A Small-Print Page on p;, d > 1.

Definition. {f(z;), h({i))iz) = f(agi)h|(i=0, SO (pzxz, @8y = 2g2.
Baby Theorem. There exist (non unique) pow-
er series rf(pLprnxix) = Ta€ri(ppnxix) €
QIT*!, p1, p2, x1, x2][[€]] with deg r; < 2d + 2 (“docile”) such
that the power series Z” = 3, phe? =

exp Z r*(pi, Pj» Xi» X)) |, €xp Z 8oBTaép
¢ ap {Pa,xp}

is a bnot invariant. Beyond the once-and-for-all computation of
8op (@ matrix inversion), 7zl is computable in on?) operations in
the ring Q[T*!].
(Bnots are knot diagrams modulo the braid-like Reidemeister mo-
ves, but not the cyclic ones).
Theorem. There also exist docile power series y¥(p,x) =
Ya€ly € QIT*!, p,x][e] such that the power series Z =
Y pae? =

exp er(Pi,Pj,xi,xj)+Z’Y“’k(ﬁk,56k) ,
k

c

exXp Z gaﬁ(ﬂ'af + ﬁ’a)(fﬁ + EB) + Z ﬂtté_:a
a, a
is a knot invariant, as easily computable as Z”.
Implementation. Data, then program (with output using the
Conway variable z = VT - 1/ \NT ), and then a demo. See Rho.nb
of wef/ap.

Veyy,, [k.]1 =0 (1/2-PX); Vexa,, [k ] =-0>P Xy /2;
veys,, [k.]:=-0"P,%./6

{plt»ﬁ(laxﬁsxﬁ}

very,s [i_,7_] :=

S(-1+2pix;i-2pjxi+ (-1+T°) pipjxf+(1—T5)p§x§—2p‘-pjxixj+2p§x1~xj)/2

very [i_, J_] :=

(-6pixi+6pjxi-3(-1+3T) pipj X2 +3 (-1+3T) p§x§+4(-1+7) p2p; X -
2(-1+T) (5+T)pip3x3+2 (-1+T) (3+T) p3xd +18p; p; x; X5 -
18p§x,-xj—5p§pjx§xj+6(2+T) pipﬁxij—6(1+T) p;xij—
6pi p3 x: X% + 63 x; X3) /12

very, 1[i_, 7 ] :=

(-6T2pix; +6T?pix; +3 (=3+T) Tp;p; X2 -3 (-3+T) Tp3x} -
4(-1+T)Tplp;x3+2 (-1+T) (1+5T) p;pixi-2(-1+T) (1+3T) p3xd+
18sz,-pjxix]-—lasz?xixj—6szfpjx§xj+6T(1+2T)pip§x§xj—
6T (1+T) p3xix; -6T%p; pix; X5 + 6T p} x; x3) / (12 7%)

Z,[GST48]
{1-42"-612"-2072°-2962° - 2102 - 772" - 14 2™ - 2%,

« takes a few minutes

vers[i_, J_] :=
(4pixi-4p;x;+2(5+7T) pip;xi-2(5+7T) p3x} -4 (-5+6T) pZp;x;+
4(-16+17T+27T?) p;p3x3 -4 (-11+11T+2T?) p3x} +3 (-1+T) pp;xi -
3(-1+T) (4+3T) pipixt+ (-1+T) (13+22T+T%) p; pj x} -
(-1+T) (4+13T+7%) p?xt - 28 p; p; Xi X; + 28 p X; X; + 36 p7 p; X2 X; -
12 (9+27T) p; pix2 X5 +24 (3+T) p3 xZ x5 - 4p? p; X3 x; + 28T p? p? x3 x; -
4(-6+17T+T2) pipixix; +4 (-5+10T + 1) p}x? x; + 24 p; pJ x; x5 -
24p3x; X% -24pipixix%+6 (10+T) pip3x3x% -6 (6+T) pfxix} -
4pip;xix§+4p;xix;)/24
vers i[i_,J_] :=
(-8 pix; +4T2pix; -2T* (7+5T) pip; X2 +2T2 (7+5T) pi xi -
4T (-6+5T) pip; X} +4T (-2-17T+16T%) p; p3x3 -
4T (-2-11T+117%) p3x3+3 (-1+T) Tpip;xt -3 (-1+T) T (3+4T) ppixt+
(-1+T) (1+22T+137%) p;pixi- (-1+T) (1+13T+4T?) pixi+
28 T2 p; pjxi X; - 28 T2 p? x; x; - 36 > pZ p; X2 x; + 12 T2 (2+97T) p; p3 X x; -
2412 (1+37T) p3xix; + 4T pdp;x3 x; - 28 T2 p? p? xI x; -
4T (-1-17T+6T?) pip}xix;+4T (-1-10T+5T%) pix3x; -
24T p; pixi x5 +24 T2 pix; x5+ 24 T2 p2 pi xix3 - 6 T2 (1+107T) p; p3 i x5 +
6T (1+6T) pixix2+4T p;pix; x3-4T pix;x3) / (24 T°)
P X, P Xy = {m & 7%, &} (2 )" i= (243
Zip,y[5.] := &5
Zip, .. ,[&] :=
(collect[s // Zip(,sys 2] /. f_. 2% » (DIf, {2*, d}])) /. 2" > @
gPair([fs ,w ] :=
gPair([fs, w] =
Collect [ZiPJaineeTaMe[{pa,ia,xa,?a),{a,w)] [
(Times @@ (V /@ fs))
Exp[Sum[g.,s (7o + 7o) (€ +Es)s {5 W}, {Bs w}] - Sum[Ea 7oy {5 w3]]]s
g Factor-]
T2z[p_] := Module[{q = Expand[p], n, c},
If[q === 0, 0, c = Coefficient[q, T, n = Exponent[q, T]];
cz?"+T2z[q-c (T2 -T%)2"]]];

