The PBW Principle Lots of algebras are isomorphic as vector
spaces to polynomial algebras. So we want to understand arbi-
trary linear maps between polynomial algebras.

Convention. For a finite set A, let z4 = {Zi}iea and let
Lo =2} = Lidiea. (p,x)" = (m,¢)
The Generating Series G: Hom(Q[z4] — Q[zg]) — Q[[{4, z5]-
Claim. L € Hom(Q[z4] — Q[zg]) ? Qlzplllgall > £ via

n
G = Z %L(ZX) = L(‘BZ”EA (az,,) =L = geekLiatin’
neNA
G OW) = (Pl L), _, forpeQlzal

Claim. If L € Hom(Q[z4] — Qlzgl), M € Hom(Q[zg] —
Qlzcl). then G(LJM) = (G(L)lzy-5, GM),,
Examples. ¢ G(id: Q[p, x] — Q[p, x]) = ™+,
« Consider R;; € (b; ® b;)[7] = Hom (Q[1 - Qlpi, xi, pj» x,1) [£].
Then G(R;j) = e®@=D@i—p)xj — (T=1)(pi—ppx;_
Heisenberg Algebras. Let b = A(p,x)/([p,x] = 1), let
O;: Qlpi, xi1 — b; is the “p before x” PBW normal ordering map
and let im/ be the composition

©k
br Qlpk, xk].

0:80;
Qlpi, xi, pj»xj] — bh;®Y;
Then Q(hm;(]) = @ éimj+ (A ) pr+(EirE x|
Proof. Recall the “Weyl CCR” ef*e™ = e "™ ¢t*, and find
Q(hm;(j) — @ﬂipi+§ixi+”jpj+§jxj//Oi ® ©j//m;¢j//©/:1
— (Bﬂiﬂiefixieﬂ/n/@fjxj//m;cf//@;l — eﬂipkefixk®ﬂjﬂk®§jxk//@l:1

— e—fﬂje(ﬂi‘*—ﬂj)me(fﬁfj)xk//@]:l — e—fiﬂj+(ﬂi+ﬂj)l7k+(-fi+-fj)xk_

GDO := The category with objects finite sets and
mor(A — B) = {L = weQ} C Qliga, z8ll,
where: e w is a scalar. e Q is a “small” quadratic in {4 U zp.

e Compositions: L/M = (.£|z,-—>6;,. M)

Compositions. In mor(A — B),

4i=0"

0= Z Ejjdizj + Z Fijdidj + Z Gijzizj, S\
i€A, jeB 1]EA tjeB R. Feynman
(remember eF=1+x+xx/2+xxx/6+...)
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greek ldtln
where @ E = E\(I-F2G\) 'E; o F = Fy + E{F>(I - G1Fy)'ET
¢ G =Gy +EIG|(I- F,G))'E; e w = wywy detI — F,G1)™'/?
Proof of Claim in Example 2. Let ®; := ¢P~P)% and
D, = O, (" DPPIY) = O(P). We show that @y = P, in
(b;®b )] by showing that both solve the ODE 9,® = (p;—p;)x;®
with @|;—9 = 1. For @, this is trivial. ®;|,—¢9 = 1 is trivial, and
9, @2 = 0(3,¥) = O(e'(pi — p)x,;¥)

(Pi—pj)xjP2 = (pi—px;0O) = (pi—p;)O(x;¥ — 8,,¥)
=0 ((p,-—pj)(xj‘I’ + (03[ - l)ley)) = (O)((Bt(pi_pj)xj\{}) a

greek

Implementation. Without, don’t trust!

