1-Smidgen s/, Let g; be the 4-dimensional Lie algebra g; =
(b, c,u,w) over thering R = QI€l/(€* = 0), with b central and wi-
th [w,c] =w, [c,u] = u, and [u,w] = b — 2ec, with CYBE r;; =
(bi — eci)cj+uwjin U(g, Yelelt Over Q, g; is a solvable approxi-
mation of sl: g1 D (b,u,w, €b, ec, eu, ew) D (b, €b, ec, €u, ew) D
0. (note: deg(b, c,u,w,€) = (1,0,1,0, 1))

he Big g; Lemma. Parts T and 6 are the same, yet
5.0 (e”w+ﬁ”+5”wlwu) =0 (v(l + evA)e"(_b"B+“W+5“+6“W)Iucw)
Here A is for Adyog, “a principle of order and knowledge”, a ba-
lanced quartic in «, B, u, ¢, and w:
A = — b(@*BV? + 4aBsv + 26%)/2 + X6V (b6 + 2)u? /2
+ 8V (3b6 + HuPw? /2 + BS*V (2b6 + 3w

0-Smidgen s/, ©. Let g9 be g1 at € = 0, or Q¢b, ¢, u, w)/([b, ] =
0, [c,u] = u, [c,w] = —w, [u,w] = b with r;; = bic; + ujw;. It is
b* > b where b is the 2D Lie algebra Q(c, w) and (b, u) is the dual
basis of (¢, w). For topology, it is more valuable than g, / sl,, but
topology already got by other means almost everything go gives.

+ @8>V (2b6 + 3)uw? + 26V (b6 + 2)(aBy + 8)uw
+ 0261/3(196 + 2)w2/2 + 2(afv + 6)c + 2Bovuc + 28%vuew
+ 2a6vew + Y2 (afy + 28)u + av? (afv + 26)w.

IProof. A lengthy computation. (Verification: wef3/Big)

How did these arise? sl, = b* @ b™/h) = si;/b, where b* =
(c,w)/[w, c] w is a Lie bialgebra with §: b* — b* ® b* by
0: (c,w) = (0,c A w). Going back, sl = D(") = (b")" & b*
(b,u,c,w)/---. Idea. Replace § — €6 over Q[e]/(e"! = 0). At
k =0, get go. Atk =1, get [w,c] = w, [w, D] = —ew, [c,u] = u,
[6/,u] = —eu, [b',c] = 0, and [u,w] = b’ — ec. Now note that
b’ + ec is central, so switch to b := b’ + ec. This is g;.

IProblem. We now need to normal-order perturbed Gaussians!
Solution. Borrow some tactics from QFT:

O(eP(c, u)e”**|uc) = O(eP(d,, dp)e” P |uc) =
and likewise O(eP(Dy, dp)e™* lcu),
@) (eP(u, w)e"w+ﬁ“+6uwlwu) =0 (EP(O,B, Ba)ve"(_b‘wmww’“&"w)Iucw)
[Finally, the values of the generators >, N, 7, and u, are set by
solving many equations, non-uniquely.

Ordering Symbols. O (poly | specs) plants the variables of poly in
S(@;8) on several tensor copies of U(g) according to specs. E.g.,

@(C?M1C26u3wg|xl WiCl, Vi u1u3cz)=w9c3®ue”c € U(g)®@U(g),

This enables the description of elements of (LAl(g)®S using com-
mutative polynomials / power series.

IPragmatic Simplifications. Set ¢ := e?, work with v := (t — Du/b,
and set E(w,L,Q,P) = O (w‘le“Q/“’(l +ew™P): (i: v,c,-w,-)).
Now w € Ry = Z[t;, 17 '] is Laurent, L = 3} [;;log(#;)c; with [;; €
Z, Q = 3 qijviw; with g;; € Ry, and P is a quartic polynomial
in v;, ¢, wi with coefficients in Rg. The operations are lightly

0-Smidgen Invariants. r Id € b~ ® b* solves the CYBE
[r12, 713] + [r12, 723] + [113, 723] = 0 in U(g0)®* and, by luck,
+

AT PR

| = Rij =i = eb,-c,-+uiwj- € (L{(go,i @ g(),j)
solves YB/R3.

