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Abstract. I will explain how the computation of compositions
of maps of a certain natural class, from one polynomial ring into
another, naturally leads to a certain composition operation of
quadratics and to Feynman diagrams. I will also explain, with
very little detail, how this is used in the construction of some
very well-behaved poly-time computable knot polynomials.

The PBW Principle Lots of algebras are isomorphic as vector
spaces to polynomial algebras. So we want to understand arbi-
trary linear maps between polynomial algebras.

Gentle Agreement. Everything converges!

Convention. For a finite set A, let z4 = {z;}ieca and let
$a =1z} = Jiliea. O, b,a,x)" =(.B, @, &)
The Generating Series G: Hom(Q[z4]— Q[zg]) — Qllla, z51l-
Claim. L € Hom(Q[za] — Qlzg]) —;—> Qlzplll{all > £ via

$hn -
G(L) = zN;A n_/;L(ZA) = L(ezaEA a a) =L= greek'Elatin’
G OW = (P, £),_, forpeQlal
Claim. If L € Hom(Q[z4] — Q[zg]), M € Hom(Q[zp] —
Qlzc)). then G(LJM) = (G(L)lz,—a, G(M), -
Basic Examples. 1. G(id: Q[y, a, x] — Q[y, a, x]) = @W+aa+ex,

2. The standard commutative prod- my!
uct m;’ of polynomials is given by Qlzl; ® Qlzl; — Qlzlk
Hence G(m) = ” ij ”

Zi»Zj ™ Zk- my
Qlzi» zj] —— Qlzx]

m;‘{j(efizﬁéjzj') = @i+l

3. The standard co-commutative co- Al
product A;k of polynomials is given Qlz]l: — Qlz]; ® Qlzlk
by zi — zj + z. Hence G(AY) = ” AL ”
Ai_k(efiz,') — ®évi(Z/+zk). Q[Zi] _>Q[Zja Zk]

J

Heisenberg Algebras. Let H = (x,y)/[x,y] = h (with /i a
scalar), let O;: Q[x;,y;] — Hj is the “x before y” PBW order-
ing map and let hmzj be the composition

0i®0; my! o'
Qlxi, yi» xj,y;] — H; @ Hj Hy Qlxk, ykl-
Then G(hm) = e, where Ay = —hniéj+(Ei+E ) xi+@i+n,)Y.-
Proof 1. Recall the “Weyl form of the CCR” ePeéf* =
e MEeEXeY | and compute
g(hmzj) = @EXitYitE XY //@i ® O j//mj(j //(O),:1
— (Bf,-xi(Bmy,-efjxj@n,yj-//m;;j//@;l — (Bé?iXkem)’k(ijXk@myk//@;l

= @ mi&j p&itéNxe ®(m+77,')yk//©]:1 = M,

Proof 2. We compute in a faithful 3D representation p of H:
o108 00 0 001 (wep/hm)
{i: [a 0 a],9= [e 0 n],é: [a o e]};
000 00 0 0 00
(R.9-9.8 =08, R.&=2.%, 9.8 = 2.9}
{True, True, True}

A=-hni&jc+ (Ei+&5) Xk + (N1 +75) Yis
SimplifyeWith[{E = MatrixExp},

E [f( §i] E [9 771] E [)? §j] E [9 T7j] ==
(% 0] £ [ 0y 8] .5 [¢ 00, ]

True

| [=15[=]
2 i

- [=]7%
A Real DoPeGDO Example (DoPeGDO:=Docile Perturbed
Gaussian Differential Operators). Let si5, = L(y,b,a, x) sub-
jectto [a, x] = x, [b,y] = —€y, [a,b] =0, [a,y] = —y, [b, x] = €x,
and [x,y] = ea + b. Sot = ea — b is central and if e,
sls, = sh @ (t). Let CU = U(slS,), and let cm;/ be the com-
position below, where O;: Qly;, b;, a;, x;] — CU,; be the PBW
ordering map in the order ybax:

my
CU; & CU;, cu;
T@i,.f em! T@’k
Qlyi, bi,ai, xi, ¥}, bj, aj, x;1 —— Qlyi, by, ax, xi]

Claim. Let

(all brawn and no brains)

e~ i~ <Pi log (1 + en &)
A= (775 + —— b+
€

j
s )Yk + (ﬁi +Bj+

g—“.f—fﬁjg.
(ai +a;+ log(l + enjgi))ak + (T}]é’l +§j)xk
Jot
Then (Bi],’y,’+ﬁ,‘b,‘+(l,'a,‘+§,‘)€,’+7]_,'y/'+B/'bj+(Yja_,'+§jx_,'//©i’j//cm;cj — (BA//O]{,
A

and hence Q(cmij ) = eh.
Proof. We compute in a faithful 2D representation p of CU:

(9-(28).6-(5 %) a=(5 )%= (2 3)) ©BH1
{3.%-%.8=%, 8.9-9.4==-9,b6.9-9.6=-€9,
b.%-%.b=eX, X.§-9.% = b+ea)

{True, True, True, True, True}
SimplifyeWith[{E = MatrixExp},

E[n:9].E[B: B] ‘E[a; 8] .E[&: R].E[n; 9] . E[B; B] .
E[a;a].E[&5 X] = E[Y oy, a].E [B op A].E[80,.4].
£[% 0ua] ]

True
Series[A, {e, 0, 2}]
(ak (o +a5) +Yk (ni+e “ng) +

b (Bi+B5+nj&i) + Xk (€793 &1 +&5)) +
1 .
(ak N3 i - 5 b U% E-eykny (Bi+nj&i) -

e i xx &1 (By+n5 51)) € +

1 1 1 .
(-5 el Sbendel e e iyiny (B} 2puny e 203 ed) +

—ots

1
Se Ixi s (B3 +2B5n;5 §i+2n§§§)) e2+0[e]?

Note 1. If the lower half of the alphabet (a, b, @, 8) is regarded
as constants, then A = C + Q + > 1> €*P® is a docile perturbed
Gaussian relative to the upper half of the alphabet (x,y,&,n): C
is a scalar, Q is a quadratic, and deg P® < 2k + 2.

Note 2. wt(x,y,&,n5a,b,a,8;¢) =(1,1,1,1;2,0,0,2; -2).

Quadratic Casimirs. If r € g ® g is the quadratic Casimir of a
semi-simple Lie algebra g, then &, regarded by PBW as an ele-
ment of S®2 = Hom (S(g)®0 — S(g)®2), has a latin-latin domi-
nant Gaussian factor. Likewise for R-matrices.

(Baby) DoPeGDO := The category with objects finite sets'! and
mor(A — B) = {L = wexp(Q + P)} € Qlla, z8, €ll,
where: o w is a scalar.™ e Q is a “small” e-free quadratic in

ZaUzp. T3 @ Pisa“docile perturbation”: P = 3;.; €P®, where

deg P® < 2k+2.7 o Compositions: T® LM = (L|zi_,5(i M){:O.

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Columbia-191125/
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