D: Hom(U®* — U®) - Qllns, Bs, as. &, ys. bs, as, xs 1. The
PBW theorem for CU (always in the ybax order), or its quantum
analog for QU, say that if U = CU or QU then U®S is isomor-
phic as a vector space to Q[y;, b;, a;, xilies [7]; so it is enough to
understand Hom(Q[z4] — Q[zg]) for finite sets A and B.

Claim. ' € Hom(Q[za] — Qlz5]) ? Qlzplll{all > F via

D(F) = Z & SR (@) =

nENA

DNINP) = (Pl 7)o forp€Qlzal.
Claim. Assuming convergence, if F e Hom(Q[z4] — QIzz]),
G € Hom(Q[zg] — Qlzc]), ¥ = D(F), and G = D(G), then

DF)G) = (Fl:-2,6), -
And so the title of the talk finally makes sense!
Example. D(id: U — U) = eW*Pbraa+éx,
Example. Let cAl: CUPY — C U®U# be the standard co-
product, given by cAj.k(y,-, bi,ai,x;)) = OVj+ye, bj+b,aj+ap, xj+
xr). Then
D(CA;/() — CA;_k(eni)'i‘l'ﬁfbi‘l'dfai‘hfixf)

= @Oty +Bibj+b+aiajra+&i(xj+xg)

( DacA gaza) = 7—',

Example. The standard commutati- mf
ve product m;’ of polynomials is gi- Qlzl; ® Qlz]; — Qlzlk

ven by z;,z; — zx. Hence D(mj{’) = | il ”
m;;j(efili+§j1j) — Wt Qlzi» 2j] — Qlz]

A real DoPeGDO Example. Let cm;'cj: CU;®CU; - CUy be
“classical multiplication” for sl5, , and let O;: Qlyi, bi, ai, xi] —
CU, be the PBW ordering map.

i
"y

CUy

fo

Qlyx, b, ax, xk]

(all brawn and no brains)

log (1 + en&)
Lo,

CU;® CUj
T@i..i
Qli, bis ai, xi, yj, bj, aj, x;]
Claim. Let

e i—€Bip .
ST

+
1 +en k

A=(1’]i+

e—wj—Eﬁjéji

(CU,' taj;+ lOg(l + ET]jé"l')) ay + (TE?]J{:, + fj) Xk

Then @Yithibitaiart&ixitn;y+Bibj+a ai+éix; j0), j//cm;;j = ¢"//Oy, and
hence D(cm)) = * and em!! is DoPeGDO.
Proof. We compute in a faithful 2D representation z — Z of CU:
(wep/cm)
HL[& ] := Style[&, Background -» If[TrueQes, [, [1]1;
N 0 0 ~ 0 o a 10 s 01 .
{7=(06)8=(o L) 3=(g0)%=(00)bs
HL/@{a X-%.4=%, 4.9-9.8a=-9,b.9-9.b=-€9,
b.X-%.b=€X, X.§-9.8=b+ead}
{True, True, True, True, True}
HLesimplifyeWith[{E = MatrixExp},
E [T]i 9] E [131 B] E [ai é] E [§1 )’Z] E [T]j 9] E [BJ B] .
E[a;8].E[&5R] =E[Y 0y, A] .E[b oy ] .E[30,.4].
E[& 0x.4]]

True
Series[A, {€, 0, 1}]
(ak (3 +05) + Yk (Ni+e *ing) +
b (Bi+B5+n5&i) +Xk (99 &1 +&5)) +

1 .
aknj i - Ebkf@fil*e’alw ny (Bi+njé&i) -

eI xk & (By+n3&i) | e+0[el?

(Shame, but this technique fails for QU).

Claim. In QU, R is DoPeGDO.
Proof. Recall that with ¢ = &€,

R = nkp @ alxk/ jilk],! = O (™ ey ).

N d ™ £ o
ow expand ;' * in powers of € using:
Faddeev’s Formula (In as much as we can tell, first appea-
red without proof in Faddeev [Fa], rediscovered and proven

in Quesne [Qu], and again with easier proof, in Zagier [Za]).
q"-1

With [n]q _1 . with [n],! = [1]4[2],- - [n], and with e} =
D0 [n]q!, we have
1 — g)kxk 1 —g)%x2
log e} = ( q)k ¢ q);c
& k(1 —q%) 2(1 —g%)
(Bq KB

Proof. We have that 7 = pre —i— (“the g-derivative of e
= (l + (1 — g)x)ey, and
= log(1 + (1 = g)x) + log e.

itself”’), and hence e
log eq
= Y1 axxk and comparing powers of x, we get
d-g*
k(1-¢5)"
Compositions (2). Recall that with all indices i running in some
set B,
)G = (FlantyG), , = e>*%(FO)|
=0 £i=0
so in general we wish to understand
Ly p.

[F: &l :=e? Zijes Fij05% 5 and (F:&)p = [F: ElBlyy—0>
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic
part:

Lemma 1. With convergences left to the reader,

<F: &z Zijen Giﬂfzf'> = det(1 - GF)™">(F(1 - GF)™": S)B .
B

Writing log e,

q"ak =—(1- q)k/k—i- ag, or a; = m]

(1) Strictly speaking,
true only when

zi=6i=0°  Bn@UCO) =0.

The next lemma dispatches the case where & has a B-linear part:
Lemma 2. (F: &eXiesi@) = @3 ijes Fivivj <F: SIZB—>ZB+FyB>
Finally, we deal with the docile perturbation case:

Lemma 3. With an extra variable A, Z, := log[AF : e satisfies
and is determined by the following PDE /IVP:

Zo=P and 9\Z = Z Fij(0:,0:, 20 + (0,209, Z0))..
l]EB

] G2 e -
[ [
Je Je

Lemma 1 Lemma 2

B

eAF/2

{ part glue
Z, =

Lonnec,ted

diagrams
Lemma 3

Complexity to ek, for an n-xing width w knot (by [LT],

w € O(yn)), is Om*w**?logn) = Om**3 logn) integer opera-
tions.

Video and more: http://www.math.toronto.edu/~drorbn/Talks/CRM-1907,
http://www.math.toronto.edu/~drorbn/Talks/UCLA-191101.
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