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IAbstract. I will define “meta-groups” and explain how one specifi
meta-group, which in itself is a “meta-bicrossed-product”, gives rise
to an “ultimate Alexander invariant” of tangles, that contains the|
IAlexander polynomial (multivariable, if you wish), has extremely]

1Alexander Issues.
e Quick to compute, but computation departs from topology
e Extends to tangles, but at an exponential cost.

e Hard to categorify.

cood composition properties, is evaluated in a topologically mean-
ingful way, and is least-wasteful in a computational sense. If youl
believe in categorification, that’s a wonderful playground.
This will be a repeat of a talk I gave in Regina in August 2012
and in a number of other places, and I plan to repeat it a good|
further number of places. Though here at the Newton Institute i
plan to make the talk a bit longer, giving me more time to give
some further fun examples of meta-structures, and perhaps I will
learn from the audience that these meta-structures should really|
be called something else.

This work is closely related to work by Le Dimet (Com-

ldea. Given a group G and two “YB”
pairs RT = (¢F,¢F) € G2, map them

: £ o+ , \7 Z \/
to Xings and “multiply along”, so that AN \g\u

This Fdllb! R2 implies that gFgF = e = gFgF and then R3]
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(arXiv:math.GT/0406269).

K // hmZY

ment. Math. Helv. 67 (1992) 306-315), Kirk, Livingston| oo 0
and Wang (arXiv:math/9806035) and Cimasoni and TuraevCOURtING invarians.

implies that g and g7 commute, so the result is a simplg
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1A Group Computer. Given G, can store group elements and
perforrn operations on them:

Yy
my

.so that mg? //
muz _ myz //mzu

rigl
u:go

V:gs
Y:94

G{oc,u,v,y}

|Also has S, for inversion, e, for unit insertion, d, for register dele-
tion, A%, for element cloning, pj for renamings, and (Dy, Da) +
\D1 U D5 for merging, and many obvious composition axioms relat-
ing those. P={z:q1,y:92} = P={d,P} U{d, P}

A Meta-Group. Is a similar “computer”, only its internal

P—<§ CCL b> then dyP = (z : a) and d, P = (y : d) s0

structure is unknown to us. Namely it is a collection of sets
{G,} indexed by all finite sets v, and a collection of opera-
tions mz?, Sy, ez, dz, A}, (sometimes), py, and U, satisfying]
the exact same linear properties.

[Example 1. The non-meta example, G := G".
Example 2. G, vx~(Z), with simultaneous row and
column operations, and “block diagonal” merges. Here if

d
z: a 0 . .
{d,P}U{d, P} = (y L0 d) # P. So this G is truly meta.
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IA Standard Alexander Formula. Label the arcs

_x6

/ —
-1 1-X X
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e
a —X X-1
1 0 0 0 0 X-1 0 -X
1 X 0 0 0 0 )
0o -1 X 0 1-X o0 0 0
X-1 0 -X 1 0 0 0 0
0 1-x 0 -1 X 0 0 o |[[T777,1::711 // Def
0 0 0 0 -x 1 0 -1
0 0 1-X 0 0o -1 X 0
0 0 0 x-1 o0 0 -x 1

throughCIaim' From a meta-group G and YB elements R* € Gy wel

, make an n x n matrix as below, delete one rowCan construct a knot/tangle invariant.

and one column, and compute the determinant:

Bicrossed Products. If G = HT is a group presented as a|
product of two of its subgroups, with H NT = {e}, then also
G = TH and G is determined by H, T', and the “swap” map|
swt : (t,h) — (K, t') defined by th = h't. The map s
satisfies (1) and (2) below; conversely, if sw: T x H — H xT]
satisfies (1) and (2) (4 lesser conditions), then (3) defines af
group structure on H x T, the “bicrossed product”

itl to ha t1 to h,4

S VW Y

T L‘m%2 / swia —sw24//5w14 //tm gmé2 1=swi2 //th2 //hm12

" hitihoto = hl(hétll)tz = (hlh/ )(t, tz) = hgts
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A Meta-Bicrossed-Product is a collection of sets G(n, 7) and|
operations tmz¥, hmz¥ and swi (and lesser ones), such that
tm and hm are “associative” and (1) and (2) hold (+ lesser
conditions). A meta-bicrossed-product defines a meta-group
with G, := ((v,v) and gm as in (3).

Fxample. Take 3(n,7) = M;xy,(Z) with row operations for
the tails, column operations for the heads, and a trivial swap.