O UW ¢ bi 1 . .
Lemma. R;;= ebicituvi = (exp (b,-cj + "b—l_u,-wj) li:u;, j: cjwj)
b’mn(ebi_])n
IExample. Z(Ty) = =2 U ® W

e 31
7 M3W6) |

“ucw form”
X:ciwilp, y: M3C4W4u506W6) = O({Ix: UrCxWy, V' uycywy)

bs _ by _
@( exp (b56‘1 + %Mswl +bycy+ %u2W4—b3C6+

imodified, and the Adyog and the values of the generators become
somewhat simpler, as in the implementation below.

B
imate, after #, — t. n: Xing 5 24 wrdyd 2 =
number; w: width, maybe AHITETTE G

~ y/n. A: go over stitchings in order. B: multiplication ops per
IN“™i, d: deg of u;,w; in P. E: #terms of deg d in P. F: ops per
term. G: cost per polynomial multiplication op.

[Experimental Analysis (weB/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

o 0t

Rough complexity esti-
mw* e [nd,n"]

Goal. Write £ as a Gaussian: we’*2 where L bilinear in b; and c;

with integer coeflicients, Q a balanced quadratic in u; and w; with
coefficients in Rg := Q(b;, €%, and w € Ry.
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The Big g9 Lemma. Under [c, u] = u, [c,w] = —w, and [u, w] = b: |°

la. N := O(e”*PUuc) = O(e”+**"Pu|cu)
1b. N¥¢ == Q(e”“**|wc) = O(e?*"®|cw)  ...in the {ax + b} group)
2. O(e®™*Pulwu) = Qe boBraw+Bu|yy) (the Weyl relations)
3. O™ |wu)el" = P O(ewu), with v = (1 + bo)™"

(a. expand and crunch.  b. use w = bX, u = 0,.
4. @(eéuw|wu) = @(V6V6”W|uw) (same techniques)
5. NWu = @(eﬁtt+aw+6uwlwu) ;’ @(Vefbvaﬁ+vaw+vﬁu+v5uw|uw)

6. N]f"cj = 0(Llcic)) = 0 /(ci cj — cpler)

Sneaky. @ may contain (other) «’s, 8 may contain (other) w’s.

(means ePe?® = ¥ P!

c. use “scatter and glow”.)

ea,  ®©3 ma
10 " @a
2 5.2, o
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Conjectdre (checbked 0;1 themsar‘ﬁe collecfions). Givenma knot K)O
with Alexander polynomial A, there is a polynomial p; such that
P A t-1%p +2Quvw+ (1 -0 - 2c))AA’.

1 -nt
[Furthermore, A and p; are symmetric under ¢t — 1, solet A* and
7 be their “positive parts”, so e.g., p1 (1) = p; (1) +p} (™) —p}(0).
IPower. On the 250 knots with at most 10 crossings, the pair

Strand Stitching, m/, is defined as the composition

N:’i uj N:[M // N:.X[j

UiCiWiLj CiWj — Ui Cilly WxCjW; ———— > Uilly CxCx WxW;
i,j,x—k
— > WiCWi

(A, p1) attains 250 distinct values, while (Khovanov, HOMFLY-
IPT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).

Genus. Up to 12 xings, always degp] < 2g — 1, where g is

On to 1-smidgen invariants, where much is the same. ..

the 3-genus of K (equallity for 2530 knots). This gives a lower
bound on g in terms of p; (conjectural, but undoubtedly true).
This bound is often weaker than the Alexander bound, yet for 10
of the 12-xing Alexander failures it does give the right answer.

This is http://www.math.toronto.edu/~drorbn/Talks/MIT-1612/. Better videos at ... /Indiana-1611/,
... /LesDiablerets-1608/

89


http://www.math.toronto.edu/~drorbn/Talks/MIT-1612/
http://www.math.toronto.edu/~drorbn/Talks/Indiana-1611/
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-1608/

