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In Kom(Mat(<Cob> / {S, T, G, NC})) / homotopy

NC: 2 = +

S: T: G:
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MoreSigns?

crossings? +1 +20 +1

−2 −1−1 0

A cube for each knot/link projection;What is it?

The Jones polynomial: R2

Where does it live?

Kom: Complexes Mat: Matrices
Cob: Cobordisms <...>: Formal lin. comb.

Computable!

"complex simplification"

via
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Mikhail Khovanov

Cob:

Mat(C):

Morphisms:

A
ll 

ar
ro

w
s 

in
 a

n 
ar

bi
tr

ar
y 

ad
di

tiv
e 

ca
te

go
ry

!

Complexes:

(an outdated overview)

Homotopies:

O′2

O′2

O′1
O′′1

O′′2

O1

O2

G F

F21

F22

F23

G11
G21

G31

Ĵ : ! 7→ qH− q21, Ĵ : " 7→ −q−21+ q−1H,

© = q + q−1

Ĵ : 7→ −q−1 + + − q

= −q−11+H+ (q + q−1)1− q1 = H.

Ω =
(

Ω−n− // Ω−n−+1 // . . . // Ωn+

)

. . . // Ωr−1
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//
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1

F r −Gr = hr+1dr + dr−1hr

The Categorification Speculative Paradigm. • Every ob-
ject in math is the Euler characteristic of a complex.
• Every operation lifts to an operation between complexes.
• Every identity remains true, up to homotopy.

The Main Point. “The cube”, Kh(L), is an up-to-
homotopy invariant of knots and links. It’s Euler charac-
teristic is the Jones polynomial, yet it is strictly stronger
than the Jones polynomial. It is functorial (in the appro-
priate sense) and practically computable.
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Local Khovanov Homology (2)
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Visit!

Edit!
http://katlas.org

Leopold Kronecker (paraphrased)

"God created the knots,

all else in topology is the work of mortals"
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A more general theory:

(minor further revisions are necessary)

Remove G and NC, add

4Tu:

R3R3R2 R2

(1) (2) (3) (4) (5)
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Dror Bar−Natan: Talks: Zurich−080513 Kh(T(7,6)). Old techniques:

~1,000 years,

~1GGb RAM.
saysIn 1 day

is given by:

Functoriality / cobordisms.

M. Jacobsson
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The case of
tangles:

http://www.math.toronto.edu/~drorbn/Talks/Zurich−080513/

http://www.math.toronto.edu/~drorbn/papers/FastKh/

Invariance under R2.

After delooping:

http://www.math.toronto.edu/~drorbn/papers/Cobordism/
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This leads to a no−analysis proof of Milnor’s conjectureJ. Rasmussen:
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The Reduction Lemma. If φ is an isomorphism then the complex

[C]

0
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β

1
A

//

[
b1

D

]
0
@ φ δ

γ ε

1
A

//

[
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E

] “
µ ν

”

// [F ]

is isomorphic to the (direct sum) complex
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0 ε− γφ−1δ
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// [F ]