3 Calculus. Let 3(n,T) be

w | hl h2
f | a1 o1 hj €n, t; € 7, and w and
to | a1 Qon the «;; are rational func- ¢,

tions in a variable X

w1 | m w2 | 2
o | ar T2 | ag
tmZY g b a+f wwa | m M,
: v = 7 a; 0
v T2 0 a9
w | hy hy w ‘ h. -
hmgy = )
‘ a B ~ : ‘ a+ B+ (s v
w | hy - we | hy,
Swi}?; sl la Bt |al+(y)/e) B+ (7)/e) ,
v 9 v/€ o —B/e
where € := 1+« and (¢) :== ), ¢;, and let
1| he By 1|hs  hy
RY, ==t |0 X-—1 R = t, | 0 X 1-1
ty | O 0 ty | O 0

[ mean business! ) = a1

7] := BCollect[s /. tuiy »t:];
v (Bl 417 := Module[
{a=D[4, b], B=D[4, hy], ¥=4 /. hxyy » 0},
(a+ (1+(a)) B) hz+¥] // BCollect];
swy y [Blo , 4 1] := Module[{a, B, ¥, &, €},
a = Coefficient[4, hy ti]; B = D[4, t] /. hy - 0;
¥ = D[4, hy] /. tx » 0; 6 =4/, hy|te »0;
e=1l+a;
Blose, a(1+(¥)/e)hyte + B (Le(y)/e) t
+y/ehy, +6-yxB/e
] 7/ Bcollect];
M = Prepend[Transpose[M], Prepend[hs & /@ hs, @]]; am,, ., [A] := § // swey // hmgy,: /7 tmey..;
MatrixForm[M]] ; /: Bloi, 41 ]B[w2 , 42 ] i= Blulsw2, A1+ 42];

jpForm[else ] := else /. S B = BForm[A];

jpsimp = Factor; SetAttributes[fCollect, Listable];
BCollect[B[w , 4 ]]1 := B[BSimp[«],

Collect[4, h_, Collect[#, t_, BSimp] &]];
Form[B[~ , 4 ]] := Module[{ts, hs, M},

ts = Union[Cases[B[v, 4], t. = s, Infinity]];

hs = Union[Cases[B[«, 4], h, = s, Infinity]];

M = Outer[@Simp[Coefficient[4, ha; t.2]] &, hs, ts];

PrependTo[M, t. & /@ ts];

Blo,

- ;[1, (X-1) txhy];
, :=B[1, (x7*-1)tchy]s

Format[# B, StandardForm] := BForm[/4];
{B=Blw, sum[aios.5 ts hy, {i, {1, 2, 3}}, {3, {4, 5}}]],
(B // tmiz,y // swig) = (B // swaa // swig // tmiz,i)}

Theorem. Z7 is a tangle invariant (and more). Restricted to
knots, the w part is the Alexander polynomial. On braids, it
is equivalent to the Burau representation. A variant for links
contains the multivariable Alexander polynomial.

\Why Happy? e Applications to w-knots.

can be expressed cleanly in this language (even if without
proof), except HF, but including genus, ribbonness, cabling,
v-knots, knotted graphs, etc., and there’s potential for vast
generalizations.

e The least wasteful “Alexander for tangles” I'm aware of.
e Every step along the computation is the invariant of some-
thing.

e Fits on one sheet, including implementation & propaganda.

e Everything that I know about the Alexander polynomial

7] h4 h S
m
{ t1 g o5 True O_ ¢
tz a24 o5 | ° testing
34 O35
{Rms1 Rmez Rpag // gy, // 9Mys,; // gmag,s,
\3}1/ Rpg; Rmpg Rmas // gmyg,; // gmps,; // gigg,zl
hy hs 1 hy hs =]
_-1+x 0 t _ -1+x 0
h:4 r Z X
% -1+X -1+X t -1+X _ -1+X
X X 3 X h:4
. divide and conquer!
B = lez,l Rmy7 Rmgz Rmg 11
Rpi6,5 RPg, 13 RP14,9 RP19,15 817
1 hy hs hs hy hs hia his his
ty 0 0 0 flT*X 0 0 0 0
ta 0 0 0 0 0 % 0 0
tg 0 0 0 0 0 0 -1 +X 0
tg 0 ’_IT+X 0 0 0 0 0 0
tig 0 0 0 0 0 0 0 -1+X
t1z -'1X*X 0 0 0 0 0 0 0
tia 0 0 0 0 -1+%X 0 0 0
tie 0 0 -1+X 0 0 0 0 0
Dol = B // gmy.:, {k, 2,10}]; B 817, cont.
% hy hip hij his
t 7’\’1*’){41*“ S(-1+X) (1-X+X2) (-1+X) (1-X+X?) -1+X
ti, flT*X 0 0 0
t1s 1.x (-1+%)2 (1-%+%x2) (1) ? (1-xx7) 0
X X
tie = (-1+%)? ”1;“3 0
Do[B = B // gmyy,,, {k,11,16}]: B
% James \
W addel ( _1-4%-8x%%-11 X§+8X4—4 %946 J
Alexander X

IA Partial To Do List. 1. Where does it more
simply come from?

Further meta-monoids. IT (and variants), A (and quotients),
vl ...

Further meta-bicrossed-products. II (and variants), A (and
quotients), Mo, M, K, Kok, .
IMeta-Lie-algebras. A Land quotients), S, ...

Meta-Lie-bialgebras. (and quotients),

2. Remove all the denominators.
3. How do determinants arise in this context? trivial
4. Understand links.
5. Find the “reality condition”.
6. Do some “Algebraic Knot Theory”. :
7. Categorify.  ibbon
8. Do the same in other natural quotients of the
v/w-story. \/X\/
: (
¥ "God created the knots, all else in \/\K/ \
topology is the work of mortals."
Leopold Kronecker (modified) www.katlas.org example




