proof that follows is

eEbici+uiw;) _ (exp (ﬁ:bicj +

a bit computational involved, although the idea is quite straightforward, so a reader can just skip the
proof on first reading.

Note that the exponential on the left hand side is an element of the universal enveloping algebra so
it is not a commutative power series. We can expand it explicitly as

0 k
ebicituiw; Z (bicj + uiwj)

k!
k=0

And the right hand side can be written as

exp(b;c;) exp <6bu,wj>

(2

according to the specified order of generators. To show that the two sides are the same we apply E to
both sides. Since b;c; + u;w; has degree 1 we have

E(ebicj+7t1'1l)j) = biCj + ujw;
by (5.4). The image of the right hand side under E, using the derivation property of E, is given by
ebi i ebi—
e—(f)uiwje—bi(ﬁ' <E<eb,;cj)e(bil)uiwj + bici g (6( - 1)u7:wj>)

bi _q bi _q bi g b _q
_ e_(e > )uiwje—bicjbicjebicje(eT)uiuzj + e_(eT)uiij (e<e i )um;,-) )

For the first term we have

b

b

e’i

7(47':;1) Wi —b;c; bic; (ebg.,v l)uiwj *(E;v ) iwj ( b,fl)uiwj
e i e % bicie’ e bi —e i bicje\ i .
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Ebifl W5
We can move c; past e (T w4 follows:
_(eb;a’il)uiwj = k e —1 g ufwf
€ ' €= Z(_l) b, g
k=0 ¢ ’
e b _1\" ukw®
= Z(—l)k(Cj + k) (e 2 > i . (by Proposition 5.3)
k=0 i '
°° ebi -1 k ukwk e ebi —1 k ukwk
=> (D' DSl L
I\ h 3] b; (k— 1)
k=0 ’ ’ k=1 ' ’
bi _ 1 _(ebi-a
= (c; - (e )inj) e ( VA
b;
It then follows that
ebia W ebiz1 U;w; )
e*(T)ul Jefbicjbicjebicj@( b ) = biCj — (ebl — l)uiwj. (5.6)

Now let us look at the term

Observe that

because degw; = 0. Then

1 =y o,
2((5 )“i>‘E<Z<k+1>!”i>‘ LR

since E(b¥u;) = (k + 1)b¥u;. So

In particular

Therefore

~ EIESR bi _q
o L 1 1 AV

by (5.5). From (5.6) and (5.7) we see that the image of the right hand side under Eis
biCj + U;Wy,

as required. O

Finally I can summarize our discussion in Chapter 4 and Chapter 5 in the following proposition.
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Proposition 5.10. We have the following commutative diagram

Z Tﬂo
W —— AY —— U(go)

Proof. We have established that all the maps in the diagram are meta-monoid homomorphisms. There-
fore it suffices to verify the diagram for the positive crossings and the negative crossings. Notice that the
upper half of the diagram is already commutative, thus the remaining part to check is the lower half of
the diagram. Namely we just need to show that

RE Jo=RE | )0

Again the above equations can be verified easily by hand, but we can just use Mathematica via the
commands
eR}

eR;]

= (gRi,; // GOtoT)
= (gRj,; // GOtor)

/3

/3

Recall that in Mathematica we denote Rfj /| ¢ by eRj-'fj ; Rffj J ¥ by ngfj, and the map n by GOtoI'. The

output is True and that establishes the commutativity of the diagram. O

Remark 5.2. Let us investigate the compatibility of the above diagram with the operations orientation
reversal and strand doubling, see [BND16] and [BN15b] for more details. We first consider the operation
H“ of reversing the orientation of strand a. In A" it is the operation of “flipping” over strand a and
multiplying with —1 for each arrow head or tail that connects to strand a. For instance

Correspondingly in U(go) it is the antipode map H, i.e. the antthomomorphism given by
H(z)= -z, z€gop.

So for example

H(uwPw?) = (—w)?(—u)?(—c)? = —w?uc?.

To obtain the corresponding image in Gy, we would need to apply the switching operators to turn the
order wuc to the order cuw. We can implement the antipode operation in Mathematica as follows, where
we use gH [a] to denote the subroutine that applies the antipode operation on strand a:

gH[a_] [e_E] = (e/. {ca>» -ca, Wa>»-Wy, by -b,, us-»-u}) // Nuaca-)a // Nwaca-)a // Nwaua-)a



CHAPTER 5. RELATIONS WITH LIE ALGEBRAS 74

To show that the diagram is compatible with orientation reversal we have to show that the following
diagram
dH®
(Go){ayus — (Go){ajus
I I

~ Ha ~

Tiayus — Tiayus
is commutative. We can verify the diagram using Mathematica as follows. First we input an element ¢

of (Go){s3us in Mathematica using the command

§=E[w, Sum[1l, (b, cy +ax,y uxwy, {x, {a, S}}, {v, {a, S}}]]

Then we check the commutativity of the diagram via the command

(§// gH[a] // GOtoT') = (§// GOtoI' // dH[a])

Mathematica then returns True, as expected.

Next let us look at the strand doubling operation A; . which replaces strand a by two of its parallel
copies labeled by j and k. In A4 it is the operation of replacing the skeleton strand i by two skeleton
strands j and k and summing over all ways of connecting arrow heads or arrow tails to strand j or strand
k. For instance

2 > |+
Ajs ‘
{
—

+H [+

Correspondingly in U(gy) it is the doubling map A; &> i.e. the homomorphism given by

A;,k(mi) =Zj + 2, x; € go,i-

We can implement A%, in Mathematica as follows:
gA[i_, j_, k_] [e_E] = (e /. {Ci - Cj +Cr, Wi —)Wj + Wy, bi —)b_-] +bk, u; —)'lJ.j +uk}) // CF

where we denote the subroutine by gA[i, j, k]. In this case the doubling operation in W is NOT compat-
ible with the “naive” doubling operation in Lie algebras. Specifically, the following diagram

QA;,k
(Go)iyus — (Go)(jkyus

[ [
~ qAé)k ~
Fiiyus — Tnus

is NOT commutative.



Chapter 6

The Fox-Milnor Condition

6.1 Ribbon Knots

We first recall some basic terminologies and refer the readers to [Kau87] for more details. A knot is
called ribbon if it can be written as the boundary of a 2-disk that is immersed into the 3-sphere S® with
ribbon singularities. More precisely, if . : D? — S® is the immersion and C is a connected component of
the singular set of ¢, then :~!(C) consists of a pair of closed intervals: one lies entirely in the interior of
D? and one with endpoints on the boundary of D?. The following figure describes the situation locally.

L :
_—
immersion in R

Here the dashed lines indicate the preimages of the singularity. For instance the following knot is ribbon.

One sees that it can be written as the boundary of a 2-disk (the shaded part) with only ribbon singulari-
ties.

