DISTINGUISHED TAME SUPERCUSPIDAL REPRESENTATIONS

FIONA MURNAGHAN

1. INTRODUCTION

In these notes, we describe some examples of distinguished tame supercuspidal represen-
tations of reductive p-adic groups. We also discuss some general results about distinguished
tame supercuspidal representations from a series of joint papers with Jeffrey Hakim ([HM2]-
[HM4]). Finally, we discuss the application of results from [HM4] to obtain a parametrization
of equivalence classes of tame supercuspidal representations.

2. BASIC NOTATION AND DEFINITIONS

Let F be a nonarchimedean local field. We assume that the residual characteristic p of F'
is odd. We choose the valuation vr on F' that satisfies vp(F*) = Z. Let op be the ring of
integers of F', and let pr be the maximal ideal in op.

If H is a reductive F-group, we write H = H(F') for the group of F-rational points of H.
We use the notation B(H) = B(H, F') for the extended Bruhat-Tits building of H (which,
by definition, is the same as the Bruhat-Tits building B(H?) of H° = H°(F)).

If H is a subgroup of a group GG and 7 is a representation of G on a complex vector space
V', let Homy (7, 1) be the space of H-invariant linear functionals on V. The representation
7 is said to be H-distinguished if the space Hompy/(m, 1) is nonzero. Let V(H) be the span
of the set {w(h)v —v | h € H, v € V' }. Then 7 is H-distinguished if and only if V' # V(H).
More generally, if x is a one-dimensional representation of H, let Hompy(m, x) be the space
of linear functionals A on V such that

A(m(h)v) = x(h) A(v), VveV, heH.

Throughout these notes, we assume that G is a connected reductive F-group. An invo-
lution 6 of G is an automorphism 6 of G of order two that is defined over F. The group
GY of f-fixed points in G is a reductive F-group. We will also use the notation 6 for the
differential of 6.

Assume that G splits over a tamely ramified extension of F. By a tame supercuspidal
representation of (G, we mean one of the irreducible supercuspidal representations of GG
constructed by J.-K. Yu ([Y]). For particular groups such as general linear groups and
some classical groups, tame supercuspidal representations were constructed by others. We
do not give a list here, but we remark that Howe ([Ho|) gave a construction of the tame
supercuspidal representations of p-adic general linear groups.
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In [MP1], Moy and Prasad associated to any point € B(G) a parahoric subgroup G,
of G, a filtration { G, },>0 of the parahoric, and a filtration { g, },er of the Lie algebra
g. The indexing of these filtrations depends on a choice of affine roots, hence on a choice
of normalization of valuation on F. We use the valuation vy defined above, and if E is an
algebraic extension of F', we take the valuation on E that extends vp.

If ¢ € G, the notation Int g will be used to denote the automorphism of G given by
conjugation by g. The adjoint representation of G on g will be denoted by Ad.

We list a few properties of the Moy-Prasad filtrations: Let x € B(G) and r, s € R. Then:

(1) If 0 is an automorphism of G that is defined over F', then 0(G,,) = Go)r, 7 > 0,
and 0(g.,) = go()r- (Here, the notation 6 is also used for the differential of , and
if x € B(G), 6(z) denotes the image of z under the automorphism of B(G) induced
by 6.)

(2) Int g(Gyp) = Gup and Ad g(gsr) = 890 for g € G.

(3) [Gx,rny,s] C Gx,r—l—s and [gr,'r;gw,s] C g:p,r—l—s-

(4) If w is a prime element in F, then @wg,, = Gz rt1-.

The parahoric subgroup G, ¢ is a subgroup of the stabilizer of z in GG. Hence it follows from
the second property above that g, , is Ad G, ¢-stable, r € R, and G, is a normal subgroup
of Gyo, 7> 0.

3. A SIMPLE EXAMPLE

Example 3.1. Let ¢ € 0} be a nonsquare, E = F(\/¢), and J = (9}). Let G be the
corresponding 2 X 2 unitary group, with F-rational points

G={g€eGLy(E)|'glg=J},

where, if ¢ = (gij)1<ij<2, then § = (gij)1<i j<2, With & denoting the image of & € E under
the nontrivial element of Gal(E/F).
Let T be the maximal F-torus in G having F'-rational points

T:{taﬁ:(g g) | o, BEE, af =—ap, 0407—1-65:1}.

The map t,p — (o + B, — ) is an isomorphism of 7' with F' x E', where E' is the
kernel of the norm map Ng/p : E* — F*. Because T is compact, the building B(T") embeds
as a point {y} in B(G). Given a real number 7, we let ¢, be the unique integer such that
(, <r </l +1. The Moy-Prasad filtration groups G, and lattices g, , associated to y can
be described as follows:

Gyo=GNGLy(0g), Gyr={g€CG|g—1€ My(pz™)}, r>0,
Gyr =90 M2x2(p%+1), r € R.

