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Abstract. It is insuficiently well known thaf™s
the good old Taylor expansion has a complgs
tely algebraic characterization, which gene
zes to arbitrary groups (and even far beyo
Thus one may ask: Does the braid group lav
a Taylor expansion? (Yes, using iterated in
grals angdor associators). Do braids on a to

(“elliptic braids”) have Taylor expansions? (Yes,Brook Taylor

e |

tual braids have Taylor expansions? (No, yet for nearbyahf
the deep answer is Probably Yes). Do groups of flying ringeidk
groups one dimension up) have Taylor expansions? (Yedyg
et the link to TQFT is yet to be fully explored).

Disclaimer.I'm asked to talk in a meeting on “iterated integra
and that's my best. Many of you may think it all trivial. Sarry
Expansions for Groups.Let G be a group,X QG
(Y agi:a €Q g €G}its group-ring,7 = {Yagi: Xa =0}
its augmentation ideal. Let _ o
- P.S.(K/I™1)* is Vassiliev/ finite-
A=grK = 0_Z'm/]m““l_ type/ polynomial invariants.
Note thatA inherits a product fron®.
Definition. A linearZ: K — A is an
“expansion” if for anyy € 7™, Z(y) =
O,...,0, y/]m+1, *,...), a“multiplicati-
ve expan3|on "if in addltlon it preserv
the product, and a “Taylor expansion”

Malcev

uillen
it also preserves the co-product, induced from the (%agmmj

G —->GxG.

Example. Let K = C*(R") and1 = {f: f(0) = Then
™ = {f: f vanishes likgx|™} so 7M/7™1 degreem homoge
neous polynomials andl = {power series The Taylor series i
the unique Taylor expansion!

Comment.Unlike lower central series constructions, this gen
lizes dfortlessly to arbitrary algebraic structures.

When does a group have a Taylor expansi

using more sophisticated iterated integyadssociators). Do vit

[=]

Pure BraidsTakeG = PB, = m1(C, = C"\diags). It F' =
is generated by the love-behind-the-bars braigs| 1
modulo “Reidemeister moves’I is generated b_E
oij — 1} andA by {tj;}, the clas- o L
ses of therj; — 1in Ay = 7/72. Q
Reidemeister becomes el ool R
[tij + tik,tjk] =0and Eijatk|] =0. 1 i j n
heorem.Fory: [0,1] — s
., With z its ith coordi- Z(y) = I 1_[ J dIog(z. -z,),

bieate, the iterated integral

O<ti<.. <tm<1
formula on the right defi- 1<i;<jyiz<jz.im<jmsn
3a$ a Taylor expansion f&B,.
Comments. e | don’t know a combinato- KC\ ] /
gal/algebralc proof thaPB, has a Taylor ex- 7
pansion.e Generic “partial expansion” do not

.....

extend! e This is the seed for the Drinfel'd
theory of associatorsé Confession: | dont
know a clean derivation of a presentation
PB,.
Knizhnik
Zamolodchiko
Kohno
Drinfel'd
Kontsevich g 5 '

Flying Rings. PV\/B1 PvBh/(o-.,o-.k = oikaij) is m(flying €
rings inR3). APWR,) = AMPB,)/[aj,ax] = O, andZQ>
is as easy as it get<Z(oy;) = €% [BP, BND]. Indeed,
Z(a',Jo'lko-]k) — Righkglk — @Ajtakglk — @Ajtaktak —
Z(0 kTik i)

Comments. e Extends toPwWT and generalizes the Al
xander polynomial, and even fwTI'T and interprets th
Kashiwara-Vergne problenBND]. e | don’t know an
ierated-integral derivation, or any TQFT derivation,uh
gh BF theory probably comes closeR].
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Elliptic Braids. PB} := n1(C}) is generated byij, X, Y,, WI
th PB, relations and X, X)) = 1 = (Y;,Y)), (%.Y)) = o},
(XX, oij) =1 =(YiYj, oij), and[] X; and]] Y; are central. BeZ

implies A(PBY) = <Xa,y1> /(D% %] = [y yi] =[x+ %5, [%. Y]] =

[yi + i, 1% il = [ 2yl = [y, 2x] = 0, 6.yl = [x5, %),
and [CEE] construct a Taylor expansion usisgphisticatedte-
rated integrals.EnZ relates this tcElliptic Associators

. e

. oD

cocL®OOO
The “Vertex”inTT. Dancso
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\Virtual Braids. PyB, is given by the “bralds
for dummies” presentation:

§0'ij | 0ijOiKT jk = T KOKTij, Oijokl = U'kla'lj
every quantum invariant extends RB,!).
By [Led, A(PVR,) is

(2 | [aj, aud + @, ad + [a, ax] = 0 = [a), &)
Theorem Leg. While quadraticPvB, does not have
a Taylor expansion.
Comment By the tough theory of quantization of s
lutions of the classical Young-Baxter equatidikK], Peter Lee

Jeeus!

J|
F

En1], PVT,, does have a Taylor expansion. BAT,, is not a group.
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