A knot is called (smoothly) slice if it is the boundary of a smoothly embedded 2-disk D? in the 4-
dimensional disk D*. (Here the boundary of D* is the 3-sphere S®, which contains our knot.) It is clear
that ribbon knots are slice because we can push the (ribbon) singularities into D, thereby obtaining an
embedding of D? into D*. However the reverse direction, known as the slice-ribbon conjecture, is one
of the most famous open problems in classical knot theory. Our goal in this section is to rederive the
Fox-Milnor condition using the framework of I'-calculus.

Theorem (Fox-Milnor [Lic97]). If a knot K is slice, and A (t) is the Alexander polynomial of K, then
there exists a Laurent polynomial f such that

Ag(t) = f() f(E), 6.1)

75
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where = means equality up to multiplication by £t", n € Z.

Notice that the Fox-Milnor condition gives us a condition on slice knots, and since the class of slice
knots contains ribbon knots, it cannot help resolve the slice-ribbon conjecture. In [GST10] the authors
gave several potential counter-examples to the slice-ribbon conjecture. One of them is the following
knot.

{ e >

/

=

F—

Kff

Our strategy to approach the slice-ribbon conjecture is first to give a characterization of ribbon knots in
terms of tangles and the closure operations described below. Then we need an invariant of tangle which
is well-behaved with respect to those closure operations. We argue that I'-calculus is one example of
such an invariant (in fact the simplest of a series of invariants). In the remaining part of the paper we
will investigate the ribbon property in I'-calculus. Although in the end we just obtain the Fox-Milnor
condition, our proof uses the characterization for ribbon knots (as opposed to slice knots), thus it has
the potential to answer the slice-ribbon conjecture when we generalize it in the context of a stronger

invariant (see [BN16a] for one such invariant).

Since in this thesis we are working with long knots, we say that a long knot K is ribbon if its closure
K is ribbon. Long ribbon knots have the following characterization in terms of tangles. Consider a 2n-
component pure up-down tangle. Here pure means the permutation induced by the tangle is the identity
permutation and up-down means that the strands are oriented up and down alternately starting from
the first strand, where we label the strands from left to right from 1 to 2n.

There are two special closure operations called knot closure and tangle closure, denoted by « and 7,
respectively. The 7 closure performs n stitching at the top, namely it stitches strand 7 to strand i + 1,
where i runs over all odd labels 1,3, ...,2n — 1, which yields an n-component bottom tangle (a bottom
tangle means all the endpoints lie at the bottom). More precisely, the stitching sequence is given by

1,2 3.4 2n—1,2
my” fmy” e ma,

Or in the notations of Proposition we can express the stitching sequence in a matrix form

13 ... 2n—1
2 4 ... 2n .
\1 3 ... 2n-1/

where we stitch the strand with the label in the first row to the strand with label in the second row and

label the resulting strand with the third row.



CHAPTER 6. THE FOX-MILNOR CONDITION 77

P
[\
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e
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\
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-
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The x closure performs a stitching at the bottom and a stitching at the top alternately, namely it
stitches strand 7 + 1 to strand ¢, where ¢ runs over the labels 1,2,...,2n — 1. Note that we do not stitch
strand 1 to strand 2n, so the result of a x closure is a long knot. In this case the sequence of stitching
operations is

2,1 3,2 2n,2n—1
my fmy” e myy T

2 3 ... 2n
1 2 ... 2n-1].

or in matrix form

\2 3 ... 2 )

As an example, for the tangle on the left its 7 closure is given as follows

Now let me prove the following proposition, inspired by ideas of Prof Bar-Natan (see also [Khel7]).

Proposition 6.1. A long knot K is ribbon if and only if there exists a 2n-component pure up-down tangle
T such that k(T) is the long knot K and 7(T') is the trivial n-component bottom tangle, i.e. it bounds n
disjoint embedded half-disks in R? as in the following figure.
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Proof. For the only if direction, we want to obtain a tangle presentation of a ribbon knot that satisfies
the condition of the propositions. Given a long ribbon knot, we first close it to obtain a knot. Note that a
ribbon knot can be presented in a special form, known as a ribbon presentation (see [Kaw96]). Namely,
every ribbon knot can be obtained from an embedding of a disjoint union of rings and strings between

where we require that the rings are embedded trivially, i.e. each bounds a 2-disk, and we require that

consecutive rings

the ends of the strings, which we denote by dots e, only lie on the boundaries of the disks. For instance
a ribbon presentation of a ribbon knot is

L2353

To obtain the ribbon knot, we simply “unzip” the strings to obtain

Now given a ribbon presentation of a ribbon knot, observe that if we can deform it into the following
form
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then the tangle inside the rectangle satisfies our requirements (here again dashed lines mean they can
be knotted in any manner). To see why, note that the 7 closure of the tangle returns the upper halves of
the embedded disks without the strings, so we can deform the upper half disks to a trivial position (this
is because in the ribbon presentation the disks are embedded trivially). On the other hand, the « closure
with the extra stitching of strand 1 to strand 2n is the same as unzipping the strings, which results in the
knot.

Therefore, it suffices to show that given any ribbon presentation, we can deform it to the above form.
For that, we need to make two cuts to the ribbon presentation, the bottom cut and the top cut. The
bottom cut is easy to perform. Namely, for each ring, we can pull the bottom part down below away
from interaction with any string simply by choosing a point on the bottom of a ring and perform a “finger

move”. Then we cut all the bottom parts.

For the top cut, we first need to deform the ribbon presentation as follows. We describe the method
for the example of a ribbon presentation given above, but it is representative of a general case. Our
strategy would be to move the dots along the strings, which will drag parts of the rings along in the
process. For our example, we first move the dot from the third ring along the string, which pulls along a

part of the third ring

A Ne A Epaie)

= - =T

When we get close to the end of the string and encounter a first dot on the second ring, we move both
dots along the second ring to the other dot on the second ring.

Then we pull all three dots along the remaining strings, which pull along parts of the second and the
third rings

s,
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This procedure allows us to pull all the dots and the strings above all rings, then we can easily make the

top cut as follows.

Our required tangle is contained in the dashed rectangle. This completes the only if direction. (Note that
after the “pulling” procedure, the strings that connect the dots on top do not have any knotting. That
is why we can recover the knot by the stitching operations since stitching means connecting in the most
straightforward manner, without any knotting. In a sense the key of idea of the proof is to “convert” the
knotting of the strings into the knotting of the disks.)

For the if direction, we need to show that if a long knot K has a tangle presentation 7T satisfying
the condition given in the proposition, then K is ribbon. Suppose that the tangle 7T is contained in the

rectangle as in the next figure.

