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IAbstract. What’s the hardest math I've ever used in real
life? Me, myself, directly - not by using a cellphone or a
GPS device that somebody else designed? And in “real
life” — not while studying or teaching mathematics?

[ use addition and subtraction daily, adding up bills or cal-
culating change. I use percentages often, though mostly it
is just “add 15 percents”. I seldom use multiplication and
division: when I buy in bulk, or when I need to know how
many tiles I need to replace my kitchen floor. I've used pow-
ers twice in my life, doing calculations related to mortgages.
[’ve used a tiny bit of geometry and algebra for a tiny bit of
non-math-related computer graphics I've played with. And
for a long time, that was all. In my talk I will tell you how
recently a math topic discovered only in the 1800s made a
brief and modest appearance in my non-mathematical life.
There are many books devoted to that topic and a lot of
active research. Yet for all I know, nobody ever needed the
actual formulas for such a simple reason before.

Hence we’ll talk about the motion of movie cameras, and
the fastest way to go from A to B subject to driving speed
limits that depend on the locale, and the “happy segway
principle” which is a the heart of the least action principle
which in itself is at the heart of all of modern physics, and
finally, about that funny discovery of Janos Bolyai’s and
INikolai Ivanovich Lobachevsky’s, that the famed axiom of
parallels of the ancient Greeks need not actually be true.
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[The Problem. Let G = (g1,..-,da) be a rators
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subgroup of S,, with n = O(100). Before 456 Inl1]:= gs = {
Jou die, understand G: 7Ts]o purple = P[18,27,36,4,5,6,7,8,9,3,11,12,13,14,15,16,17,
2 ¢ a1l 15[ iE]  45,2,20,21,22,23,24,25,26,44,1,29,30,31,32,33,34,35,43,
1. Compute |G|. oal2sl2alos[z6j27|  37-38.39.40,41,42,10,19,28,52,49,46,53,50,47,54,51,48], |
2. Given o € S, decide if 0 € G. 1ls2lsslaalas[s6] “hite = P[1,2,3,4,5,6,16,25,34,10,11,9,15,24,33,39,17,
B X 18,19,20,8,14,23,32,38,26,27,28,29,7,13,22,31,37,35,36,
P iite &g € G in t'erms of g1, ga- 12,21,30,40,41,42,43,44,45,46,47,48,49,50,51,52,53,54] ,
. Produce random of G. NS green = P[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,
The Commutative Analog. Let V = 19,20,21,22,23,24,25,26,27,31,32,33,34,35,36,48,47,46,
span (v 2 ElbEDas " Be- 39,42,45,38,41,44,37,40,43,30,29,28,49,50,61,52,53,54] , 3
pan(vy, . . ,0,) be a h\ll)b})dce of R". Be blue = P[3,6,9,2,5,8,1,4,7,54,53,62,10,11,12,13,14,15,
ore you die, understand V. 19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,
[Solution: Gaussian Elimination. Prepare | Based 37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,18,17,16] ,
an_empty table. red = P[13,2,3,22,5,6,31,8,9,12,21,30,37,14,15,16,17,
127311 pry i 18,11,20,29,40,23,24,25,26,27,10,19,28,43,32,33,34,35,
| | ‘ 36,46,38,39,49,41,42,52,44,45,1,47,48,4,50,51,7,53,54],
yellow = P[1,2,48,4,5,51,7,8,54,10,11,12,13,14,3,18,27,
e 36,19,20,21,22,23,6,17,26,35,28,29,30,31,32,9,16,25,34,
@mco e LY O ‘Otto Schreler 37,38,15,40,41,24,43,44,33,46,47,39,49,50,42,52,53,45)
a 4 s See als: %
ug=(0,0,0,1,%,..., #); 1 :="the pivot”J | Alsorithms by .
1=(0,0,0.1, ) P — Theorem. G = M. 61 is more funt
[Feed vy, ..., v, in order. To feed a non-zero v, find its pivotal a

osition i =My:={01,,025, O, Vi, j; > iand 0;;, € T}.
1. If box 7 is empty, put v there.
2. If box i is occupied, find a combination v’ of v and u; that

leliminates the pivot, and feed v'.

Proof. The inclusions M; C G and {g;,..., 9.} C M,
are obvious. The rest follows from the following
Lemma. M is closed under multiplication.
Proof. By backwards induction. Let

My = {0k, Onj,: Vi > k,j; >iand 0y, € T}.
Clearly M, M, C M,. Now assume that M;M; C Ms
and show that MM, C M;. Start with og; My C Mj:

INon-Commutative Gaussian Elimination
[Prepare a mostly-empty table,

Space for a o; ; € S, of the form

) (L2 i— 20— 1G4k %) ) )
T 50 00y B0 1,...rE— 1, 08,0452 Ms) = (08,550 My & MM

sends “the pivot” 7 to j and 3 0y (MsMs) é g0 Ms C M,

[(1: associativity, 2: thank the twist, 3: associativity
and tracing 4y, 4: induction). Now the general case

)

(3. 4)

[Feed gy, ..., o in order. To feed a non-identity o, find its pivotal
position i and let j := o(i).
1. If box (4, j) is empty, put o there.

goes wild afterwards, and
T,
a;; “does sticker 5.
(04,j405,35 )04 05,45+ +-

falls like a chain of dominos.

Problem Solved!

2. If box (i,7) contains o; ;, feed o’ := d,fj‘a.

[The Twist. When done, for every occupied (4, j) and (k,1), feed /A Demo Program

R . 1 In[2]:= (3R nLinit = 2°16;
0i.j0k.. Repeat until the table stops changing. 9 :[:54; ecursiontinit
Jlaim. The process stops in our lifetimes, after at most O(n°) | 3 P /: p.p #x Pla__] :
operations. Call the resulting table 7. 4 ;“Z‘E‘E;"iﬂ: P °? ]“] gt
i . . . . 5 o oln]] := Null;
Jlaim. Anything fed in 7" is a monotone product in 7': 6 Feed[p_P] ::nslodn]e[(i, it
was fed = f € My:={0y,005, - 00;,:Vi,j; 2i & 0;;, €T} 7 Forli = 1, pl[il] == i, ++il;
8 j = pLLl);
Homework Problem 1. Homework Problem 2. 9 TffHeadlsli, j11 === b,
(Can you do cosets? Can you do categories (groupoids)? 10 Feed[Inv(s(i, j]1 ** pl,
- 11 (+ Else *) sli, j] = p;
719]2]5 12 DolIf[Head[s[k, 111 == P,
A 13 Feed[s[i, j] ** s(k, 111;
1141813 14 Feed([s(k, 1] ** s[i, jl]
6 |10{11 |12 15 {k, n}, {1, n}]
3114 Rubik’s |16
13 14][15]

I could be a mathematician ...

[The Results
In(3]:= (Feed[#]; Product[1 + Length[Select[Range[n], Head[s[i, #]] ===

s coolt
ﬁ:i, 1)) & /6 gs
Out[3]= {4, 16,

0
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Goal. Find the least-blur path to
go from Mona’s left eye to Mona’s
right eye in fixed time. Alterna-
tively, fix your blur-tolerance, and
find the fastest path to do the same.
For fixed blur, our camera moves at
a speed proportional to its distance
from the image plane:
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The Mona Plane
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