The Lie algebra t of T' consists of matrices of the form

_ (aVE byE
X(a,b)— (b\/g a\/g), (I,bEF.
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Ifr e R, let
t={Xup €t|abepstl=tng,,
To=T, T,={tapeT|a—1,pcpr™}=TnG,,, r>0.
Given a, b € F, define X7, , € t* by X7, (X(e.)) = ac+bd, ¢, d € F. In the context of

this particular example, an element X (ab) of t* is G-generic (in the sense of [Y]) if and only
if b is nonzero. Fix a positive integer j. Then, if a, b € F* satisfy vp(a) > 25 + 1 = vgp(b),
the linear functional X(*a,b) € t" is G-generic of depth —25 — 1. Fix such an a and b. If
ta,ﬂ c T2j+1, then (1 — ta“@)<1 + ta’g)_l € t2j+1 and taﬂngJrQ — (1 — taﬁ)(l + ta’ﬁ)_l + t2j+2
defines an isomorphism between Th;11 /75,42 and tyj11/ty42. If ¢ is a character of F that is
nontrivial on o and trivial on ppr, then the map
ta,pTojr2 —Y(X(op (1 —tap) (1 + tap) "))
=¢((a(l —a® + 3%) = 20B8)((1 + a)* = 6*)7")

defines a G-generic character of Th;1; (because this character is realized by the G-generic
element X7 ) of depth —2j — 1).

Let ¢¢ be a character of T" that is trivial on 75,42 and whose restriction to 75,4 agrees
with the above character of T5;;. Let G = (T, G). If p and ¢; are the trivial characters
of T and of G, respectively, and ¢ = (¢o, 1), then U = (é,y,p, gg) is an example of a
generic cuspidal G-datum. Yu’s construction associates to ¥ an irreducible supercuspidal
representation 7 = 7(¥) of G. (In fact, for this particular example, 7(V¥) is one of the
supercuspidal representations constructed by Adler in [A].)

We will describe the construction of m and show that if ¢, is trivial on the subgroup of
T consisting of {t € T | t* = 1}, then 7 is distinguished by a particular 2 x 2 orthogonal
group in G. The torus T normalizes G, for every r > 0. (This is a consequence of the fact
that y € B(T), but can also be verified using the definitions of 7" and G,,.) Thus each set
TG,,={tk|teT, ke G,,} (r>0)isasubgroup of G. The representation 7 is obtained

via compact induction from a one-dimensional representation k = (V) of the open compact
subgroup K = K(V) := TG, j41. Let

(% M) wrer)
It is easy to check that
g=tot,, g,=to{t ng,,), reR
If r >0, the map k — (k—1)(k+ 1)~ from G, to g, is a bijection. Define
T ={keGyjm | (k=1)(k+1)7" €tyjo+ [t Ngyjs1) = Gyajez + E N gyj41)- }

By deﬁnition, Gy,gjqrg c J C Gyﬂqu. The map kGy’2j+2 — (k’ — 1)(/{7 -+ 1>_1 + Gy.2i42,
k € Gy ji1, defines an isomorphism between Gy j11/Gyo42 and gy j+1/8y2j+2. Under this
isomorphism, J /G242 corresponds to the subgroup ((t* N gy 1) + 9y2j42)/8y2j+2, Thus
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J is a subgroup of G j1i. Note that T'NJ = T5;42. Using the fact that both ty;1o and
t- Mg, j+1 are Ad T-stable, we can see that T normalizes 7. Also, since G, ;11 = Tj417, we
have K = T'J. Now we may define a character x of K by setting x equal to ¢y on T" and
letting x be trivial on 7.
We can apply results of Adler ([A]) or Yu ([Y]) to conclude that 7 = Ind; & is irreducible.
Let 6 be the involution of G defined by 6(g) = g. Then G = G N GLy(F) is the 2 x 2
orthogonal group defined by the symmetric matrix J:

G’ ={ge€GLy(F) | 'gJg=J}.

Note that 0(t,3) = t;ylﬁ for all t, 3 € T. In particular, (T) = T. We can see from the
definitions that

H(Gy,r) = Gyﬂ”’ v r Z 07 e(gy,r) - gy,ra v T e R;
oty =t 0(J)=J, 0O(K)=K.

Note that ¢y o6 = ¢, " follows from the fact that § acts by inversion on 7. As x is trivial
on J, this implies that k0 = k! = &.
Note that
T ={tageT |t s=1}={%1, £J}.

Let k € K° Write k = tg, with t € T and g € J. Then 0(g)g™! =t* € TNJ = Tyjya.
We can use the fact that p is odd to verify that every element in 75;, is a square in Th; .
Thus 2 = #2 for some t; € Ty 9. Now we write k = (t¢;')(t1g). Observe that tt;' € T? and
tig € J0. Tt follows that K% = T°7°. From this, we see that

k|KP=1<=¢|{£1,+J } =1

It is a simple matter to check that ¢y can be chosen so that ¢o| 7% = 1. (Indeed, if ¢ is
nontrivial on 7Y, there exists a character x of T that is trivial on T} and y |T? = ¢q | T°.
The character ¢y is then trivial on 7% and it is also G-generic, so we could replace ¢y by
boX-)

From now on, we assume that ¢q|7T? is trivial. Let )y be any nonzero element of
Homo(k, 1) ~ C*. Below we will use A\ to define an element of Homge (7, 1).

Before doing that, we make some remarks about the contragredient 7. The dual represen-
tation 7* acts on the dual space V* by 7*(g)\ = Ao m(¢g~!), A € V*. In general (if 7 is not
finite-dimensional), 7* is not a smooth representation of G. By restricting 7* to the subspace
of smooth vectors in V* (that is, the subspace consisting of A € V* such that 7*(k)\ = A
for all k in some open compact subgroup of GG), we obtain a smooth representation 7 of G,
which is called the contragredient of 7. In our example, we have m = Ind]G( k, and (because
we are using compact induction, both G and K are unimodular, and 7 is irreducible) we
may (and do) identify the contragredient 7 of m with the representation Ind% %. (Note that
R = K* because & is finite-dimensional.) The space of V of Ind$ % is the space of functions

f G — C* such that

(1) f(kg) =k(k)f(g) for all k € K and g € G,
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(2) The support of f is contained in finitely many right cosets of K in G.

