The sl, Example. Let g¢ = <(h,e,l, f)/([h,-] = 0, [e,]] =
—e, [f.11 = f, e, f1 = h — 2€l) and let g; = g¢/(e*! = 0).

The Main g; Theorem. The gg-invariant of any S -component tan-
gle T can be written in the form

Z(T) = O| we+e+r: ®e,~l,~f,- ,
ieS

where w is a scalar (meaning, a rational function in the variables
h; and their exponentials #; := ), where L = Y a; jhil; is a bala-
nced quadratic in the variables /; and /; with integer coefficients,
where Q = 3 b;je; f; is a balanced quadratic in the variables e;
and f; with scalar coeflicients b;;, and where P is a polynomial in
{e, ei, I;, f;} (with scalar coefficients) whose €?-term is of degree
at most 2d + 2 in {e;, VI;, f;}. Furthermore, after setting h; = h
and t; = ¢t for all i, the invariant Z(T') is poly-time computable.

The Main g; Lemma. The following “re-ordering relations” hold:

O (e le) = O (e"*"F¢: el)  (and similarly for fI — Lf),
0 (eﬁe+(yf+é‘ef: fe) =0 (V®V(—aﬁh+ﬁe+rx.f+é‘ef)+/lk(e,e,l,f,a/,ﬁ,&) . elf) ,

with v = (1 + hé)‘1 and where Ai(€, e, 1, f, @, B,0) is some fixed
polynomial of degree at most 2k + 2 in €, e, \/7, f.a,B,0, with
scalar coefficients.
Demo Programs.
CF[&.] := Module[{vars = UnioneCases[&, e |1 |f , =]},
If[vars {}, Factor[&],
Total[CoefficientRules[&, vars] /.

(p_ - c_) = Factor[c] Times @@ (vars”)] 11;

CF[& E] :=CF/@s;

wef/Demo

Formatting

E[i,Jj ,s.] :=E[1, (-1)°1;, (-t)°e;fj,
t°ei Ligusy iosj Fi+ (-1)° 1 15+ (-t?)° e} £3/4];
E[i ,s ] := E[1,0,0, s1;];
E/:E[1,L1 ,Q1 ,P1 ]E[1,L2 ,Q2 ,P2 ] :=
E[1, L1+L2, Q1+ Q2, P1+P2];

Preparation

z1= (E[1, 11, 0] E[4, 2, -1] E[15, 5, @]
E[6, 8, -1] E[9, 16, 0] E[12, 14, -1]
E[3, -1] E[7, +1] E[10, -1] E[13, +1])

Preparing the Trefoil

E(1, -1, +1s - 1g + 111 - 134 + 136,

eq fo eg fg e12 f14
" +es fs - m + ey fi - t +eg fi6,

ezg F%

\
=1

2 2

1.2 £2 €fF 1 .22 ehfls 1202

- + =~ e e - + = e1f{ - + ~egfig+epfi1ly+
412 2 S15T5 2 2 S1T1 412 2 €9 T16 1T11 41

af212 13151441, + 6818 1015 4 @9 Fig 1o - Lag +
13 141 + 193 + glLf?_lm =11y 1ia + €15 f5 135 + 15 135 + 19 116]
DPyx b, ,y sp; [P_1Lf_1 = Differential Polynomials

Total [CoefficientRules[P, {x, y}] /. (Implementing P(8,,385)(f))
({m_, n_} »c_) »cD[f, {a, m}, {5, n}]]

sljf (x:e|f)t—»k, [E[ew_, L_,Q_ ,P_1] :=
With[{x = d1,L, = 0x,0, 9= e’ Bxp+¥ 1}, CF[
E[w, L /.11 thaxe+ (Q/. xi > 0),

@ 1 DP1,,,x;05 [P1[€"] /. {B>a/w, ¥ > rLog[t]}] ]];

le and fl Sorts

AfkR_] := ((t-1) (2(aB+6u)?-aB?) -de,l, 87 12 -
6 (1+u) (fRa®+efp?) -e} 26 (1+3 ) - The Adyog
2(a/3+26u+ekfk<52 (1+2p) +21k6u2) (fra+e,pB) -
4(1ku2+e,,f,,5(1+u)) (aB+8u)) (1+1t) /4;

Sti ej ok [E[w 5 L, Q , P 1] := fe Sorts
With[{q= ((1-t) aB+Bey+af,+se,fr) /u}, CF[
E[pw, Lyuwq+u(Q/. fi|e;»0),
ut e DP¢, 0,4, e;05 [P1 [@7] + a/4A[k]] /.u->1+(t-1)6/.
{a» o (07,0/.0j50), B> ™ (8e,0/. fi > 0),
6t afi»ejq}]]3
Mi_,j »x [Z_E] := Module[{x, z}, Elf Merges
CF[(Z 77/ S ejox 11 S1;exmx 11 St1jmx) 1+ Z_i|jix = Zk] ]

(Do[zl =21 // my,ks15 {k, 2, 16}]; z1) Rewriting the Trefoil

(-1+1) (1-t+42)2 (1-t:212)

(by merging 16 elves)

1-tet?
e[ 155, 0,0,

3
2 (1+1) (1-t42)3 e f1 2 (-1+1) (1+1) (1-6412)3 1
t4 B 4 }
Readout
[E[ b1 CF[t((P/.e_|1_|-F_->e)_tgﬁ(atw))]
@y _s _s P i=

P1 s _5 _ T -
p1[2z1] // Expand p131)
1t
t
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T

diagram ni Alexander’s w® genus / ribbon diagram ni Alexander’s w® genus / ribbon
Today’s / Rozansky’s p7 unknotting number / Today’s / Rozansky’s p7 unknotting number /
@ 0¢ 1 0/v @) 3¢ t-1 1/X
0 0/ t 1/%
@ 4 31 1/X @ 5 P21+ 2/%
0 1/ 263 + 3t 2/%

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Toulouse-1705/
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