"

Here we add the top caps to represent the 7 closure and we also add the strings that connect them. We
also add the bottom cups. Note that unzipping the strings that connect the caps is the same as performing
the « closure and the extra stitching of strand 1 to strand 2n, so we obtain the knot K. The tangle T
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together with the top caps form an embedding of n upper half disks. Now from assumption we can
deform the upper half disks to a trivial position. In the deformation process the strings will be knotted
and also intersect the interiors of the disks transversely. When the upper half disks are deformed to a
trivial position, we unzip the strings, and all the transversal intersections become ribbon singularities.
We therefore obtain a ribbon presentation of K and therefore the long knot K is ribbon, as required. [

Example 6.1. Let us look at a concrete example. Consider the following tangle [BN16a]

Taking the 7 closure we obtain

which one can check to be the trivial bottom tangle. The tangle satisfies the condition of the proposition,
therefore it represents a ribbon knot. To see which one it is we look at the « closure, whereas here we

also stitch strand 1 to strand 4 to obtain a closed knot

which one can deform into the following form
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T
o

In this form one easily sees that the knot is ribbon.

Remark 6.1. In [Hab06, Section 11.2] Prof Habiro has a similar result as ours. Although as far as I can
tell the method of proof is quite different.

6.2 Unitary Property

To obtain the Fox-Milnor condition (6.1) using the framework of I"-calculus is not so straightforward. It
is not simply a matter of plug-in-and-check in Mathematica like we have done so far because we do not
know a formula for the function f. The main difficulty however is that ribbon knots are characterized in
terms of (usual) tangles, and the stitching operations in I'-calculus does not distinguish (usual) tangles
from w-tangles. Our first task therefore is to find a certain property that can characterizes the image of
(usual) tangles in I'-calculus, which we call a “unitary property” for reasons which will be clear below.
In this section I establish a “unitary property” for string links, which is sufficient for our purpose. First
let me prove a key topological fact with ideas inspired by Prof Bar-Natan.

Lemma 6.1. Every string link can be obtained as a partial closure of some braid 3. More precisely, suppose
the braid (3 has the bottom endpoints labeled by a1, . .., a, and the top endpoints labeled by b, ..., b,, then
we obtain the string link by stitching b; to a;, where i = k,k + 1,...,n, and k is some integer such that
1 < k < n, as in the next figure.

In other words, every string link can be obtained from a braid by stitching the right-most outgoing strand
with the right-most incoming strand successively finitely many times.

Proof. First we deform the string link to a Morse position. i.e. where we can decompose the string link
into elementary pieces consisting of crossings and cups and caps. If the string link contains no downward
arcs, then it is a braid and there is nothing to do. Otherwise, because each strand goes from bottom to
top, the cups and caps will occur consecutively in pairs, and each downward arc will occur between a
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pair of consecutive cup and cap. Our strategy will be to transform each downward arc into a stitching of
the right-most outgoing strand with the right-most incoming strand as follows.

Look at a particular downward arc which occurs between a pair of cup and cap. There will generally
be a number of other arcs which go either over or under the downward arc. By introducing new pairs of
consecutive cups and caps we can make sure that between a cup and a cap there is only one arc which
goes either over or under the downward arc.

A=

So it suffices to consider the following cases

Jon

For the case where the arc goes over the downward arc, we create a “finger” at the cup and and a “finger”
at the cap and bring them to the right-most position going under the remaining strands and then pull
the downward arc to the right-most position as in the next figure.

J ﬂ/Cj IRVaI

Note that inside the dashed rectangle the strands go monotonically from bottom to top. This procedure

will turn a downward arc into a stitching of the right-most outgoing strand to the right-most incoming
strand and does not introduce any new downward arc. The case where there is an arc that goes under
the downward arc is similar, we just have to pull the cup and cap to the right going over the remaining
strands. We can repeatedly use the procedure to eliminate the downward arcs in the string link by
moving them to the right-most position. Eventually we obtain a partial closure of a braid, as the figure
given in the lemma. O

Example 6.2. For a simple example we can transform the following string link as follows
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Let X be a finite set of labels. For a matrix A whose entries are rational functions in ¢,, x € X, let
A* be At, the conjugate transpose of A, where conjugation means sending t, — ¢, for all 2 € X. Recall
also that for an n x n matrix M and a permutation p = (p1, p2, . . ., pn) We let M* be the matrix obtained
by permuting the columns of M according to p, i.e. the jth column of M?” is the p,th column of M (see
(3.4)). Now I can prove the unitary property given in the next proposition.

Theorem 6.1 (Unitary Property). Let 8 be a string link and X = {aq,...,an} be a finite set of labels of
the bottom endpoints. Let p be the induced permutation. Then the bottom endpoints of 3 are labeled by

(a1,aq,...,a,) and the top endpoints of 3 are labeled by (ai1p,...,a,p) and suppose that the invariant of
B in T-calculus is
wla - a
a
pB)=| . M
Gnp

Then we have
(MP)"QMP = Q(p),

and
w = wdet(M?),
where the matrix Q) is given by
(1 —tg,) 1 0 0
o L) :
T

and Q(p) is obtained from ) by permuting the diagonal entries according to the permutation p, i.e.

(1 —tayp)~" 0 0
1 (1 —tg,,)" ! - 0
Qp) = ) .
1 1 e (L=t )

Remark 6.2. Before presenting the proof let us explain the name “unitary property”. In the case where
p is the identity matrix, i.e. pure string links, or when we identify all the variables ¢, i.e. the Burau
representation, we obtain

M*QM = Q.

Taking the conjugate transpose of both sides we obtain
M*Q*M = Q.

Therefore if we let ¥ = Q) — iQ*, then
M*UM =,



CHAPTER 6. THE FOX-MILNOR CONDITION 85

Note that the matrix ¥ is Hermitian since
=N —iQ)" =iQ—iQ* =T
hence the matrix M is unitary with respect to the Hermitian form .

Proof. The general strategy of the proof is as follows. Lemma 6.1 suggests an “inductive procedure”,
namely we first show that the unitary property holds for braids and then we show that it still holds after
stitching the right-most outgoing strand with the right-most incoming strand.

To show the property for braids, we verify that it is true for crossings and is preserved under composi-
tion. Then the bulk of the proof is devoted to showing that the property still holds after stitching. To that
end, we decompose the stitching operation into a sequence of elementary row operations of matrices
and then it boils down to simple computations in matrix algebra. To streamline the proof, we separate
the matrix part and the scalar part.

The matrix part: Let us first check the crossings. Indeed one can verify easily that for R; , we have

T—tb 7\ [(1—t,) ! 0 1—t, 1) [(1—ty)! 0
1 0 1 (1—ty)" " ta 0] 1 (1—ty) 1)’

and for R_, we have

0 1 (1 —ty)~ ! 0 0 ;'\ [(A—ta)? 0
ta 1—t, 1 (1—to) ) \1 1—t71) 1 (1—ty)" ')

The computation clearly extends to generators of the braid groups (extend by block identity matrix).

