The Algebras H and H".
(a, x)/([a, x] = yx) with
A=, Su(a,A,x) = (-a,A™',-A"" ),
Ap(a,A,x) = (a1 + a2, A1A2, x1 + A1 x2)
and dual H* = (b, y)/([b,y] = —€y) with
B=e ™  By=gqyB, Su(b,B,y)=(-b,B',—yB™),
Ap+(b,B,y) = (b1 + b2, B1 B2, y1 By +y2).
Pairing by (a,x)* = (b,y) (= (B,A) = ¢g) making (y'b', a/x*) =
. _ w Ybiealx*
5,16](1_]'[](][/' SOR = Z ]'T]q'
The Algebra QU. Using the Drinfel’d double procedure,
QUy = H*P®H with (¢/)Wg) = (1S~ )3, fi)(@¥2)(f28)
and S(y,b,a,x) = (—B 'y, —b,—a,-A"'x),
Ay, b,a,x) = (y1 + y2B1, b1 + b2, a1 + az, x1 + A1 x2).
Note also that ¢ := ea — yb is central and can replace b, and set

QU = QUe = QU e.
The 2D Lie Algebra. One may show™ that if [a,x] = yx then

Let g =c" and set H =

XA = qAx,

e e = ee® "¢ Ergo with
O)(IX
SWax CS(a, X) U(a, x)
©Xa
we have SW,, = 2ate”%éx,

* Indeed xa = (a — y)x thus xa" = (a — y)"x thus xe® = @@ Vx = e x
thus X"e% = (e 7?)"x" thus e¥*e® = e®e® "¢,

Faddeev’s Formula (In as much as we can tell, first appe-
ared without proof in Faddeev [Fa], rediscovered and proven
in Quesne [Qu], and again with easier proof, in Zagier [Za]).
With [n], = q{:%ll, with [n],! = [114[2], - - - [n], and with eZ =

b

ano Wq!’ we have
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Proof. We have that e; = —-—
and hence ¢f" = (1 + (1 — g)x)e}, and

(“the g-derivative of e is itself”),

loged™ = log(1 + (1 — g)x) + log ;.

Writing log ey = Xis1 a;x* and comparing powers of x, we get

L—a)
dar = —(1 = @tk + ar, or a = {2 o
A Full Implementation. wef/Full
Utilities

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[& ] := ExpandDenominator@ExpandNumer‘ator@Together[

Expand[&] //. e~ e~ » e /. & »eTl];

K& /: Ké; ,; :=If[1i===7,1,0];
E/:E[L1 ,Ql ,P1 ]=E[L2 ,Q2 ,P2 ] :=

CF[L1 ==L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] ==0];
E/:E[L1_,Q1_,Pl_]E[L2 ,Q2 ,P2 ] :=

E[L1+L2, Q1+Q2, P1%xP2];
E[L_,0Q ,P lg :=E[L, Q, Series[NormalePr, {e, 0, $k}]1;
Zip and Bind
{t*.! b*) y*) a*: X*J Z*} ={z, 3: ns a, §: §};
{t*, B*, n*, a*, £, £*} = {t, b, y, a, X, z};
(u_i )™ 2= (u*)q;

collect[sd_SeriesData, & ] :=
MapAt [collect[#, ] &, sd, 3];
collect[& , £ ] := Collect[s, &5
Zip [P_]1 :=P; Zip(p o 3[P_1 :=
(collect[P // Zip(py, &1 /+ f_. & A+, a)f) 1. &0
QZipy 1ist@E[L_, Q_, P_] :=
Module[{&, z, zs, c, ys, ns, qt, zrule, Zrule},
zs = Table[Z*, {&, £5}]1;
c =CF[Q /. Alternativesee ({s|Jzs) » 9] ;
ys = CF@Table[d: (Q /. Alternatives @@ zs » 0) , {&, ¢5}];
ns = CFeTable[d, (Q /. Alternativesee s -» 0), {z, zs}];
qt = CFeInversee@Table [KS, o+ - 0,,:0, {&, &5}, {z, z5}];
zrule = Thread[zs » CF[qt. (zs +ys)]];
Zrule = Thread[{s » &S +ns.qt];
CF /@ E[L, c +ns.qt.ys,
Det[qt] Zip [P /. (zruleJZrule)1] 1;
U2l = {Bf-" » P70, B 5 e PP, T 5 PR,
TP-- > eP2Y, \ﬂ‘i’:' > eP¥%, gl e”‘"};
120 = {% Pirh 55 B PV e, e P 15 BT/ BN g,
e-" ty +d_. Tg/h ed, ef-- trd_. ., pc/n ed,
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LZipy 1ist@E[L_, Q_, P_] :=
Module[{&, z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},
zs = Table[&*, {&, £5}1;
c=L/.Alternativesee (s |Jzs) -» 0;
ys = Table[d: (L /. Alternatives @@ zs » @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee ¢s - ), {z, zs}];
1t = Inversee@Table [KS, o+ - 0,,cL, {&, &5}, {z, 25}];
zrule = Thread[zs » 1t. (zs +ys) ];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives @ee zs - 0;
Q2= (Q1=0Q/.U21 /. zrule) /. Alternatives @e zs - 0;
CF /@ E[L2, Q2, Det[1t] ™%
Zip,[e*% (P /. U21 /. zrule)]] //. 12U ];
By [L_,R.] :=LR;

B{is_} [L_E, R_E] := Module[{n}, Times [

L/.Table[(v:b|B|t|T]a|X]|y)i->Viei, {1, {i5}}],

R/.Table[(v:B |t |a|A|E|N)i> Viei, {i, {i5}}]
1 /7 LZipjoineetable[{fne;:cneisaneils {is{is}}] 7/
QZiP3oineetable[ (61 -vneils (is{is}}] |3
Bis__[L_» R_] :=Byis}[L, R1;
E morphisms with domain and range.
Bis 1ist [Eq1 »r2 [L1_, Q1_, P1_]1, Eaz 5r2 [L2_, Q2_, P2_]] :=
E (d2Ucomplement [d2,is] )~ (r2Ucomplement[ri,is]) ee
Bis[E[LI, 01, P1], E[L2, Q2, P2]];
Edz »rz [L1_, Q1_, P11 // Egz 5r2 [L2_, Q2 , P2_] :=
Brindz [Ed1-r1 [L1, Q1, P1], Egz2,r2[L2, @2, P2]];
Eg1 or1 [L1_, Q1_, P1_]1 =Eg ,r2 [L2_, Q2_, P2_] ":=
(d1==d2) A (r1=r2) A (E[L1,Q1, P1] =E[L2, Q2, P2]);
Egr »r2 [L1_, Q1_, P1_] Eaz »r2 [L2_, Q2_, P2_ ] ":=
E (d1yd2) - (r1ur2) @@ (E[L1, Q1, P1] E[L2, Q2, P2]);
Eg or [L_, Q5 P_lgr :=Eg,r@E[L, Q, Plg;
E_[& __1[1_] :={&}[11;
“Define” code
SetAttributes [Define, HoldAll];
Define[def , defs__]1 := (Define[def]; Define[defs];);

Video and more at http://www.math.toronto.edu/~drorbn/Talks/0Ohio-1901
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