
Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is 
computed only once for each value of $k. Fancy Mathematica not 
for the faint of heart. Most readers should ignore.
SetAttributes[Define, HoldAll];

Define[def_, defs__] := (Define[def]; Define[defs];);

Define[op_is__ = ℰ_] :=

Module{SD, ii, jj, kk, isp, nis, nisp, sis},

Block{i, j, k},

ReleaseHoldHold

SD[opnisp,$k_Integer, PPBoot@Block[{i, j, k}, opisp,$k = ℰ;

opnis,$k]];

SDopisp, opis,$k; SDopsis__, opsis;

 /. {SD → SetDelayed,

isp → {is} /. {i → i_, j → j_, k → k_},

nis → {is} /. {i → ii, j → jj, k → kk},

nisp → {is} /. {i → ii_, j → jj_, k → kk_}

} 

ωεβ/objectsThe Objects
Symmetric Algebra Objects
smi_,j_→k_ :=

i,j→k[bk (βi + βj) + tk (τi + τj) + ak (αi + αj) +

yk (ηi + ηj) + xk (ξi + ξj)];

sΔi_→j_,k_ :=

i→j,k[βi (bj + bk) + τi (tj + tk) + αi (aj + ak) +

ηi (yj + yk) + ξi (xj + xk)];

sSi_ := i→i[-βi bi - τi ti - αi ai - ηi yi - ξi xi];

sϵi_ := {}→i[0];

sηi_ := i→{}[0];

sσi_→j_ := i→j[βi bj + τi tj + αi aj + ηi yj + ξi xj];

sΥi_→j_,k_,l_,m_ := i→j,k,l,m[βi bk + τi tk + αi al + ηi yj + ξi xm];

The CU Definitions
cΛ = ηi +

ⅇ-γ αi-ϵ βi ηj

1 + γ ϵ ηj ξi
yk + βi + βj +

Log[1 + γ ϵ ηj ξi]

ϵ
bk +

αi + αj +
Log[1 + γ ϵ ηj ξi]

γ
ak +

ⅇ
-γ αj-ϵ βj ξi

1 + γ ϵ ηj ξi
+ ξj xk;

Definecmi,j→k = i,j→k[cΛ]

Define[cσi→j = sσi,j /. τi → 0, cϵi = sϵi, cηi = sηi,

cΔi→j,k = sΔi→j,k,

cSi = sSi // sΥi→1,2,3,4 // cm4,3→i // cmi,2→i // cmi,1→i];

Booting Up QU
Defineaσi→j = i→j[aj αi + xj ξi],

bσi→j = i→j[bj βi + yj ηi]

Defineami,j→k = i,j→k(αi + αj) ak + j
-1

ξi + ξj xk,

bmi,j→k = i,j→k(βi + βj) bk + ηi + ⅇ
- ϵ βi ηj yk

DefineRi,j = {}→i,jℏ aj bi + 

k=1

$k+1 1 - ⅇγ ϵ ℏ
k
(ℏ yi xj)

k

k 1 - ⅇk γ ϵ ℏ
,

Ri,j = CF@{}→i,j-ℏ aj bi, -ℏ xj yi /Bi,

1 + If$k ⩵ 0, 0, (Ri,j,$k-1)$k[3] -

(Ri,j,0)$k R1,2 (R{3,4},$k-1)$k // (bmi,1→i amj,2→j) //

(bmi,3→i amj,4→j)[3],

Pi,j = i,j→{}βi αj /ℏ, ηi ξj /ℏ,

1 + If$k ⩵ 0, 0, Pi,j,$k-1$k[3] -

R1,2 // P1,j,0$k Pi,2,$k-1$k[3]

DefineaSi = aσi→2 R1,i // P1,2,

aSi = i→i-ai αi, -xi i ξi,

1 + If$k ⩵ 0, 0, (aSi,$k-1)$k[3] -

(aSi,0)$k // aSi // (aSi,$k-1)$k[3]

DefinebSi = bσi→1 Ri,2 // aS2 // P1,2,

bSi = bσi→1 Ri,2 // aS2 // P1,2,

aΔi→j,k = (R1,j R2,k) // bm1,2→3 // P3,i,

bΔi→j,k = (Rj,1 Rk,2) // am1,2→3 // Pi,3

The Drinfel’d double:                

Define

dmi,j→k =

sΥi→4,4,1,1 // aΔ1→1,2 // aΔ2→2,3 // aS3

(sΥj→-1,-1,-4,-4 // bΔ-1→-1,-2 // bΔ-2→-2,-3) //

(P-1,3 P-3,1 am2,-4→k bm4,-2→k)

Definedσi→j = aσi→j bσi→j,

dϵi = sϵi, dηi = sηi,

dSi = sΥi→1,1,2,2 // bS1 aS2 // dm2,1→i,

dSi = sΥi→1,1,2,2 // bS1 aS2 // dm2,1→i,

dΔi→j,k = (bΔi→3,1 aΔi→2,4) // (dm3,4→k dm1,2→j)

DefineCi = {}→i0, 0, Bi
1/2

ⅇ
-ℏ ϵ ai/2

$k
,

Ci = {}→i0, 0, Bi
-1/2

ⅇ
ℏ ϵ ai/2

$k
,

Kinki = R1,3 C2 // dm1,2→1 // dm1,3→i,

Kinki = R1,3 C2 // dm1,2→1 // dm1,3→i

Note. t⩵ϵa-γb andb⩵ -t /γ+ϵa /γ.

Defineb2ti = i→i[αi ai + βi (ϵ ai - ti)/γ + ξi xi + ηi yi],

t2bi = i→i[αi ai + τi (ϵ ai - γ bi) + ξi xi + ηi yi]

The Knot Tensors

DefinekRi,j = Ri,j // (b2ti b2tj) /. ti j → t,

kRi,j = Ri,j // (b2ti b2tj) /. {ti j → t, Ti j → T},

kmi,j→k = (t2bi t2bj) // dmi,j→k //

b2tk /. {tk → t, Tk → T, τi j → 0},

kCi = Ci // b2ti /. Ti → T,

kCi = Ci // b2ti /. Ti → T,

kKinki = Kinki // b2ti /. {ti → t, Ti → T},

kKinki = Kinki // b2ti /. {ti → t, Ti → T}

Some of the Atoms. ωεβ/atoms

WithAi B e
αi and Bi = e

−bi ,

PP_ := Identity; $k = 1; ℏ = γ = 1;

Column[

(# → (ℰ = ToExpression[#];

Normal@Simplify[ℰ〚1〛 + ℰ〚2〛 + Log@ℰ〚3〛])) & /@

{"dmi,j→k", "dΔi→j,k", "dSi", "Ri,j", "Pi,j"}]

Video and more: http://www.math.toronto.edu/~drorbn/Talks/CRM-1907,
http://www.math.toronto.edu/~drorbn/Talks/UCLA-191101.
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