Given f € V, (F(9)f)(h) = f(hg), g, h € G. (The space V of 7 is defined in an analogous
way, with the vectors f in V' taking values in the space of k and satisfying f(kg) = (k) f(g),
for k € K and g € G.) With the above realization of 7 as Ind% K, we have a pairing of V
and the space V' of 7 given by

(f. f)= flg)- flg)dg*, feV,feV

K\G

Here, f(g) - f(g) is the value of the linear functional f(g) on the vector f(g), which, as
k is one-dimensional, can be viewed as the product of two complex numbers, and dg* is
counting measure on the space K\G of right cosets of K in G. (Note that f(kg) - f(kg) =
(R(E)f(9) - (k(k)f(g)) = f(g)- f(g) for all k € K and g € G.) Thus the element of V*
with which f is identified is given by f — (f, f), f € V. With this realization of V, it is
convenient to identify the dual V* of V" as the set of functions from G to C* that transform
under left translation by elements of K in the same way as elements of V', but are not
necessarily supported in fintely many right cosets of K in GG. For such a A € V*, the value
of A on a function f in V' can be written as

(A f>=/K\GA(9)-f(g)ng,

Observe that the integral here is actually a finite sum because of the support properties of

[ L
Next, we define fy € V by

N F(k)Ao = Xor(k™), ifg=keK,
0, if g¢ K.

Observe that it follows from the K?-invariance of )\, that (k) fo = fo for all k € KY. Define
A€ V* by:

)= [ o), e

Here, dh is Haar measure on G,

Note that if f € V and f € V are fixed, the function g — ¢(g) := (f, 7(g)f) from G
to C is a matrix coefficient of 7. It is a locally constant function on G, and, because 7 is
supercuspidal, the support of ¢ is compact. (Notice that the centre Z of G is compact.) In
the definition of (A, f), we are integrating a matrix coefficient of m over the subgroup G? of
G, so the integral will converge because of the compact support of the integrand.
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Using the fact that fo is supported on K, we can rewrite (A, f) as follows:

=[] Rt s agan= [ Fm)- @mno i
:/ o - f(h)dh

Now we can verify that A is nonzero. Let fy € V be defined by

) k(k), ifg=keK,
f”(g)_{o, it g¢ K.

Then, since \g is K% invariant, Ao - fo(k) = Ao - f(1) = X for all k € KY. By definition of fy,
Mo - fo(h) =0if h € G’ and h ¢ K°. Therefore {\, fy) is the product of \g and the volume
of K% in GY (which is nonzero, as K? is an open subgroup of G?).

Finally, we see that, because Haar measure on GY is invariant under multiplication by
elements of G, \ is G%-invariant: If hy € H, then

O at)f) = [ (o) fyin= [ om0y dh= (A ) SV

Thus we have produced a nonzero A € Homg(m, 1) (under the assumption that ¢q | T? = 1).
We conclude that 7 is G-distinguished whenever ¢y | T = 1. We will return to this example
later.

4. THE GENERAL SETTING

Let G be a connected reductive p-adic group. Suppose that K is an open subgroup of
G that contains the centre Z of G and is such that K/Z is compact. Assume that x is an
irreducible smooth representation of K and the compactly induced representation m = IndG
is irreducible. If # is an involution of G, then we can construct elements of Homge (7, 1) from
elements of the space Vof 7 = IndK k. Let W be the space of k and W = W* be the space
of K = k*. Let (-,-)w be the pairing of W with W given by evaluation of an element of w
on a vector in W. Then, as was the case in Example 3.1, we have a pairing of V with V
given by:

<f,f>=/K\G<f(g),f(g)>wng, feV. fev.

(Here, we have changed our notation slightly to account for the fact that  is not necessarily
one-dimensional, as it was in Example 3.1.) This pairing satisfies (7(g) 1, w(g9)f) =( 1, )
foralleVandeV

Let 6 be an involution of G. Note that the centre Z of G is #-stable. Because 7 is
irreducible, by Schur’s Lemma, there exists a quasicharacter x, of Z such that 7(z) is equal
to X (z) times the identity operator on V for each z € Z. Observe that if x, | Z? is nontrivial,
then 7 cannot be G’-distinguished because any A € V* satisfies Aom(2) = x(2)\, for z € Z.



DISTINGUISHED TAME SUPERCUSPIDAL REPRESENTATIONS 7

Therefore for the purposes of this discussion, we assume that x, | Z% is trivial. This implies
that all matrix coeflicients of 7 are invariant under translation by elements of Z 9
Fix an element f € V. Define

D= [ (Femna, pev.