CF = ExpandNumerator@xExpandDenominator@+PowerExpand@x Factor;

Epz_ sp1_ [@1_, Q1_]1 Epz 42 [@2_, Q2_] ~:= Eayazepays2 [#1 2, Q1 + Q2]
(Epz_p1 [@1_, Q1_1 // Epz o2 [w2_, Q2_]1) /5 (B1* === A2) :=
Module[{i, i, E1, F1, G1, E2, F2, G2, I, M = Table},
I = IdentityMatrixeLengtheBi;
El=M[9:,501, {i, A1}, {J, B1}]; E2 = M[01,502, {i, A2}, {], B2}1;
F1=M[8:,5Q1, {i, A1}, {j, A1}]1; F2 =M[04,502, {i, A2}, {j, A2}];
Gl = M[04,5Q1, {i, B1}, {j, B1}]; G2 = M[94,5Q02, {i, B2}, {J, B2}];
En1ss2 [CF[wl w2Det[I - F2.611%2], CF@Plus[

If[Al === {} VB2 === {}, @, AL.E1.Inverse[I - F2.G1].E2.B2],
1 .
I-F[Al === (3, 0, S AL (F1+E1.F2.Inverse[I - G1.F2].E1') .Al],
1 .
I-F[Bz === {}, O, ;BZ.(GZ+E2 .Gl.Inverse[I—F2.Gl].E2).BZ”]]

A_\B_ :=Complement[A, B];
(Epz_ 1 [@1_, Q1_1 // Epz 42 [@2_, Q2_]1) /5 (B1* =1=A2) :=
E a1y (a2\g1*) 81082+ [#15 Q1 + sum[&* &, {&, A2\B1*}1]1 //
Epz+yazsp2y (s2\az*) [#2, Q2 + sum[z* z, {z, BI\A2*}]]

{p*s X*5 7, §%} = {7, &, Py X}5 (U_i )" = (U")4;
L_List* := #* & /@ L;
Rii 2= Ega{prxipnx} [T (1-T) pix;+ (T-1) pix;];

R 5 Bomipurcns) [ (1272 b+ (1-2) po]
Ci = Eqagpuxn [T% 0]

o= 1/2 o
Ci = Egupx [TV 0]

hmi 5 or t= E (n, 61,7765} (poxe) [1s = €1 7 + (i + 715) Pr + (&1 + §5) Xkl
]E()avsi[”n:_) Q_1h := Module[{ps, xs, M},

ps = Cases[vs, p_]; xs = Cases[vs, X_];

M = Table[«i, 1 + Lengtheps, 1 + Lengthexs];

MI2 55, 2550 = Table[CF[ai,jQ]: {i, ps}, {J, xs}1;

MI2 55, 11 = ps; M[1, 2 53] = xs;

MatrixForm[M],]

Proof of Reidemeister 3.
(R1,2 Ra,3Rs,6 // hmy 4,3 hmy 5,5 hms 6,3) ==

(R2,3 R1,6 Ra,s // hmy 4,3 hmy 5,5 hms 6,3) i — L

True O
The “First Tangle”.

Factor /@
(2 =R1,6 C3R7,4Rs,2 // hmy,3,1 // hmy 451 // hmy 5,1 // hmy 6,1 // hmz,7-.z)

“1+2T  (-1+T) (p1-Pp2) (TX1-Xa)
E(H(PLPLXLXN[ T > 1427 ]

z, ‘k
1:27T 2
e X X

-T+T2 1-T

P1 12T 1427 %
P T-12 “14T
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The knot 8.
z = Ru2,1 Ry7 Re3 R4, 11 Rue, 5 Re,13 Rua, Rio,153
Table[z = z // hmyy, {k, 2, 16}] // Last

—_— | +—2
1-4T+8T2-11T>+8T4-4T5+T° i
E ()= p1,xa) [ T s 9]
Proof of Theorem 3, (3).
a B 6
{ YL = E()o(p1,x1,p2,%2,P3,%3) [‘": (P15 P25 P3}-| ¥ S € ] s X, x3}]] ’
¢ ¥ B h
(¥17// hm1,z->e)h}
W X1 X2 X3 w+Yw Xe X3
0By +BY+6-08 €-0E+O+Y O
{ pr a B © s Pe 1y T }
P2 ¥ 6 € -8 d+Uiy U E+yE-€ 0
ps ¢ ¥ E/n P3 1oy 1oy h 0
References. On weP=http://drorbn.net/cat20

Video and more at http://www.math.toronto.edu/~drorbn/Talks/LearningSeminarOnCategorification-2006/

49


http://www.math.toronto.edu/~drorbn/Talks/LearningSeminarOnCategorification-2006/

