The PBW Problem.

yax-order.
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In U(g%), bring Z = ya’x* - y?a’x to

In other words, find g € Z[e,1,y,a,x] such that
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VIV3a1a3X1 %21 y1a1xiy2aaxz) = O(g: yax).

Solution, Part 1. In ¥(g¢) we have
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Note 1. This defines amapping D: Rn,m,a],-fl omands RT’W%:.
Proof. g€ has a 2D representation p:
t-(1 0), _(e e),
pt = 0 1)’ Py = _e 0]’

[ (1+1/€)/2 0 . . (@1
pa‘( 0 -(1-1/e)/2)"°x‘(a e)’
Simplifye {pa.px - pX.pa == pX, pa.py - py.pa = -py,

PX.pYy - py.pX = pt - 2 € pa}

{True, True, True}
It is enough to verify the desired identity in p:
ME = MatrixExp;
Simplify[
ME[z1 pt] .ME[n1pYy].ME[a1 pa] .ME[&§1 pX] .ME[T; pt].
ME[n2 py] -ME[a; pa] .ME[&; pX] ==
ME [zo pt] .ME[ne py] -ME[ag pa] .ME[Ep oX] /.
{T_e_,_t_ozll—_zrzzj;l+t1+r2, ne_,m,,%rm,
-en2é1
- %24

% > 2Log[l-enz&1] + a1+ ay, S0 T +§2}]
True
Solution, Part 2.  But now, with Dy = f(z = 8;) =

3 92 92 92 92
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Z= DfXTl,771,&1,fl,‘rzaﬂz,(lzafz|vs:() = DfYT,U,a,§|VS:0
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=0 (Dfaa”qenye‘mef"hszo : yax) =0(g: yax) :

Expand [a{n1,3} O1a1,2) 91(£1,2) O(n2,2) Orz,2) O 62,11 EXP [

]
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4a*tx?y*+16x3y°-32ax?y’+24a2x3y’-8atx®y* +at x>y’ +

2a*txy’e-8a’txyle+8x?y*c-40ax’y*e+80atx’yte-
80a’x’y*ec+40a*x?y*e-8a’x®’y*e-4a°xy’e?+8axy3e?

Note 2. Replacing f — (T, a0, & V
Dy (and likewise g — T2, 12, @2, 82) ~_

D), we find that D, = Dy X > ponentals
0]
(D*Df \L 7 A

Note 3. The two great e- Dy %
vils of mathematics are w U(g°)
non-commutativity and

non-linearity. We traded one for the other.

Note 4. We could have done similarly with e™/e7Ve®19ef1¥ =
(B‘rt+ny+cm+§x’ and with S((Erltemy@ala@‘flx), A(e‘rlternyealaefl)c)’
1—[[_521 @7l @Y pid p&ix

Fact. Rj» — exp (6,18(12 + aylaxz) (1 + Y41 €pa), where the py
are computable polynomials of a-priori bounded degrees.

Moral. We need to understand the pushforwards via maps like @
of (formally co-order) “differential operators at 0, that in them-
selves are perturbed Gaussians. This turns out to be the same
problem as “O-dimensional QFT” (except no integration is ever

needed), and if €*! = 0, it is explicitly soluble.
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dOg ‘ma (dég'me, ddg*-) The Free Dictionary, wep/TFD

n. pl. dog-mas or dog-ma-ta (-ma-ts)
1. A doctrine or a corpus of doctrines relating to matters such as morality and
faith, set forth in an authoritative manner by a religion.
2. A principle or statement of ideas, or a group of such principles or statements,
especially when considered to be authoritative or accepted uncritically: "Much
education consists in the instilling of unfounded dogmas in place of a spirit of
inquiry" (Bertrand Russell).
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Video and more at http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-1708/
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