Here, dh* is Haar measure on G?/Z° Note that Z is f-stable, and the function h
(f, m(h)f) on G is compactly supported modulo Z?, because the function is the restriction
to GY of a matrix coefficient of the supercuspidal representation 7. Because we have assumed
that x| Z% is trivial, the restriction of any matrix coefficient to GY is Z%-invariant, so the
matrix coefficient may be viewed as a function on G?/Z°. The G’-invariance of Haar measure
on G’/Z% implies that (A7, w(h1)f) = (Aj, f) for all f € V. Thus \; € Homge(m,1). If f
is chosen arbitrarily, A; could be zero. In the example, we chose a particular f which was
defined in terms of a nonzero element of Hom g (k, 1).
Suppose we take f to be supported on K and nonzero. Then

s JERRFQ), fg=keK,
f(g)—{()’ 0 ¢ K.
Then

Op )= [ [ ) as@hwdgan = [ (), F
G9/20 JK\G GO /20
Let K = KNGY. If we take f € V to be supported in K, then

(A f) = (f(L), f(k) hwdk™

K70

=G [ w

= Fk) dk>, f(1) )w-

K070

The projection of f(1) onto the K’-stable vectors in W is a nonzero scalar multiple of
Il K020 f(k)dk*. Suppose that W contains nonzero K%stable vectors. Then we can take
f(1) to be one such vector, and we can take f(1) to be a nonzero element of Hom s (k, 1)
(that is, a K%stable vector in W) that satisfies ( f(1), f(1))w # 0. With these choices,
(Aj ) #0.

More generally, if ¢ € G, and W contains nonzero K N gG?g~'-invariant vectors, we can
choose f € W such that \ 7 7 0, as follows. Let A\g be a nonzero element of Hom e -1 (K, 1).

~ k(k)Xg, if l=fke K,
f(go) _ ( ) 0 . gog_l
0, if gog~' ¢ K.
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Then
(A f) = / (F(9), (r()f)(g) w dh* = / o, f(gh))wdh*,  feV.
Go /70 Go /70

If we choose f € V such that f is supported on K¢ and f(1) is a K N gG?g~!-stable vector
in W such that (Ao, f(1))w # 0, then (A7, f) # 0.

Proposition 4.1. [HMal| Let g € G. If Ay € Homgn,go,-1(5,1), let fo € V be the unique
function that is supported in Kg and takes the value fg(g) = Xo. Then
(1) )\fo S HomGe(ﬂ', 1).
(2) Fit g € G. Let V, = {f € V | supp(f) € KgG’}. The map Ny — A 1 Vg
is an isomorphism between Hompyn,go,-1(k,1) and the space of G -invariant linear

functionals on the space V.
(3) Let g range over a set of representatives for the K-GY double cosets in G. Then

Homge (7, 1) ~ @ Hom jrygog-1(k, 1).
gEK\G/GP

This proposition does not require that m be tame.

Let ¢ € G. Note that gG%g~! = G9?, where ¢ - 6 is the involution of G defined by
(g-0)(g0) = g0(9)'0(90)0(9)g™", go € G. In this way, we define an action of G on the
set of involutions of G. Clearly the map A +— X o m(g~!) defines an isomorphism between
Homge (7, 1) and Homgge (7, 1). The proposition describes Homge (7, 1) in terms of the direct
sum of the various spaces Hom .4 (k, 1), as é—ranges over the involutions in the G-orbit of
6 that correspond to the distinct K-G? double cosets via KgG? — g - 6.

We remark that, because Hompgn,go,-1(k,1) is isomorphic to Hompgn,ge,-1(k,1), the
proposition implies that Homge (7, 1) is isomorphic to Homge (7, 1).

5. RETURNING TO EXAMPLE 3.1

We have seen that whenever ¢ |7T? is trivial, then Homye(x, 1) is one-dimensional, and
is isomorphic to a one-dimensional subspace of Homge (7, 1). To describe Homge(m, 1), we
need to describe Homgngoo(k, 1) for all double cosets K gG?. Because k is one-dimensional
in the example, this amounts to determining which double cosets K ¢G? have the property
that x| K N G9? is trivial.

Some results from joint work with J. Hakim ([HM4]), which will be discussed in a more
general setting later in these notes, give criteria which can be used to determine which double
cosets K gGY contribute to Homge(, 1). For this particular example, because the cuspidal
G-datum ¥ = (é,y,p, 5) which gave rise to 7 has the form G = (T, G), ¢ = (¢o,1), and
p = 1, and we already know that 6(T) = T, 0(K) = K, and Homge(k, 1) ~ Homge (¢, 1),
the results of [HM4] tell us that a particular K-G? double coset contributes to Homge (7, 1)
if and only if it contains an element g such that gf(g)~' € T. Notice that for such a g,
g-0|T=0|T,s0 ¢y | T? =1 implies ¢ | T9¢ = 1.
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So the next step is to determine which K-G?-double cosets in G contain an element ¢ such
that g6(g)~" € T. Because the set of squares in T coincides with the set {¢0(t)~" | ¢ € T }, if
g € G is such that gf(g)~! is a square in T, then g € TG? C KG’. Suppose that t, 3 € T is
equal to gf(g)~! for some g € G. We can check that the determinant of gf(g)~! is a square
in E'. Thus, dett, 3 = o* — 3% must be a square in E'. If both a + 3 and a — 3 are squares
in E1 then t, 5 is a square in T, which implies g € KG?. It follows that if g ¢ KG?, then
neither & — 3 nor a + 3 is a square in E'. Assume that this is the case. Let w € o} be
such that ww™! is a nonsquare in E!. Then a — 3 = wwo 9% and a + B = ww~142%5? for
some 7, 0 € E'. This implies that t, g = t,u-10t*, where ¢ € T is the element corresponding
to (y26%,72) € E' x E'. That is, to3 = ¢'0(¢') " where ¢’ = ¢ (% % ). This implies that

geT (“’ 0 ) G’ C K (“’ 0 ) G?. This shows that there are exactly two K-G? double cosets

0@ ! 0!

in G containing elements g with gf(g)~' € T. This allows us to conclude that, for 7 = 7(¥),

. 2, if go|(~1,J) =1,
dim Homge (7, 1) = {0 otherwise
0, ), we have

Suppose that ¢ is chosen to have this property. We remark that for g = (‘6’ 5
g)~! € Z implies

g0(g)~' € Z. Thus g -0 = 6. As observed above, g ¢ KG’. Note that gf(g)~
that g normalizes G?.