Next observe that the unitary property is invariant under composition of string links (or braids in partic-
ular). Indeed, consider two string links 8; and (35 with induced permutations p; and ps, respectively:

wi | apy wy | bpo
= and =
¢(B1) < o [P ) ¢(B2) < b | 2p” )
and suppose that we have
(MY Qa) M = Qapy) and (ML) Q(b)ME? = Q(bps).

Recall that the result of composing 3; and fs is

w12 X
o(Br- o) = ( AL AP ) ~
Ya L2 ) y—tap,

Thus with t, — t,,, we have

(M7 M3?)"Qa) (M My®) = (Mg?)" (M{")"Q(a) M{" M3*
= (M3*)"Q(ap) M3*
= (M3?)"Q(b) M*

= Q(bp2)
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as required. So the property holds for the case of braids (compare with [BN14a]).

= Q(appo),

Now given a string link 8 with induced permutation p = (a1p, azp,

then stitch strand a,,_; to strand «a,, and label the resulting strand a,,_;.

In the above figure we only depict the permutation of the string link in the rectangle, and again dashed
lines mean the strands can be knotted. As an example, for the following string link whose permutation is
depicted in the rectangle we can bring it to the above form by composing with appropriate permutation

braids.

Since we have shown unitarity for braids and composition, it suffices to consider the string link g with
the induced permutation p = (a1, as, . .

where S = X \ {a,_1,a,}. Assume [ satisfies the unitary property, for that we need to rearrange the

N
~

-
~
/'
~

S
PN
/

w ‘ An-1 apn S
Ap—1 « 50
Qn 5 0 €
S 10} Y =

<

compose with

permutation braids

cyQp—2,0n_1,0,). Let

nl"'n—lvan (1 B ’y)w ‘ an71 S
n—1 Un1 B""% 9+ 1oie’Y
) —_
S |yv+E B+

N

t

an

—tq

., app) such that a, p # a, and
suppose we want to stitch the right-most outgoing strand to the right-most incoming strand. Note that

by composing the top and bottom of 3 with appropriate permutation braids we can bring (5 to a standard

form where the induced permutation is (a1, ag, . .., ap—2, an, an—1), i.e. the transposition (a,,—1, a,,). We

n—1



CHAPTER 6. THE FOX-MILNOR CONDITION 87

matrix part as follows
w |

S ap  Ap-—1
S |z 1)
Gp—1 0 ﬁ &
an, | € 0 y
Let us denote
E Y 9
M=10 5 «
e 0 v
Then the unitary statement is
M*QM = Q(p), (6.2)
where to simplify notation we put
Qn_o 0 0
Q= 1 (1 tan—l )71 0 ?
1 1 (1—t,,)7 !
where
(1 —tq,)7 ! 0
1 (1 —tq,)7 !
Qn—Q - . ’ 9
1 1 (1—tan72)*1
and
Qn—2 0 0
Q(p) = 1 (1—t,,)7 ! 0
1 1 (1—t,, )7t

Here 1 denotes either a row or a column or a square matrix (the size of which depends on the context)
consists entirely of 1’s and similarly for 0. To show that the unitary property still holds after stitching
means we need to show that the following is true.

—x% e“p” * a*e* = Pe 5p

A = DN R 2 B

o+ oo B* + a*s* n—1 9 4 -—ac B+ ad n—1,
1 * 1—v

1—v 1—v

For that we first decompose the stitching operation into a sequence of elementary operations as follows:

E v ¢ E Y ¢ = Y ¢ E+ ¢+72 0

6 B al—160 B o |—=]| 0 Boal = |0+ 5+% 0
€ [ € 5

e 6 7 e 0 v-—1 e i S | = 1

Note that except for the first one, all the operations are simply elementary row operations. Now under
stitching, we identify ¢, _, and ¢,,. In what follows, we set ¢, to be t,, ,. Then Q|, _, =
: : : an an—1
Q) oy and again to avoid cumbersome notations we will denote both of them by 2. We then
an An—1
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write (6.2) as

= 0* € 0 0O = 1 10) 0 0O
v* pF 0" +(0 0 0]|Q 0 g o} +10 0 O = Q. (6.3)
o* of yF -1 0 0 1 e 6 -1 0 0 1
Observe that
R A 000 00 y——
pr g o |Qlo 0 of=(0 0 =
| 0 0 1 00 -2
and
0 0O =y 10)
00 o0|lale 8 a
0 0 1 e 6 -1
0 0 0

0+ E) + = B+ @) +1=t— a+(o)+ 5

“tap—1 1 -

(Recall the notation (-) from Proposition 3.4.) We also have

0 00 0 00 00 0
00 0[R20 0 0l=1]0 0 0
0 0 1 00 1 0 T
Therefore (6.3) becomes
= 0 €* =2 v 0]
v* B 5* Q10 B8 « =
o* o -1 e 0 v—1
n-2 0 T
1 (1 —ta,_,)" ﬁ . (6.4
- . 5 —24+a+y+(¢) —(a+{($))ta, _, +7"
1=0-&+ o 1=+ o T,
By Proposition 3.4 we can rewrite the above as
= g e =0 6 s 0 T,
o g & |ale 8 a | = 1 (1—tq, ) ST . (6.5)
* * * _ ta, 1€ ta, .90 =14+ = (1-Y)ta, _,
¢ “ 7 ! ‘ o 7 ! —Itta, 4 71+ta171 —Itta, 4

Consider the left hand side of the above identity, we can obtain the stitching formula by a sequence of
elementary row and column operations. By employing elementary matrices, we can rewrite the left hand
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side as . L. .
E”‘;ﬁ: A T A S A
v S paen laleres seet of,
0 0 1 S5 =)
where
I 0 O I 0 0 I 0 0 I 0 ¢
Q=|(0 1 01 o0 |Qlo1 o 01 a
o* af 0 0 -1 0 0 v—1 0 0 1
Qo 0 °
= 1 (1—tq, )7 ' o
[ ) [ ] [ ]

Here a e denotes an entry we do not care about. Notice that the row and column operations only affect
the last row and the last column of 2. Finally, we apply column operations to the right-most matrix and

row operations to the left-most matrix to obtain

=% " * a*e* o} pe 2

=) +%:7: 0 +1:}I 0\ [E+15 ¢+§ 0

P B 0| Qo+ B+ 0
0 0 1 0 0 1

We can encode these operations as multiplying with the matrix

I 0 0
0 1 0
€ o)
s s B
on the right and its conjugate transpose
0 —
-
1 -
0 0 1

on the left. Therefore the right hand side of (6.5) becomes

* e*

I 0 - Qn—2 0 B e — I 0 0
* —1 5

0 1 775—1 1 (1 - tan—l) —1+ta,, 0 1 0

0 0 1 bay € ta,_,9 “Iy —(1—)ta, -5 ——51 1
—1tta, , —14ta, 4 —1+ta, 4 R R

For our purpose we only need to look at the first n — 1 rows and the first n — 1 columns of the above
matrix. One can check by simple algebra that the first n — 1 rows and the first n — 1 columns stay
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unchanged. In summary, we obtain the following identity

E*+f;ﬁ} 0"+ 0\ (s 0 o\ [E+15 v+7E 0
P B 0 1 (I—te, )" o] |0+2 B+2L 0] =
0 0 1 . . . 0 0 1
Qo 0 °
1 (1—te, )7t o
[ ] [ ] [ ]

It then follows that

= “o” * Te” = @ X0
= iR S+ v L

« 5*¢* « a*s* n—1 9 ae asd - n—1,
P+ 2 B+ 5 + B+ 2

1—y

which is precisely the unitary statement after stitching, and the unitary property for the matrix part is

proved.