Z, [K_] :=Modu1e[{Cs, 0, n, A, s, i, j, k, A, G, d1, z1, 72, z3},
{Cs, ©} =Rot[K]; n =Length[Cs]; A = IdentityMatrix[2n+1];
q q 9 o 3 5 -T°T° -1
Cases[Cs, {s_>1_,7J_}» |AL{1, J}, {1 +1, J+1}] += o _a ];

{4, G} = Factore{T(Totl[?1-Total[CIALLAID /2 pet @A, InverseeA};
Z1 =
Exp[Total[Cases[Cs, {s_, i_, j_} » Sum[e™ ra; . [1, 71, {d1, d}]]] +
sum[e™ ya,opq [k15 {k, 20}, {d1, d}] /. ¥_e[_1>0];
Z2 = Expand[F[{}, {}] xNormal@Series[Z1, {e, @, d}]] //.
FIfs_, {es___}1x (f: (P |¥)ps [is__1)P- =
F[Join[fs, Table[f, p]], DeleteDuplicates@{es, is}];
Z3 = Expand[Z2 /. F[fs_, es_] =» Expand [gPair[
Replace[fs, Thread[es » Range@Lengthees], {2}], Lengthees
1/.8a,s »Gleslal, es[A111 15
Collect[{a, 23 /. " - p! A“’e"}, e, T2z] ];

1+ (382%+2552% + 1696 2° + 16281 2° + 86952 2'® + 259994 z'? + 487372 2** + 615066 2'® + 543148 2'® + 341714 2% +

153722 2% + 48983 2" + 10776 2°° + 1554 2°° + 1322%° + 52%) e +

(-8 -484 2% + 9709 z* + 165952 2° + 1590491 z° + 16 256 508 2'° + 115341797 z'? + 432685748 z'* + 395838354 2'° - 4017557792 2*° - 23300064167 2*° -
70082264972 z%2 - 142572271191 z** - 209475503 700 z2° - 221616 295 209 z2® - 151502 648428 z>° - 23700199243 732 +
99462146328 z>* + 164920463074 z° + 162550825432 z>® 1+ 119164 552296 z*° + 69153062 608 z*? + 32547596 611 z** + 12541195448 2% +
3961384155 z*° + 1021219696 2°° + 212773106 2°% + 35264 208 z°* + 4537548 z°° + 436 600 z°° + 29536 z*° + 1252 2% + 25 %) €%}

TableForm[Table [Join[{K[1lgy}s Z5[K1], {K, AllKnots[{3, 6}]}], TableAlignments - Center]

3 1422

4 1-22

51 1+322+2%

52 1+222

61 1-222 1+ (-22242% e+ (-4+422.252% -82°.22%) 2
6 1-22-2*

63 14224 2%

» takes a few minutes =«

1+ (222+2%) e+ (2-422+32%+42°+2%) e?+ (-12+742% - 272" - 202° + 82° + 621% + 212) &3

1+ (-2+22%) ¢

1+ (1022 +212%+122°+22%) e+ (6-2822+332%+3642°+6552°% + 5362%% + 2272'2 + 482 + 42%%) €2 + (-60 + 970 2% + 645 z* - 3380 2° - 3280 2° + 7470 2'° + 19475 2'? + 20536 2% + 12564 2° + 4774 2% 1 1109 2%° + 144 222 . 8 2%%) &3
1+(62°+52%) e+ (4-202°+432% +642°+262%) €? + (-36+ 49827 - 883 2° + 100 2° + 816 2° + 556 2'° - 146 212 &>

(124154 2% - 223 2° - 608 2° + 100 2° - 522%° + 10 212) &3

1+ (-222-32°+22%+2%) e+ (-2-422+292%+282°+422°% - 82° - 22'2:42121%) 2+ (12 + 16627 + 1552° - 194 2° - 2453 2° - 1622 2'° - 1967 212 - 258 2'* + 49 21° - 3021® + 22° ; 6 2%% + 2% &3
1+ (2+822-162°-242%-162° - 221%) &2

Video: http://wuw.math.toronto.edu/~drorbn/Talks/0axaca-2210. Handout:
http://www.math.toronto.edu/~drorbn/Talks/Nara-2308.
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