6. DEPTH ZERO SUPERCUSPIDAL REPRESENTATIONS

Let 7 be an irreducible smooth representation of G in a (complex) vector space V. Then
7 has depth zero (in the sense of Moy and Prasad ([MP1])) if there exists x € B(G) such
that

Vet — {veV | mklv=vVkeGo+} #0.

Here, G o+ is the pro-unipotent radical of the parahoric subgroup G, . If 7 is supercuspidal
and depth zero, then (see [MP2],[Mor]), the following additional conditions hold:

(1) For x as above, G, is a maximal parahoric subgroup of G.
(2) There exists an irreducible smooth representation p of K = Ng(G, ) (the normalizer
of G0 in G) such that
(a) p| Gy o+ is a multiple of the trivial representation of G o+.
(b) p| G, contains a representation of G, that factors to an irreducible cuspidal
representation of G 0/Gy o+
(¢) m ~ Ind$ p.

Remark 6.1. Let f = op/pp. The group G, ¢+ is a normal subgroup of G, and G, o/Gy o+
is the f-rational points of a connected reductive f-group. An irreducible representation of
G20/ Gy o+ 1s said to be cuspidal if it has no nonzero vectors that are fixed by the unipotent
radical of any proper parabolic subgroup of G /G, o+. Because G, ¢ is a maximal parahoric
subgroup, the group K is compact modulo the centre of G.
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If G = GL,(F) and G, is a maximal parahoric subgroup of G, then G, is conjugate
in G to the group GL,(or) = {9 € G | g € Muxn(or), detg € o} and G, /G o+ is
isomorphic to G L,(f).

If G = SLy(F), there are two G-conjugacy classes of maximal parahoric subgroups of G.
Let @ be a prime element in F' (that is, a generator of the ideal pr). One class of maximal
parahorics is the set of conjugates of SLy(0r) = SLo(F) N GLy(0p). The other is the class
of (5 9) SLa(or) (%' ).

In general, there are finitely many conjugacy classes of maximal parahoric subgroups in
G. These conjugacy classes correspond to the G-orbits of facets of minimal dimension in
B(G). Given two nonconjugate maximal parahoric subgroups G, and G, the quotients
Gro/Grpo+ and Gy /Gy o+ are not necessarily isomorphic.

Let m be an depth zero (irreducible) superucuspidal representation of G, and let z, p
and K be as above. Let G = (G) and ¢ = (¢), where ¢ is the trivial character of G. Set

U = (G, z,p,d). Then ¥ is a cuspidal G-datum and 7 ~ 7(¥) = Ind$ p is the corresponding
tame superucuspidal representation of G.

Let G = GL,(F). The centre of G is isomorphic to F* (where an element of F* is
identified with the corresponding scalar mutliple of the identity matrix). The group K =
Ne(GL,(oF)) is equal to F*GL,(0oF), and the pro-unipotent radical of GL, (o) is {g €
G|g—1¢€ Myun(pr)} If pis an irreducible smooth representation of K such that
p| GL,(0F) factors to an irreducible cuspidal representation of G'L,(f), then 7 = Ind% p is
an depth zero (irreducible) supercuspidal representation of G. (All depth zero supercuspidal
representations of G L, (F') have this form (for some choice of p).) Note that F*NGL,(oF) =~
0y, 80 p is determined by p|GL,(0p) and the nonzero complex number p(w - 1) (since
F* ~ (w) x 0}).

7. DISTINGUISHED DEPTH ZERO SUPERCUSPIDAL REPRESENTATIONS

Let 7 = Ind% p be a depth zero (irreducible) supercuspidal representation of G (with
K = Ng(G.p), Gy a maximal parahoric subgroup of G, and p as described in the previous
section).

Let 0 be an involution of G. According to results of [HM4], if Homge (7, 1) is nonzero,
there exists g € G such that (¢ - 0)(K) = K and Hompgge(p, 1) is nonzero. The condition
(g-0)(K) = K is equivalent to (g - 0)(Gyo) = G0, which is easily seen to be equivalent
to 0(g7'Grog9) = g ' Grpg, that is, 0(Gy-1,0) = Gy-1,0. In this case, 9K = g7 Kg is the
normalizer of the maximal parahoric subgroup Gy-1,. Let 9p be the representation of K
defined by (9p)(gkg™") = p(k), k € K. Then 7 ~ IndSy 9p, and we have Hom oo (p, 1) =~
Homyo(9p,1). Therefore, after replacing K and p by 9K and 9p, we may assume that
0(K) = K and Hompge(p, 1) # 0 whenever Homge (7, 1) # 0.

According to Proposition 4.1,

Homge (7, 1) ~ @ Hom gergoo(p, 1).
geK\G/GY
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Results of [HM4] give information that determines which terms on the right side of the above
equality that could possibly yield a nonzero contribution to Homge(m,1). As mentioned
above, if no conjugate of K is 6-stable, then Homge (7, 1) = 0. Therefore we assume 0(K) =
K. Define amap 7 : G — G by 7(g) = gf(g)~!. Note that the property §(K) = K implies
that either 7(KgG?) C K or 7(KgG’) N K = ). As shown in [HM4], 7(K¢G’) N K = 0,
then Hom jcnee0(p, 1) = 0. Also, there are only finitely many double cosets K gG? such that
7(KgG®) C K. Note that for each representative g of each such coset, we have (g-0)(K) = K.