The scalar part: Next let us show the unitary property for the scalar part. The initial setup will be
exactly the same as in the proof for the matrix part. Again we first verify the crossings. For the positive

1—t, 1
1-det ¢ =ty =1,
ta 0
0 ;!
1-det ¢ =t =1,
11—t

as required. It is easy to verify that the property is invariant under disjoint union (the determinant
of the direct sum of two matrices is the the product of the determinants) and under composition (the
determinant of the product of two square matrices is the product of the determinants). So again we only
need to check the property under stitching strand a,,_; to strand a,,. Using the same notation as in the

crossing R, :

and for the negative crossing R ,:

proof for the matrix part, we let

E Y ¢
M=|6 8 af,
e 0 7«

and M’ is the matrix part after stitching strand a,,_; to strand a,, and labeling the resulting strand a,, 1

M/_ E+1(i€’y w+%
I B+ 2L
1=/ t,, —t

1=y

An—1

Suppose that we have
w = wdet(M). (6.6)
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After stitching strand a,,_; to strand a,, we want to show that

(]‘ - 7)5’,5%1 —ta, _ = (1 - ’V)UJ det(M/)

1 tap —la, 4

Again to simplify notation we assume t,, — t,,_, from now on. Using (6.6) we can rewrite the above

as
(1 —7F)wdet(M) = (1 — y)wdet(M").

Since w # 0 we can divide both sides by w to get
(1 —7)det(M) = (1 — ) det(M"). (6.7)
Now from the unitary property of M’
(MY Q1M =Q, 1,

taking the determinant of both sides we obtain

det(M’) det(M') = 1.

Thus (6.7) becomes )
det(M7) det(M) = —— .
-7
It follows that we just need to prove the above identity. We see that it only involves the matrix part, so

we start with the unitary property for the matrix part:

QTL—Q 0 0 Qn_g 0 0
M* 1 (1—tq, )7t 0 M = 1 (1—tq, )t 0
1 1 (1—t,, )7t 1 1 (1—tq, )t

We can rewrite the above as

=5 0r e 000 = P ¢
v* o p* o* +10 0 O Qe B al =N (6.8)
o* of y -1 0 0 1 e 0 v
We have
000 = ¢ 0 0
00o0|lle 8 al= 0 0 0
00 1 ) 0+ (E) + 15— B+ W)+ 12— a+(9)+ 1=

An—1

Then (6.8) becomes

. =
* ¥
S ™
* 0%
2
*
[«
| *
—
2
a < [1]
ST
2
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Qn—Q 0 0
- 1 (1—tq, )7t 0
1—9—<E>+ﬁa"71 1_B_<w>+$ﬂn—l —Oé—<¢>+171t::71
Qo 0 0
= 1 (1—tq, )7t 0
tay,_1€ ta,_19 ta,—1 (1=7)
71+t"‘n,71 71+t“n—1 17t“n71

where we use Proposition 3.4. Now for the left hand side, we can perform column operations via

elementary matrices to get

B s =\ (I 0 0\ /I 0 0
v 07" ot 5*
P+ B o 0 1 0 01 0 QM
0 0 1 o* a* 1 0 0 -1
Qn—Z 0 0
= 1 At )t 0
ta, g€ ta, 10 ta, 4 (1=7)
—I+ta, , —ltta, 4 I-ta,

Finally taking the determinant of both sides we obtain

det ()7 — 1) det(M) = t_1(1 - ).

Thus 1
det(M7) det(M) = ~——

which completes the proof. O

Remark 6.3. As a consequence of the unitary property for the scalar part, for the case of long knots, the

matrix part is 1 and we have

w=w,

which is the classic property that the Alexander polynomial stays unchanged under the transformation

t—t L.

6.3 The Fox-Milnor Condition

Now I will prove the Fox-Milnor condition using the framework of I'-calculus.

Theorem. If a long knot K is ribbon, then the Alexander polynomial of K, Ak (t) (which is the same as
the scalar part of K in I'-calculus, see Proposition 3.8) satisfies

Ag(t) = fOfE),

where = means equality up to multiplication by £t", n € Z and f is a Laurent polynomial.

Proof. Our strategy is to express Proposition 6.1 in the language of I'-calculus. To that end, consider a
pure up-down tangle 7" with strands labeled by 1,2, ..., 2n, which satisfies the condition of Proposition
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6.1. We let odd denote the vector (1,3,...,2n — 1) of labels and even denote the vector (2,4, ...,2n) of
labels. For convenience, we write the invariant ¢(7") in I'-calculus as

w ‘ odd even
5y )
a B

even
odd

where each «, 8, 7, 0 is an n x n matrix. For the 7 closure, we stitch the odd strands to the even strands
and label the resulting strands odd. The stitching instruction is

13 ... 2n—1
2 4 ... 2n .
\1 3 ... 2n-1/

Then it follows from Proposition 3.1 that

w ‘odd even

oven |~ 5 T=mSdd.even ( wdet(I — ) ‘ odd )
-1 :
Odd Q /8 Odd ‘ /6 + a(I ,Y) 6 teven —lodd

Since the 7 closure yields a trivial tangle we have wdet(I —~) = 1 and 3+ a(I —)~'§ = I. Now for
the « closure, the stitching instructions are specified by stitching the strands labeled by (1,2,...,2n — 1)
to the strands labeled by (2,3, ...,2n), in that order. The stitching instruction is

2 3 ... 2n
12 ... 2m—1].
\2 3 ... 2n )

After we perform all the stitchings, the end result is the original long knot K. Note that according to the

stitching formula we make the change of variables ¢, — t9, for x = 1,...,2n. To simplify notation we
simply write ¢ instead of ¢o,,. From the stitching formula in Proposition 3.1 the scalar part is given by

wdet(I—N)|t L

where N is the submatrix of the matrix part of p(7T) specified by

2 - 2

N

2n—1

On the other hand from Proposition 3.8 we know that the scalar part is the Alexander polynomial of the
knot K , 1.e.

