1-Smidgen sl, Let g; be the 4-dimensional Lie algebra g; =
(h,é’',1, f) over the ring R = Qlel/(e* = 0), with h central and
with [f,1] = f, [¢/,1] = —¢’, and [¢’, f] = h — 2¢€l. Over Q, g;
is a solvable approximation of sl>: g1 D (h, €', f, eh,ee’, el,ef) D
(h,eh,ee’,el,efy D 0. Pragmatics: declare deg(h,e’,l, f,e) =
(1,1,0,0,1) and set ¢ := e"and e = (t— e’ /h.
How did it arise? sl = b" @ b™/h = sl;/h, where b* =
L YIS, 11 = f is a Lie bialgebra with 6: b* — b™ ® b* by
6: (I, f) = (0,1 A f). Going back, sl = D(Ob*) = (b")* @b =
(W,e' 1, f)]---. Idea. Replace § — €8 over Q[e]/(€*! = 0). At
k=1 get[f,ll = f, [f,.0i'] = —€f, [LLe] =€, [I.,e] = —e€,
[#',1] =0, and [¢, f] = I’ — el. Now note that i’ + €l is central,
so switch to & := i’ + €l. This is g;.
Ordering Symbols. O (poly | specs) plants the variables of poly in
S(EBig) along fl(g) according to specs. E.g.,

0(e1e”Bhf; | fslieresh) = fPee’l € U(g).

This enables the description of elements of U(g) using commu-
tative polynomials / power series. In g7, no need to specify A/ t.
Algebras and Invariants. Given any unital algebra A (even better
if A is Hopf; typically, A ~ U(g)), appropriate ReA®A,
get an A®S -valued invariant of pure

S -component tangles:

with
® ¢
~oex] fi
h
X y

What we didn’t say (more, including videos, in wef3/Talks).
e p; is “line” in the coloured Jones polynomial; related to
Melvin-Morton-Rozansky.

e p; extends to “rotational virtual tangles” and is a projection of
the universal finite type invariant of such.

e p; seems to have a better chance than anything else we know
to detect a counterexample to slice=ribbon.

e pj leads to many questions and a very long to-do list. Years of
work, many papers ahead. Have fun!
Demo Programs.
CF[&_] := Module[{vars = UnioneCases[&, e |1 |f , =]},
If[vars {}, Factor[&],
Total[CoefficientRules[&, vars] /.
(p_ - c_) = Factor[c] Times @@ (vars®)]11;
CF[& E] :=CF/ecs;

wep/Demo

Formatting
(prints differ ®)

E[i,j_,s.] :=E[1, (-1)°1;, (-t)°e;fj,
t°ei Ligusy iosj Fi+ (-1)° 1 15+ (-t?)° e} £3/4];
E[i_,s_] :=E[1, 0, 0, s1;];
E/:E[1,L1 ,Q1_,P1_1E[1,L2 ,Q2_,P2 ] :=
E[1, L1+L2, Q1+ Q2, P1+P2];

Preparation

z1= (E[1, 11, @] E[4, 2, -1] E[15, 5, @] Preparing the Trefoil
E[6, 8, -1] E[9, 16, 0] E[12, 14, -1] E[3, -1] E[7, +1]
E[10, -1] E[13, +1])

]E[1, “1,+1s - 1g + 111 - 1yg + Lug,

eq f ep f epp f
-5 v egs fs - 6B v ey iy - H12H4 4 eg e,

2 62 262 2 g2
egfs 1.2 f2_efs 1242 _efly  1,24p2
—aT raesfs - PF e ey - 2G4 v egfigren fin 1y 4

eaf2dy 15 1515+ 1; + 818 1015 4 @9 Fig 1o - 1ag +

1y g + 1yg + ®12F18018 _ 155 154 + 45 5 1as + 1s 1as + 1g Lae

DPx s, ,y_sps [P_TIF_1 := Differential Polynomials
Total[CoefficientRules[P, {x, y}] /. (Implementing P(0a,dp)(f))
({m_, n_} »c_) =»cD[f, {a, m}, {5, n}]]
S1; (x:e|f)i_—>k7[]E[/-'/_J L ,0Q ,P_1]:=
With[{x = O1,L, o= 0,0, 4 =e"Bxk +¥ 1}, CF[
]E[w, L/olj»1,, thax,+ (Q/. xi»0),
e DP1jup,, ;05 [P1[€"] /2 {B >/ w, ¥ > ALloglt]}] ]];

le and fl Sorts

AfR_] := ((t-1) (2(aB+6u)?-0?B?) -de,l, fr 6" P -
6 (1+u) (fRa®+efp?) -e} f26° (1+3 ) - The Adyog
2 (a/3+26u+ekfk62 (1L+2p) +21k51-12) (Fra+epB) -
4 (Lo +erfe6 (Lep)) (aB+6u)) (1+t) /45
St es ok [E[w 5 L_, Q5P 1] :=
With[{q= ((1-t) aB+Be,+af,+se,fr) /u}, CF[
E[pw, Lyuwq+p (Q/. fi|ej>0),
ut e DP¢, 204,05 [P] [€] +d*A[R]] /o u> 1+ (E-1) 67/,
{a» ot (0r,0/.e520), B> (0e;0/. Fi > 0),
6w or,e,0} 5
Mi_,j - [Z_E] :=Module[{x, z}, Elf Merges
CF[(Z 77 S ejox 11 S1yemx 17 St1jmx) /o Z_ijjx = Zk] |

fe Sorts

(Do[zl =21 //my,ks15 {k, 2, 16}]5 2z1) Rewriting the Trefoil

(-1+t) (1-t+12)2 (1-t2282) (by merging 16 elves)

_tit2
E[%,e,e,

3
2 (1+t) [1tt2)3eg f1 2 (<10 (1st) (1-tt2)3 1
t4 - e }
Readout
[E[ b1 CF[t((P/.e_|1_|f_—>e)_ta}(atw))]
7 i=
P1 s s s P (t_l)zwz
p1[z1] // Expand 0131)
% +t
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diagram ni Alexander’s w* genus / ribbon diagram ni Alexander’s w* genus / ribbon
Today’s / Rozansky’s p7 unknotting number / Today’s / Rozansky’s p7 unknotting number /

@ 00 1 0/v @ 3 -1 1/X

0 0/ t 1/X%

@ 4 3-t 1/% @ 59 P-r+1 2/ %

0 1/ 263 + 3t 2/X

Video and more at http://www.math.toronto.edu/~drorbn/Talks/GWU-1612/
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