Let g1 = 1, ga, ..., gm be representatives for the distinct K-G? double cosets whose images
under the map 7 lie in K. Then

Homge (7, 1) ~ @ Hom eq;0(p, 1).

1<i<m

The results of [HM4] don’t give information about Home,0(p, 1), 1 < i < m. There is some
information for G = G L, (F') in other papers (see [HMal],[HMa2],[HM2],[HM3]), and we will
discuss an example shortly.

Let 0; be the automorphism of G, o/G, ¢+ defined by 0;(kG,.0+) = (g:-0)(k)Gro+, k € Gup.
Suppose that Homeg;.0(p, 1) # 0. Then there is an irreducible cuspidal representation p of
Gro/Grpo+ such that the representation k — p(kGyo+) of G, is a constituent of p |G,
and

Hom /ey (p:1) #0.

This shows that the study of distinguished depth zero supercuspidal representations is closely
related to the study of distinguished cuspidal representations of finite groups of Lie type.

The group G = G, /G4 0+ is the f-rational points of a connected reductive f-group. Sup-
pose that  is an involution of G. For particular kinds of cuspidal representations, namely
those arising via “Deligne-Lusztig induction”, results of Lusztig ([L]) give a formula for the
dimension of Homgs(p,1). If p arises in this way, there exists an elliptic maximal torus
7 C G and a character y of 7 that is in “general position” (this is a kind of regularity
condition) that give rise to the representation p. Assuming that 7 is f-stable, let S be the
set of G%-orbits of tori in G that are G-conjugate to 7 and f-stable. (Note that ¢g~17g is
f-stable if and only if gf(g)~! belongs to the normalizer of 7 in G.) Lusztig’s formula for
dim Homgs(p, 1) assigns to each of the G%-orbits in S a number in { —1, 0, 1}. The sum of
the numbers attached to the various orbits is equal to the desired dimension. To evaluate
Lusztig’s formula, it is necessary to determine the set S and to compute the number attached
to each orbit in S.

If G is a general linear group, then all irreducible cuspidal representations of G are obtained
from the Deligne-Lusztig construction. Otherwise, that is, of G is not a general linear group,
then some irreducible cuspidal representations of G are not obtained using the Deligne-
Lusztig construction. We will not discuss the details of the Deligne-Lusztig construction
here.
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8. A DEPTH ZERO EXAMPLE

Example 8.1. Let n be an even integer and let F’ be a quadratic totally ramified extension
of F'. There exists a prime element w € F such that F’ = F(y/w). Let G = Rp/pGL,,
where Rpr)p is restriction of scalars. Then G = G(F) = (Rp)pGLy)(F) ~ GL,(F"). If
g € G, let g be the element of G obtained by letting the nontrivial element of Gal(F’/F’)
act on the matrix entries of g. Define 6(g) ='g~ ', g € G. Then @ is an involution of G and
G’ ={g€ G| g'g=1}is a unitary group.

Let op be the ring of integers in F’. The subgroup GL, (0r/) of G ia a #-stable maximal
parahoric subgroup of G. Also, since F'/F is totally ramified, the residue fields f = o /pp
and f = op/pr are isomorphic. Thus the quotient of GL,,(0x ) by its pro-unipotent radical is
isomorphic to GL,(f). The involution & of G L, (f) determined by 8 is 8(g) = tg~%, g € GL,(f).
Thus GL,(§)? is (the f-rational points of) an orthogonal group.

Let f, be the extension of | of degree n. Then, via a choice of basis of f, over f, we
embed 7 = X as a subgroup of GL,(f), and we have 7 is the f-rational points of the group
Ry, sGLy. It is possible to show that the basis of f,, over f can be chosen so that 7 is f-stable
and 0(t) = t~! for t € T. (We will assume that the basis has been chosen this way.) Let
X be a character of 7 ~ §* which satisifies x o o # x for every nontrivial element ¢ in the
Galois group Gal(f,/f) of f, over f. Then, via the construction of Deligne and Lusztig, the
Gal(f, /f)-orbit of x determines the equivalence class of an irreducible cuspidal representation
p of GL,(f). Note that —1 € §X belongs to the centre of GL,(f) and is f-stable. Therefore,
if HomGLn(ﬂg(ﬁ, 1) is nonzero, the central character of p must be trivial on —1. The central
character is given by x|f*, so we must have y(—1) = 1 (note that this is equivalent to
x| T? = 1) whenever Homg,, 3(p, 1) is nonzero.

Hakim and Mao ([HMal]) evaluated Lusztig’s formula for dim Homgy e(p,1). It turns
out that Homgy, 0(p, 1) is nonzero if and only if x(—1) = 1, and in that case, the dimension
is equal to one.

Now we turn to constructing a depth zero irreducible supercuspidal representation of G
from the representation p. Note that /= is a prime element in F’. The inducing subgroup
is

K = Ng(GLy,(0p)) = F'*GLy(0p) ~ (V@) X GL,(0p).
Let p be a representation of K such that p|GL,(0op) factors to the representation p of
GL,(f). (To extend p from G L, (0x) to K, we simply set p(y/w) equal to a nonzero complex
number.) The representation 7 = Ind% p is (irreducible) supercuspidal.