Agr(t) :wdet(I—N)|tm_>t. (6.9)
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Now it is a simple exercise in linear algebra that
det(I — N) =det(P — M),

where M is the matrix part of ¢(7T)

1 2n

1

2n

and P is the matrix given by
112 2n

1
rel 20 I
2n | 0 0

94

(6.10)

To see why (6.10) is true, observe that if we replace the last row of P — M by the the sum of all the rows,

which does not change the value of the determinant, then we obtain the row (—1,0,...,0) by Lemma

3.4. We then compute the determinant by expansion along the last row and the result follows.

Now it is useful to rearrange the rows and columns of P — M into odd and even, which only changes

the determinant up to +1, in order to relate to the 7 closure:

. odd even
odd -« I-p

even 0 Jn-r) _ -6
o o)

Then by Lemma 3.2 we have

« ‘ B—1 0 I,
det 0 I, = det (a +(I—p)5t (’y — < " ))) det(0).

From 3+ a(I — )75 = I we get
ol —y)"1e=1I-4

det (a +(I—pB)t (7 - (g In()l))) det ()
= det (a +a(l —7)~* (fy - (g In01>>> det(0)
= det(a) det (I + (I -yt (’y - <(()J In0_1>>> det(d)

Therefore
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_ 0 Infl
= det(a) det[(I — )" det (I - <O 0 )) det(d)

_ det(a) det(d)
~ det(I —7)

= wdet(a) det(d),
where we use wdet(/ — ) = 1 in the last equality. From (6.9) it follows that

Ag(t) = wdet(a)w det ()| (6.11)

te—t’

To finish off, we will employ the unitary property of ¢(7"). But since we only have the unitary property
for string links, we first need to reverse the orientations of all the even strands of 7. The orientation
reversal formula (Proposition 3.10) yields

w ‘ even odd wdet(9) ‘ even odd
dHE‘Ueﬂ — 1 71
even 1) ~y _— even 1) 0y
odd 8 @ odd —B6~1 a—B6 1y N

Note that the orientation reversal operation takes value in I'. However here we can safely ignore the o
part because we consider w up to multiplication of monomials in ¢,. Now the unitary property of the
scalar part tells us that

— By -6t
wdet(9) = wdet(d) det a=po"y =B
todd—to44 571’7 61 : ol
Taking tepen — topsn in both sides we obtain
- _ 571 _ 571
wdet(d) = wdet(d) det a=po=y =B
5ty o1
= wdet(d) det(a — By + B61567 1 y) det (57 1)

= wdet(a).
Again we use Lemma 3.2 in the second equality. Then setting all ¢, to ¢, (6.11) becomes
Ap(t) = wdet(d)wdet(d) = wdet(a)w det(a),

which is precisely the Fox-Milnor condition.

Note that in our proof we can choose the function f to be wdet(d) or wdet(«). In the first case f is
the scalar part of the tangle obtained by reversing the orientations of the even strands of T, and in the
second case f is the scalar part of the tangle obtained by reversing the orientations of the odd strands of
T (with the relevant ¢, — ¢, ). By Proposition 3.5 we see that f is a Laurent polynomial. O



Chapter 7

Extension to w-Links

In this chapter we present a method to extend I'-calculus to links. This chapter is independent of other
chapters and can be skipped on first reading. It is expository and mainly follows ideas of Prof Bar-Natan.
The idea of extending I'-calculus to links have appeared in [Hal16, BNS13].

7.1 The Trace Map

In this section I would like to extend our invariant to links. So far our invariant in I"-calculus only works
for tangles and long knots, since we do not allow closed components. Notice that our stitching formula
involves division by 1 — v, and it only makes sense when ~ is an off-diagonal term. In other words, we
can only stitch strands with distinct labels. When we try to stitch strands of the same label, we may
encounter division by zero. Nevertheless, the formula for the scalar part w only requires multiplication
by 1 — v and so we expect to be able to extend it to links, or more precisely long w-links, i.e. w-links
with only one open component. (More precisely, a long w-link diagram is a smooth general position
immersion of an interval and a finite collection of circles where the set of double points are divided into
positive crossings, negative crossings, and virtual crossings. Two long w-link diagrams are equivalent if
they are related by the moves specified in Section 2.2.) The matrix part is no longer well-defined for
links. For instance, if a tangle contains a trivial open component, then to stitch the component to itself
we would have to divide by 1 — 1 = 0.

As a first step, we need to describe closed components within the framework of meta-monoids. Let
Wi, (e} be the collection of w-tangles whose components are labeled by X U {c} with exactly one closed
component labeled by c. Note that we cannot obtain W¢, | (e} from crossings using the meta-monoid
operations because we cannot stitch the same strand to itself. Let Wx . be the usual collection of
w-tangles (no closed components) whose components are labeled by X U {c}. Then we have a trace map

tre : qu{c} — W;(ZU{C}

given simply by closing the component ¢ in a trivial manner (i.e. no crossings created except for virtual
crossings). To proceed I will prove the following key topological result suggested by Prof Bar-Natan.

Proposition 7.1. Two w-tangles T} and T in Wx .} have equivalent images in wé, (e} under the map
tr. if and only if there is a w-tangle T' € Wx (4,5}, Where a and b are arbitrary labels and {a,b} N X = 0,

96



CHAPTER 7. EXTENSION TO W-LINKS 97

such that Ty = m®*(T) and Ty = mb*(T).

Proof. Note that it suffices to just look at the component labeled c. The if direction is quite clear from

the following diagram.

&
mf‘b : E tre
ab R / /N
| e
a ; . : ;
w4 / N/
\V

Now for the only if direction, let 7} and 75 have equivalent images under the trace map. We can view
the image as a closed component ¢ with two beads on it that represent the two positions where we take
the trace and two strands that connect the beads to a fixed base as in the following figure (here again

dashed line means it can be knotted).

For each position, to take the trace, we unzip the strand, and then cap off the ends.

AN

Then to find a tangle T such that T} = m®*(T) and T, = m%*(T'), we simply unzip the two strands to
obtain a tangle 7" with two components « and b.

ba

It is straightforward to check that T satisfies our requirement. O
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From the above discussion a map (or an invariant) 2 on Wx .} will descend to a map on Wg(lu (e}
if it satisfies the condition
Qm@*(T)) = Um2*(T))

c c

for all w-tangles 7' € Wx a4} In general we would want to include links with more than one closed
component, and the above discussion can be generalized in a straightforward manner. For a vector
c=(c1,¢2,...,c,) let W§(ZU (e} be the collection of w-tangles whose components labeled by ¢4, ..., ¢, are
closed. We also have a trace map

tre : WXU{c} — W;gu{c}n

obtained by closing the components ¢y, ...,c, in a trivial manner and an invariant 2 on Wxyc; will
descend to an invariant on W¢ | (e} if it fulfills the condition

Qmg®(T)) = Umg*(T))

for two vectors a, b such that a; # b;, and T is a w-tangle in Wx(45}- Now I can define the trace map
in I'-calculus.

