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Zw/2. The GGA story is about Zw/2 : K → Aw/2, defined on
arrows a by ±a 7→ exp(±a):
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Where the target space Aw/2 is the space of unsigned arrow dia-
grams modulo

b bCH:TC:
= 0 = −

= 0+

and
−→
4T:

(Zw/2 is a reduction of the much-studied Zw [BND, BN]).

The Euler Trick. How best do non-commutative algebra with ex-
ponentials? Logarithms are from hell as e f eg = ebch( f ,g), but Eu-
ler’s from heaven: Let E be the derivation E f ≔ (deg f ) f (= x f ′,
in Q~x�) and let ẼZ ≔ Z−1EZ (= x(log Z)′ in same). If deg x = 1
then Ẽex = x and if F = e f and G = eg, then Ẽ(FG) is
(FG)−1((EF)G+F(EG)) = G−1(ẼF)G+ ẼG = e− ad g(ẼF)+ ẼG.

Scatter and Glow. Apply Ẽ to Z(K). EZ is shown:
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Tail scattering. The algebra Q~bi�〈ai j〉
modulo [ai j, akl] = 0 (loc), [ai j, aik] =
0 (TC), and [aik, a jk] = −[ai j, a jk] =

b jaik − bia jk (CH and
−→
4T), acts on V =

Q~bi�〈xi = ai∞〉 by [ai j, xi] = 0, [ai j, x j] =
bix j − b jxi. Hence ead ai j xi = xi, ead ai j x j =

ebi x j +
b j
bi

(1 − ebi )xi. Renaming x̄i = xi/bi, Ti = ebi , get

[ead ai j ]x̄i ,x̄ j =

(
1 1 − Ti
0 Ti

)
. Alternatively,

y j
yi

x j
xi

ȳi = x̄i

ȳ j = (1 − Ti)x̄i + Ti x̄ j

Linear Control Theory.

M M = B
If

(
y
yn

)
=

(
Ξ φ

θ α

) (
x
xn

)
, and we further

impose xn = yn, then y = Bx where

B = Ξ +
φθ

1 − α . This fully explains
the Gassner formulas and the GGA formula!

All that remains now is to replace TC by something more intere-
sting: with ǫ2 = 0,

[ai j, aik] = ǫ(c jaik − ckai j).
Many further changes are also necessary, and the algebra is a lot
more complicated and revolves around “quantization of Lie bial-
gebras” [EK, En]. But the spirit is right.
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