Contractions!
Cx_,y_[w_Wedge] := Module[{i, i,
{i} = FirstPosition[w, x, {0}]1; {j} = FirstPosition[w, y, {0}];
w (i=0)A (j=0)
(-1) #IHHED03 pelete [w, {{i}, {j}}] (i>@) A (j>0)
s
Cx ,y [E.]1 := & /. w_Wedge » cy,, [W]
WExp[aab+2cad]
Cy,c@WExp[aab +2cad]
Wedge[] +anb+2cad+2asbacad
-Wedge[] -a~b

The negative crossing and the “point”:

l\\/k Tz’
SN T,

XipalS, T] P;[T]
A[Xi 5k, [S_5 T_1] := a[(i, J¥s {Rs L}, <|&i > S, §5 > Ts Xe > S, X0 > T|>,

lf—:"l :]-(Xm XL)] /e Ea Xp > §a'\xb]]]}

Expand [ 7/ WExp [Expand [ (€, &)} - [
‘ﬂ[ii,:j,.k,,g] :=-ﬂ[ii,j,k,L[ti: tj]];
ALP: 5 [T 11 := AL{i}, {J}, <I€i > T, X5 > T|>, WEXp[E:1 2 %5115
AlPi_,5 1 := A[Py,;[zi]]

The union operation on A’s (implemented as “multiplication”):
A/: A[isl_, 0s1_, cs1_, wl_] xA[1s2_, 0s2_, cS2_, w2_] :=

A[is1|Jis2, osi|Jos2, Join[cs1, cs2], WP[wl, w2]]
Short[A[Xa,a,3,1[S, T11 * A[Xs,4,6,515 5]

711, 2,3,4), (3, 4,5, 6),

\/Ta Wedge ]

<12 =S, Xa > T, X355, E4>T, 35 T3, E4- Tas X = T3, Xs > Tal>,

\/?
X3 A Xg A Xg A
REZE Lt DY, N N o R L7E. L1 S 8. L1 08
NT VT VT
Xg A £3 VT X3aXs A XgnExnésniy WXBAXSAX5A§ZA§3A§47

—— + <<40>> + -
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Automatic and intelligent multiple contractions:
c@A[is_, 0s_, cs_, w_] :=Fold[Csx, 2 [#1] &, A[1S, 0s, cS, W], is(0s]
A[{A_#A}] :=c[A];
A[{Al_A, As__A}] :=Module[{A2},
A2 = First@MaximalBy[ {As}, Length[A1[[1] N #[2]] + Length[A1[2] N #[11] &];
A[Join[{c[A1A2]}, DeleteCases[{As}, A2]]1] ]
ALOs_List] 1= A[A /@ 0s]
c[AX2,4,3,1[S5 T1]1 *A[X3,a,6,51]
AL{L, 2}, {5, 6}, <1&225, E1>T, X6 > S, Xs > Th,
Wedge [] - X5 &1 - Xe A &x — X5 4 Xe A &1 &3]
A@{A[X2,4,3,1[S5 T11, AlX3,4,6,51}
AL{1, 2}, {5, 6}, <1&2 2S5, E1-T, X6 >S5S, Xs > TP,
Wedge[] ~ X5 7 &1~ Xe A &x — X5 4 Xg A &1 &3]

Alis,os,cs,w] is also a container for the values of the A-invariant
of a tangle. In it, is are the labels of the input strands, os are the
labels of the output strands, cs is an assignment of colours (namely,
variables) to all the ends {&;}icis LI {Xj}jcos, and w is the “payload:
an element of A ({&;}icis U {Xj}jcos)-

AlXi_,j e, [S_, T 11 := ﬂ[(L; 1} {Js R} <|Ei S, X5 5Ty Xg S, E,>T|>,
11-T7
e T

%
VAN

Xiju[S, T]

Expalnd[T’:”2 NExp[Expand[{gL, §i}.( ).{xj_, xk)] /e &q Xp > §,,Axb]]];

A[X1,2,3,a[U, V]]

A4, 11, (2,3}, 461U, X0 5V, X3 5 U, £V,

Wedge[] Xp4 & X3 A &,
%*%*WXBA&*%* VX3A§4+WX2AX3A§1’\§4]

ALK L5,k ,0 1 1= ALK, 5,60 [Tis T]]

The linear structure on A's:

A/: a xA[is_, 0s_, cs_, w_] := A[ls, os, cs, Expand[a w] ]

A/: Alis1l_, 0s1_, cs1_, wl_] + A[is2_, 0s2_, cs2_, w2_] /;
(Sort@isl == Sort@is2) A (Sort@os1 == Sort@os2) A

(Sort@Normal@csl == Sort@Normal@cs2) := A[isl, osl, cs1, wl +w2]
Deciding if two A's are equal:
A/: Alisl_,0s1_, _,wl_] =HA[is2_,0s2 , , w2 ] :=

TrueQ[ (Sort@isl === Sort@is2) A (Sort@osl === Sort@os2) A
PowerExpand [w1 == w2] ]

Contractions of .A-objects:
Ch_,t @A[is_, 0s_, cs_, w_] i= A[

DeleteCases[is, t], DeleteCases[os, h], KeyDrop[cs, {X;, £:}1, Cxyy, 60 [W]

] 7. If[MatchQ[cs[€:], T 1, €S[&:] » cs[Xnl, €5[X5] > €s[€:115
54,4[3[)(2,4,3,1[5; T11 -W[is,::,s,s]]
A(1,2,3), (3,5, 6}, 16255, %55, E15T, &35 13, Xe - T3, Xs > Th,
Xer &1 Xgr &3
_

T T

TX3aXsAnE1nEr—XznXen&E1aEa+TXgaXenE1nEr+X3aXgnrEgnEs—
X3aXer &1 &3 X5 A Xg A E1n s
% -X3AX5A§2A§3—%

Wedge[] - X312 E1 +TX3AE1 - TX3nEr —Xsn &g - Xe A &1 +

“X3AXsAXgrE1nErnls

4. Skein relations and evaluations for A

Al (1,23, (5, 6}, <1625V, X5 5 U, E15 U, X > VI,

\?‘@{ia,l,a,s [v, ul, 73,2,5,:]’

Vuxsagr  Vuxsaé, VWV X6 1 &1
Nu AV Wedge[] - — 2 4 — 22222 U AV xga &y b ————F AU AV XA €
N N RN N 61 €1
WXGA&_\/UXSAXGA&Agz_WXSAXGA&A&+\NWXSAX5A§1A§Z}
Vu v Vu

Video and more at http://www.math.toronto.edu/~drorbn/Talks/MoscowByWeb-2104/
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