Proposition 7.2 (The Trace Map). Let T be a w-tangle in Wx (¢}, then the following composition of maps,
which we denote by 2.

ey w det(I — «)

yields an invariant on W)C(lU (e} For an element L € ngu (e Ve denote its image under ¢ by wr.
Proof. We just have to check that
Qe(mg®(Th)) = Qe(m*(T1)),

or more specifically
tre(mg®(p(11))) = tre(mg®(o(T1)))

for all w-tangles 71 € Wx{ab}- Suppose that

o(Th) =
Then m2?® gives
det(I —vy)w ‘ c S
c B+a(l—~)"16 0+al—v)"te
v+ oI =)0 E+o(I—7)7!

ta,tp—tc

Taking tr. one obtains
det(I — B — a(l —~)718) det(I — v

)w’ta,t,,—nc'
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Now the other stitching md® yields

det(I — B)w ‘ c S
y+6(I—-8)"ta  e+d(I—-pB)"10
p+v(I—B)"a Xi4 (I —pB)'0

c

ta,tp—te
Taking tr, one obtains

det(I —y =61 — B)'a) det(I — B)wl,,

ty—rte’

Finally we invoke Lemma 3.2 and obverse that

det(I_ﬁ @ >:det<1_ry ’ >,
1) I—~ Q@ I1-p

which completes the proof. O

Remark 7.1. Notice that the trace map agrees with the scalar part of the stitching formula in Proposition
6.1 when we allow a; = b;. The matrix part is no longer well-defined because the matrix I — v may not
always be invertible.

7.2 The Alexander-Conway Skein Relation

In this section I derive the Alexander-Conway skein relation for long w-links. First of all let us recall the
notion of w-braids (see [BND16] for more details). Let wB,, be the group generated by 0;, 1 <i <n—1
and s;, 1 <1i < n — 1, subject to the following relations

(a) (permutation relations) s? = 1, s;8;418; = Si+18;8i+1 and if [i — j| > 1 then s;s; = s;s;,
(b) (braid relations) o;0;410; = 0;+10,041, and if |¢ — j| > 1 then 0,0, = 0,0,

(¢) (mixed relations) siaﬁllsi = si+1aiilsi+1, and if [i — j| > 1 then s;0; = 0;s;.

(d) (OC) 6;0:415; = $i410i0i+1.

We can visualize the generators of wB,, as follows.

e X | e i\/\/;+ v i><z’+1

) 1
An element of wB,, is called a w-braid on n strands. An example of a w-braid is given in the next figure.

+1

/

b
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For a topological interpretation of w-braids as “the group of flying rings”, see [BND16] and references
therein [Gol81, Sat00, BHO8]. We can extend the Burau representation to wB,, simply as follows

1—t 1 . 0o ¢! 0 1
o; — ;0 = ;S = .
t 0 1 1—¢1 1 0

Given a w-braid, its Burau representation agrees with the matrix part of I'-calculus, up to permutation
of the columns, see Proposition 3.7.

I have the following analog of Alexander Theorem (see [KT08]).

Proposition 7.3. Every long w-link can be expressed as a partial closure, except the first strand, of a w-
braid. More precisely, suppose the w-braid 3 has the bottom endpoints labeled by a,...,a, and the top
endpoints labeled by by, ..., by, then we obtain the long w-link by stitching b; to a;, where i = 2,...,n, as
in the next figure.

Proof. When we allow virtual crossings, the proof simplifies greatly. Namely we just need to decompose
the long w-link into a disjoint union of crossings, put all the crossings in a row and then stitch them. As
an example, let us look at the long trefoil.

[\
(=2}

Putting all the crossings of the long trefoil horizontally and the stitching the strands appropriately we

obtain the desired form.
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The w-braid is enclosed in the dashed rectangle. O

For a long w-link L, let
ApL(t) =t 24 (1),

where wy,(t) is the invariant as defined in Proposition 7.2 (we identify all the variables ¢, to t) and

w(L)= > =+,

crossings
with +1 for a positive crossing and —1 for a negative crossing. I record here a simple property of Aj.

Proposition 7.4. Let L be a long w-link and suppose L contains a closed trivial component, i.e. bounds an
embedded 2-disk that is disjoint from the rest of L. Then

AL(t) = 0.

Proof. Suppose the closed component is labeled ¢. The link L can be obtained by closing a tangle of the
form T U U,, where U, denotes the trivial strand.

] — v
C

Then the matrix part of ¢(7") will contain a row of zeros except for a 1 occurring at position (¢, ¢). From
Proposition 7.2 we observe that in this case det(l — o) = det(1 — 1) = 0 (in this case « denotes the
(¢, c)-entry). So the invariant vanishes, as required. O

Finally I will prove the Alexander-Conway skein relation.
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Proposition 7.5 (Alexander-Conway Skein Relation). Let L, L_ and Ly be three long w-links which are
identical except at a neighborhood of a crossing where they are given by,

L, L_ Lo
then we have
Ar, (t) = Ap_(t) = (72 —t"H) AL, (t). (7.1)
Proof. First of all we prove the following special case L, = ﬁ/a\n_l, L. =o', Ly= 3. Here f3 is a

w-braid and o,,_; is a standard generator of the braid group, n is the number of strands, and ~ denotes
the closure as described in Proposition 7.3. Observe that

w(Ly) =w(Lo) +1, w(L-)=w(Ly)—1.
Thus the skein relation becomes
t= 2w (t) — 2w (1) = (V2 =t P )wr, (1), (7.2)
From Proposition 7.2 we have
wr, (t) = det([I = fona]i), wr_ () =det([I = Boyly]),  wi, = det([I - Blp),

where we identify the braid with its Burau representation by abuse of notations. Let

where M; is an (n — 2) x (n — 2) matrix, ¢1, ¥ are column vectors and 61, ¢; are row vectors. Then

My, ¢1 ¥ I 0 0 My (1=t)¢1+th1 &
50'”_1 = 91 a b 0 1—-t 1 = 01 (1 —t)(l+tb a 5
e ¢ d 0o ¢t o0 €1 (1—t)e+td ¢
and
My ¢ I 0 0 My gn 7'+ (1=t )
Boti=1 6. a b 0 0 ¢! = 6 b tla+@@—-t"")
er ¢ d 0 1 1—¢1 66 d  tle+(1-t1Y)d

Removing the first column and the first row (correspondingly, we remove the subscript 1 in the notations)
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we can rewrite (7.2) as

