2. The “z; — z; variable rename map 0';.: S(zi) — S(zj) be-
comes ’o-j. = @%%, and it’s easy to rename several variables
simultaneously.

3. The “archetypal multiplication map mj(j 1 S, zj) — S
has 'm = %+,

4. The “archetypal coproduct Aj.k: S(zi) — S(zj,zx)”, given by
Zi—>zj+zkorAz=z® 1+ 1 ®z has 'A = @4,

5. R-matrices tend to have terms of the form @Zy " eU,®@U,.
The “baby R-matrix” is ‘R = e™* € S(y, x).

Proposition. If F: S(B) — S(B’) is linear and “continuous”,

then 'F = exp (Zz,-eB {iZi) JF.

The Heisenberg Example. The “Weyl form of the canonical

commutation relations” states that if [y, x] = ¢ and ¢ is central,

then ef*e™ = e™ef*e . Thus with

Oxy
SWay CS(I, ¥, X) Uy, x)
Oyx

we have 'SW,, = @ &gt
The Zipping Issue (be-
tween unbound and

bound lies half-zipped). w @

Zipping. If P(¢/,z;) is a polynomial, or whenever otherwise
convergent, set

(P@.20) ) = P(0)|, -

(E.g., if P = 3 apu"Z" then (P); = X nlay,).
The Zipping / Contraction Theorem. If P has a finite {-degree
and the y’s and the ¢’s are “small” then

- pheEtyi - 4y, D@ Gt
(PG he 00 = (PG + yi e )
(proof: replace y; — #y; and test at z = O and at J;), and
<P(Zi §j)ec+’7iz"+yf§j+"§z"5j>
@hH
_ ~ ~k TN €T G @ yi)
= det(§) (P} (zx + y), e K ><<f)
where g is the inverse matrix of 1 — g: (6;. — q;)quC = 6;; (proof:
replace ¢, — fig'; and test at 7i = 0 and at J).

Implementation. wef/ZipBindDemo
K& /: K&; ,j :=1If[1===7,1,0];

{Z*: x*, y*} ={&, &, n}; {gﬁx £*, 77*} ={z, X, ¥};

(u_; )* := (U")i;

Zip, [P_] :=P;

Zipiy o 3[P_1 :=
(Expand [P // Zipsy] /- . &% 0 8(*,a)f) /. &* > @
Zipiey [(ag®+8+3) (2°e*+72) +99b]
7+720a+99b
Zipe, [E6 1 e
a’b®>+9a?b?c+18abc?+6c?
(* E[Q,P] means e%% x)
E /: Zipgs 1ist@E[Q_, P_] :=
Module[{;‘, z, zs, ¢, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z*, {&, ¢5}1;
c=0Q /. Alternativesee (s |Jzs) -» 0;
ys = Table[8¢ (Q /. Alternatives @@ zs -» @) , {&, £5}1;
ns = Table[8, (Q /. Alternatives @@ s - ©), {z, zs}];
qt = Inverse@Table [K&,, - - 8,,-0, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys) ];
Ql =c+ns.zs /. zrule;
Q2 = Q1 /. Alternatives @e zs -» 0;
Simplify /@ E[Q2, Det[qt] e ¥ Zip. [e® (P /. zrule)]] |;

ax+by+cxy]

Eh = E [h iiam ivg Xi €55 ifi [X1, X2, X3] 51]}
i

is13-1
El=Eh /. h->1
E[a11 X1 1 + @21 X2 €1 + @31 X3 1 + A12 X1 &2 +
Q22 Xz &2 + @32 X3 £2 + @13 X1 €3 + A3 X2 £3 + A33 X3 €3,
&1 f1[X1, X2, X3] + &2 F2[X1, X2, X3] + &3 F3[X1, X2, X3]]
Short[lhs = Zips, ¢, @E1l, 5]
E{( (@13 ((-1+az2) @31 - @ @s2) +ai2 (-az3 a@z1 + az asz) +

(=1 +a11) (azzas2 - (-1+a) as)) X3&3) /
(=1 +ai2az -au1 (-1+az) +azx),
<<17>> + az; <<1l>>

(-1+apax -an (-1+ax) +ax)?
lhs == Zip(¢,,@Zip s, @EL == Zip((,,@Zip ¢, @E1
True
Short [
1lhs = Normal[Eh /. E[Q , P ] = Series[PeQ, {h, o, 3}]] /7
Zip(ey, 605 5]
haiz &3 F1[0, ©, x3] + 2h* a3 a13 &3 1[0, 0, x3] +
3h®a}; a13 3 1[0, 0, x3] +2h% a1, a13 821 £3 F1(0, 0, x3] +
h? a;3a2 E3F1(0, 0, X3] + <<337>> +

1 1
s h? a3, x3 &5 3399 [0, 0, x3] + > h3a, as; x3 £, 329 [0, 0, x3] +

% h*ad; 3 £2,>2% [0, 8, x3] + % h* a3 £, %% [0, 0, x3]
rhs =
Normal[Zip s ,¢,3@Eh /. E[Q_, P_] > Series[Pe?, {h, @, 3}]];
Simplify[lhs == rhs]
True
E/:E[Ql , Pl 1E[Q2 , P2 ] :=E[Q1+Q2, P1xP2];
Bindys 1ist[L_E, R_E] := Module[{n, hidegs, hidezs},
hidefs = Table[{S[1i]] » Lreis {1, Length@ls}];
hidezs = Table[ZS[i]* - Znei, {1, Length@ s} ];
ZiP e/ pidees [ (L /. hidezs) (R /. hideZs)] 1;
Bind g [E[£ (X1 +X2), 1], E[&2 (X2 +X3), 1]]
E[E (X1 + X2 +X3), 1]
Bind gy [E[ (£2 + £3) X2, 1], E[ (&1 + &2) X, 1]1]
E[X (§1+ &2+ &E3), 1]
The 2D Lie Algebra. Clever people know™ that if [a, x] = yx
then ef*e?® = e*@e® "¢, Ergo with

OHX
SWax CS(CI, X) U(a, x)
@xa

we have '‘SW,, = e¥@re77¢x,
+ Indeed xa = (a — y)x thus xa" = (a — y)"x thus xe® = @@ Vx = e 7%e%x
thus X" = (e 7?)"x" thus e¥*e = e™e® "¢*,
The Real Thing. In QU/(€* = 0) over Q[A] using the yax
order, 7 = ™, T = T~!, A = &, and A = A~', we have
'Ri; = efOixi—tiaily) (1 + €h (a,-aj/y = yhzyl.zxi/él))
in S(B;, Bj), and in S(B7, B;, B) we have
i = @@ +@)atnaé A=T) i+ Fa+tE)x+m+mADY (1 4€1,,).
where A, = 2am&T+iyn3el (3T2—4T+1) /h—SymE 3T - DxAy
—Iyp& BT — Dy A +ymé xyh A A,.  Similar formulas delight us
for ’A and 'S .
A generic morphism.
L: Q: X X X P: X a X
t
>K
3 &

\ﬁy
[e3 ﬁs
@
3 3 &

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Matemale-1804/
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