Dror Bar-Natan: Talks: LesDiablerets-1708:
The Dogma is Wrong fuller writeup [BV2]. More at wef/talks.

Follows Rozansky [Rol, Ro2, Ro3] and Overbay [Ov],
joint with van der Veen. Preliminary writeup [BV1],
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Happy Birthday Anton!
5, wef:=http://drorbn.net/1d17/

|Abstract. It has long been known that there are knot invariants
associated to semi-simple Lie algebras, and there has long been
a dogma as for how to extract them: “quantize and use repre-
sentation theory”. We present an alternative and better procedu-
re: “centrally extend, approximate by solvable, and learn how to
re-order exponentials in a universal enveloping algebra”. While
equivalent to the old invariants via a complicated process, our i-
mvariants are in practice stronger, faster to compute (poly-time vs.
exp-time), and clearly carry topological information.

Theorem ([BNG] conjectured [MM], e- 1 Moron.

lucidated [Rol]). Let J4(K) be the co- A Garoufalidis

loured Jones polynomial of K, in the d- dlmensmnal representa-

tion of sl,. Writing

(q'2 = g7")Ja(K)
g2 — gdi2

= Z am(K)d’R",
g=e"  jm>0
“below diagonal” coefficients vanish, a;,(K) =

0 if j > m, and “on diagonal” coefficients

KiW 43 Abstract (wefi/kiw). Whether or not you like the formu-
las on this page, they describe the strongest truly computable knot
invariant we know.

[Experimental Analysis (wef/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:
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IPower. On the 250 knots with at most 10 crossings, the pair
(w, p1) attains 250 distinct values, while (Khovanov, HOMFLY-
IPT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).

Genus. Up to 12 xings, always p; is symmetric under ¢ < 1.
'With p}" denoting the positive-degree part of p;, always deg o
2g — 1, where g is the 3-genus of K (equality for 2530 knots).
This gives a lower bound on g in terms of p; (conjectural, but
undoubtedly true). This bound is often weaker than the Alexander

bound, yet for 10 of the 12-xing Alexander failures it does give
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< [The (fake) moduli of Lie alge-

give the inverse of the Alexander polynomial:

(S0 @mm(KOR™) - w(K)(e") = 1.
“Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

q' - (¢ = D*pu(K)(g*)
TG = ( Z (K (g
C_ _ € The Yang-Baxter Techmque Given an alge-
bi_ a;i ’ bra U (typically U(g) or U, 4(9)) and elements
\ R=> a®hecUsU and Cel,
by aj form
\ Z = Z CaibjakczbiajbkC.
b o Problem. Extrl;ft information from Z.

\ The Dogma. Use representation theory. In
C C  principle finite, but slow.
The Loyal Opposition. For certain algebras, work in a homomor-

phic poly-dimensional
“space of formulas”. "% (T AFs) ———= Uy )

bras on V, a quadratic variety in
(V*)®2®V is on the right. We ca-
re about slk = sl,/ (€1 = 0).

Recomposmg gl,,. Half is enough! gl, ® a,, =

DN, b, 6):

the right answer. Ribbon Knots.

' X . ample [BN]

a ribbon smgularlty a clasp singularity
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[Vo]: Works with R := K(T_l(]))
ffor Alexander! ¥ At =427 — 5 -2 + 5t3 —22 -7t +13
or =50 — 181" + 33713 — 32112 + 21" + 42110 — 6277 — 81% + 16617 — 2425+

Faster is better, leaner is meaner!  108£° + 132¢* — 22613 + 1482 — 111 — 36

s S b)) = b NN - N
~ @if_f—: ~ ] by~ 8 S e
Now define gl := D(N, b, €6). Schematically, thisis [N, N] = N
[N,IN] = el and [N,\] = N\ + e\. In detail, it is
: . [xijs Xl =0 juxin — Onixj  [Vij> Yl = €0 jxyir — €01 Vx
il Nl x| DX Ykl =0 u(€6 jarxin + 6i(bi + €ai)[2 + Si>ryin)
, —0i(€0x<jxyj + Ok j(bj + €a;)[2 + Ois jyij)
I NG ai, Xl = (61 = 6u)x [bi, xjx] = €(6;j — Sir) X ji
[ai, yjrd=(6ij — 0i)Y ji [Di,yjx] =€(6ij — Our)y ju
The Main s/, Theorem. Let ¢¢ = (t,y,a,x)/([t,:] = 0, [a,x] =
i, [a,y] = =y, [x,y] = t—2€a) and let g; = a€/(e¥*1 = 0). The g-
invariant of any S -component tangle K can be written in the form

Z(K) = O (we“Q*P: Xjcs y,-a,x,), where w is a scalar (a ratio-
nal function in the variables #; and their exponentials 7; =

Ordering Symbols. O (poly | specs) plants the variables of poly in
S(@;g) on several tensor copies of U(g) according to specs. E.g.,

o (a?ylaze”xg | x3a ®y1y3a2) =@ @ ye'a € U(g) ® U(g)

This enables the description of elements of T/(g)®® using com-
mutative polynomials / power series.

where L = ] [;;tia; is a quadratic in #; and a; with integer coef-
ficients /;;, where Q = 3’ g;;y;x; is a quadratic in the variables y;
and x; with scalar coefficients g;;, and where P is a polynomial in
{€,vi, a;, x;} (with scalar coefficients) whose €?-term is of degree
at most 2d + 2 in {y;, +/a;, x;}. Furthermore, after setting #; = r and
T; = T for all i, the invariant Z(K) is poly-time computable.

Video and more at http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-1708/
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