I-M —(1-tp—ty —¢ I-M — - (1-tY)y
Vet | =0 1-(1-tha—tb —a | —t7?det| -6 1-b —tla—(1—t"1)0
—e —(1—-t)e—td 1-c

—€ —d 1—-ttle—(1-t1Y)d

I-M -9 ¢
=@t det | -6 1—a —b

—€ —c 1-d

Now for the first matrix, multiply the third column with (1 — ¢) and subtract it from the second column
we obtain

I-M — —¢
12 et | -0 1—tb —a
—e —14+t(l—-d) 1-c¢
I-M —t —¢ I-M 0 —¢
=t 12 det 0 —tb —a 172 det 0 1 -a
—e tl—-d) 1-c¢ - -1 1-c¢
I-M — —¢ I-M 0 —¢
=t2det | -0 b —a | +t%det| -0 -
—€ 1-d 1-c¢ —c
I-M —-¢ —9 I-M 0 —9
t2det | -0 1—a —b | —tY?det —b
—€ — 1- —d
I-M 0 —¢
+ +=1/2 det 0 1 —a
—€ 1 1—c¢

Similarly for the second matrix, multiply the second column with (1 —¢~!) and subtract it from the third
column we have

I-M —¢ —t71¢
tY2det | -0 1-b —-1+t'(1—a)
—€ —d 1—t"1e
I-M — —t~1¢ I-M — 0
=t2det | -0 1-b t'(1—a)|+tY?det| -0 1-b -1
—€ —d —t~1e —€ —d 1
I-M — —¢ I-M —¢ -0
=t2det| -6 1-b l—a|+t"Y?det| -0 1-b -1
—€ —d —c —€ —d 1
I-M —¢ —¢ I-M —¢ 0
t1/2 det 9 1—a —b +1/2 et 9 1-a 1
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I-M —¢ 0
+t12det| -6 1-b -1
—€ —d 1

Subtracting the above identities give us the skein relation.

Finally we show that a general case can be reduced to the special case as follows. Given a long w-link
L., we first express it as the partial closure of a braid 5;0;02. As a first step, observe that ¢; can be
written as a conjugate of o,,_; (simply pulling the crossing o; to the right-most position. Thus we can
assume that L, is the partial closure of 10, s

Now to proceed we can push «» along the closure to the bottom of a; and then move the open compo-
nent to the left.

The end result now is the partial closure of a w-braid of the form So,_1, as required. O

7.3 0Odds and Ends

As we have mentioned our work is just the beginning of a long-term project. There are many potentially
interesting directions to be explored. We present a few of these directions below.

e General “unitary property”. So far we have only proven the unitary property for string links.
The general unitary property for tangles is more involved. A unitary property for tangles should
characterize the image of (usual) tangles in I"-calculus. We describe one strategy to accomplish this
below, although we suspect that one should be able to arrive at the conclusion by much simpler
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means. Our underlying technical theorem is the commutativity of the following diagram (see

[BND14]):
sKTG —*— wTF

[ | 7.3)

Av o Asw

To understand the terms and maps in the commutative diagram would require a substantial
amount of background. So we can only give a very rough description. The space sKT'G con-
sists of knotted trivalent graphs, i.e. tangles with trivalent vertices; the space wTF consists of
w-tangled foams, i.e. w-tangles with trivalent vertices; A" is the space of chord diagrams and A%
is the space of arrow diagrams. The map « includes (usual) tangles into w-tangles; the map «
sends a chord diagram to all ways of orienting the chord, namely

lij = aij + aji;

and Z* and Z* are the corresponding homomorphic expansions. It is important to point out that
the image of a vertex in .A** under Z* gives us a solution to the Kashiwara-Vergne problems.

It is advantageous to work in Gy because it is simpler than .4°* and all the formulas are readily
available. We can solve for a solution of a vertex explicitly in G, using Mathematica. Now to state
the unitary property we need to introduce an involution 6 of g, given by

b— —b, c¢c— —c, ur—w, w+u.

Recall that

Tgo (aij + ajj,) = biCj + u;w; + bjCZ‘ + ujw;.

We have

G(bicj =+ ’LLZ"U.)j + bjCZ' -+ ujwi) = biCj -+ ’U.)i’LLj =+ biCj + uiwj.

In other words, 6 preserves the image of a chord under «. It follows from the commutative diagram
(7.3) that for an element ( € sKTG itsimage ¢ / a J Z" | Ty, is invariant under 6.

Given a (usual) bottom tangle T' with 2n endpoints, we first split the endpoints in half and desig-
nate one half as the bottom and the other half as the top. To convert T' to an element of sKT'G we
pick a canonical “parenthesization” of the bottom endpoints and the top endpoints, i.e. a way of
grouping the endpoints together. Then we can compose the bottom and the top of the tangle with
binary trees V}, and V; according to the parenthesization. From the above discussion we have

Theorem 7.1 (General Unitary Property). The element V,T'V; is invariant under 0.

For the case of string links we claim that the general unitary property reduces to Theorem 6.1. It
is interesting to express the general unitary property explicitly in the language of I'-calculus. Then
it might be possible to prove the property using more elementary means.

e Alexander recovery. Another goal of our work is to convince the readers that the language of
I-calculus provides an easily accessible way to study the Alexander polynomial, particularly in
terms of computer implementation. We have recovered several classical properties of the Alexan-
der polynomial in this thesis but there are more to be explored. Another particularly interesting
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property on our list is the genus property of the Alexander polynomial, which states that
deg(Ax) < 29(K),

where g(K) is the genus of the knot K and deg(Af) is the degree of Ak, i.e. the difference of the
smallest and largest exponents of the monomials of Ak.

To express the genus in the language of meta-monoids, we use the band presentation of a surface.
More specifically, suppose that K is a knot of genus g. We can represent the surface that K bounds
as a bottom tangle with 2g components. Then to recover the surface, we double each of the strand,
reverse the orientation of one side of each band, and then perform stitching. For instance, a knot

/p R %Q\

In this manner we can use I'-calculus to investigate the genus since we have already obtained the

of genus 1 is given by

formulas for strand doubling and orientation reversal.

e The Lie algebra g;. Our long-term goal would be the generalize this thesis to the case of g; (see
[BNV17, BN17, BN16a]). The Lie algebra g, is a deformed version of go. Namely, g; is the 4-
dimensional Lie algebra spanned by b, ¢, u, w over the ring R = Qle]/(¢? = 0), with b central and
with the brackets given by

[w,e] =w, [e,u] =u, [u,w]=>b-—2ec.
Observe that when ¢ = 0 we recover the Lie algebra gg. In this case the positive crossing is
RI] — exp ((bl — GCi)Cj + uiwj) S U(gl)®{i’j}

Ideally we would like to generalize the Fox-Milnor condition to the case of g;, which will hopefully
shed some light on the slice-ribbon conjecture. This thesis is the first step in that direction.
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