The action of § on the centre F* of G is given by () = 471, v € F’*. Thus (F"*)? is equal
to the kernel F'* of the norm map Npv/r from F™* to F*. In particular, (F"*)? C GL,(0)°,
It follows that K% = GL,(05)?. Therefore

Hompgo(p, 1) = Homgy, (0,10 (p; 1) = Homgy, (6(p; 1)
By remarks above, we conclude that

Hom(p, 1) # 0 <= y(~1) = 1,
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and dim Hompge (p, 1) < 1.
Hakim and Mao ([HMa2]) describe coset representatives for the G L, (0)-G? double cosets
inG. Let A={a=(a,...,a,)} satisfying o; = (a;, b;, €;), with
(1) a; €Z, ay > -+ > ap,.
(2) by + -+ by =n, b] YA bj>0
(3) If a; is odd, then b; is even and ¢; = 1.
(4) If a; is even, then € € { 1,9 }, where 0 € 0}, is a nonsquare.

If a; is odd, let @ be the b; x b; matrix equal to /" times the matrix with b;/2 2 x 2
blocks of the form (% §) on the diagonal, and zeros elsewhere. If a; is odd, let @™ be b; x b,
diagonal matrix \/Eaidiag(l, 1,1,...,1,¢). Finally, let h, be the block diagonal matrix with
diagonal blocks @™, ..., @, respectively. Let g, € G be such that g,0(gs)™" = he (such
a go always exists). The set { go | @ € A} parametrizes the coset space GL,(0p)\G/G?.

As shown in [HM4] in general, and [HM2] for this example, if §(K) = K, then whenever
Hom g naoo(p, 1) is nonzero, we must have 7(g) = gf(g)~* € K. The basic idea of the proof
of this fact is as follows. It 7(g) ¢ K, then it is possible to show that GL,(op) N G99
contains a set that projects (under the map GL,, (o) — GL,(f)) to to the unipotent radical
N of a proper parabolic subgroup of GL,(f). If we have Hom,. . (p,1) nonzero, then
Homy(p, 1) # 0. This is equivalent to existence of nonzero vectors in the space of p that are
fixed under N. This contradicts cuspidality of the representation p.

We can easily check that h, = 7(g,) ¢ K whenever o € A satisfies m > 1. Thus, we need
only consider those o € A with m = 1. The case g, € KG? has already been taken care of,
as we have already analyzed Homgo(p,1). If m = 1 and g, ¢ KGY, then a = (a,n,1) for
some odd integer a, so h, is equal to /" times the n x n block diagonal matrix with n/2

copies of (% §) as diagonal blocks. Furthermore, o = (a,n,1) and a is odd, then

GLn(0p)g.G? € Kg(1,n,1)G’.
That is,
U GLu(0r)9aG’ = Kg1,:G".

a=(a,n,1),aodd
Let 6 = 9(1,n,1) - 0. We can now conclude that
Homge (7, 1) ~ Hompye (p, 1) @ Hom,.4(p, 1).

To complete the example, we need to determine Hom 4(p, 1).

Let ¢ = g(1,n1). Note that 7(g) = /@wJ, where J is skew-symmetric and invertible. For
go € G, 0(g0) = J'gg'J 1. Since J € GL,(0), and the image of J in GL,(f) is skew-
symmetric, we find that

O(z) = JO(z)J " = Jta~ ),

for 2 € GLy(f). Therefore GL, (1)’ ~ Spa(f). If Hom 4 (p, 1) is nonzero, then Hom,, (f)5<,5, 1)
is nonzero. But results for Heumos and Rallis ([HR]) show that (for n even), an irreducible
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cuspidal representation of G'L,(f) cannot be distinguished by Sp,(f). Thus Hom 4 (p, 1) is
Z€ro.

We can now conclude that Homge (7,1) ~ Hompge(p, 1) has dimension at most one and is
nonzero if and only if x(—1) = 1. This finishes the example.

Remark 8.2. By contrast with Example 3.1, (where we had two double cosets that could po-
tentially contribute to Homge (7, 1), both cointributing one dimension whenever Homge (7, 1)
was nonzero), in Example 8.1, we found that two K-G? double cosets could potentially con-
tribute to Homge (7, 1), but after further analysis, we discovered that only one of the double
cosets could actually give a nonzero contribution.

Remark 8.3. Example 8.1 is a special case of a more general family of examples discussed in
Example 5.37 of [HM4].

9. CUSPIDAL (G-DATA AND YU’S CONSTRUCTION

Yu’s construction ([Y]) starts with a cuspidal G-datum W. To each such ¥, Yu associates
an irreducible smooth representation x = k(W) of an open subgroup K = K(¥) of G.
The subgroup K contains the centre Z of G, and K/Z is compact. Yu proves that the
representation 7 = 7(¥) = Ind% k obtained by compact induction from & is irreducible.
Since 7 has matrix coefficients that are compactly suppgrted modulo Z, 7 is supercuspidal.

—

We will write cuspidal G-data as 4-tuples: ¥ = (G, y,p,¢). We will make a few re-
marks about the objects in these 4-tuples, as well as the associated K and k. First G =
(G Gl,...,G% is a tamely ramified twisted Levi sequence in G. Here, d is a nonnegative
integer, G C --- C G? = G, each G' is an F-group, and there exists a tamely ramified
finite Galois extension E of F' such that G splits over E, and G*, viewed as an E-group, is
an E-Levi subgroup of G. The groups G' are called tamely ramified twisted Levi subgroups
of G. There is a cuspidality condition, namely that the centre Z° of G° = G°(F) is compact
modulo Z.

Example 9.1. Let @ be a prime element in F'. Consider the centralizer G’ of the matrix

Then

by a1 by a
as bgw ay b4w
bs az by as

Note that G’ = Rp(/z),rpG Ly splits over the tamely ramified extension F'(y/ww) of F, and

G (F(yw)) = GLy(F(y/w)) x GLy(F(y/w@)) is an F(y/w)-Levi subgroup of GL4(F(\/@)).
The centre Z’ of G’ is isomorphic to F(y/@)*, and F(y/w)*/F* is compact.

G =G (F)=<g= | a;, b € F, detg #0 p ~ GLy(F(v/w)).
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The element y belongs to B(G?), and is such that GY  is a maximal parahoric subgroup
of G°. Let K% = Ngo(GY),) be the normalizer in G° of G} ;. Next, p is an irreducible
representation of K° such that p | Gg,m is a multiple of the trivial representation of Gg,o+v
and p | G270 contains a represntation that factors to an irreducible cuspidal representation

of G;O / G270+. (Recalling the comments about depth zero supercuspidal representations in

earlier sections, we see that these conditions imply that Indf}% p is an (irreducible) depth
zero supercuspidal representation of GY.)

Finally gg = (¢o, ..., Pq) is a sequence of quasicharacters, where ¢; is a quasicharacter of
G' = GY(F), 0 < i < d. Let r; be the depth of ¢; (r; is the smallest (nonnegative) real
number such that ¢ | GZ,# = 1). Then we must have 0 < rg--- < rq_; whenever d > 0. If
d > 0 and ¢g is 1r10ntriviaf7 then ry_1 < rq. If d = 0 and ¢4 is nontrivial, then 0 < ry = r4.
One of the most important conditions is that if d > 0 and ¢ < d — 1, then ¢; be G*™!-generic
(relative to y). This is a regularity condition on ¢; (relative to G*™!). The precise definition
can be found in [Y].

Example 9.2. Let G = GL4(F) and let G’ be as in Example 9.1. Set G° = G’ and
G = (G G). Then G is a tamely ramified twisted Levi sequence in G. Let y € B(G°) be
such that G ; = GL4(0p), where F' = F(y/w), and let p be a representation of F'*GY
such that p| G}, factors to an irreducible cuspidal representation of G'Ly(f') = G'Ly(f). Let
¢o be a quasicharacter of G° that has positive depth and is G-generic. For example, if ¢ is
an integer greater than 1 and 1 is a character of F' that is nontrivial on o and trivial on
pr, then the map

0 wt 0 0
w* 0 0 0
k — 1 | trace 0 0 0 -t (k—1)

0 0 w?t®@ 0

from GS,Z—l/z =1+gly(p%") C 1+ gly(pr) to C* defines a G-generic character of ng_l/?

We could take ¢y to be any quasicharacter of G° takes these values on the subgroup G27€_1 J2-

Let ¢ be the trivialcharacter of G, and set ¢ = (¢o,¢1). Then ¥ = (é, Y, P, (E) is a cuspidal
G-datum.

Example 9.3. Let ¢ € 0} be a nonsquare. Set G! = G/, where G’ is as in Example 9.1.
Let T = G° be the centralizer of the matrix

00 €0
00 0 ¢
A_1000
0100

in G' = GLy(F') = GLy(F(y/w)) (here, we continue to view G' as sitting inside GL4(F),
as in Example 9.1). Then T ~ E*, where F = F(y/w, ¢), and G’ = T = Rg/rGL;. Note
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that E*/F* is compact. That is, T/F* is compact. The sequence G = (G =T,GY Q) is
a tamely ramified twisted Levi sequence in G.

The group T" has a unique maximal compact subgroup, namely o;. The normalizer of
oy in T is just T itself, so K® = T. Let p be the trivial character of T. Let ¢; be the
quasicharacter of G' that was labelled ¢, in the previous example. Let ¢, be the trivial
character of G. We take a quasicharacter ¢q of T that has the property

¢o(7) = Y(trace(@ Ay = 1)), 7€ L+pp C GLi(F).
With these choices ¥ = (d, Y, P, (5) is a cuspidal G-datum.

Let U = (é, Y, P, 5) be a cuspidal G-datum. Then Yu defines a representation x = x(¥)
of an open, compact mod centre subgroup K = K(¥) of G. He shows that 7 = 7(V) is
irreducible. As already mentioned, K° = Ngo(GY ) is the normalizer of GY ; in G°.

If d =0, then G = G° and ¢y = ¢y is a quasmharacter of G. In thls case, K = K,
k= p(¢o| K°), and 7 = (Ind%o p)ey is a twist of a depth zero supercuspidal representation
Ind%, p of G.

Suppose that d > 0. Let r; be the depth of ¢;, 0 < i < d— 1. Let s; = ;/2. The group
K° normalizes G;u for all ¢ and all u > 0. Also, if 7 > 7 and u > ¢, then G;t normalizes
G, ;- Consequently,

K=K():=K'G: G, - G

Y50 951 Y;8d—1

defines a subgroup of G. Define k_; to be equal to p on K°, and then extend trivially across
the subgroup G, - G‘; g, Of K. Let kg = ¢4| K. For 0 < i < d— 1, the restriction

¢i| K N G* defines a character of KNG We may use the genericity of ¢; relative to
G to define a character ¢; of G;+81+ that agrees with ¢; on G; 4 =(ENG)N G;J;i If

(KN Gi)G;“+ — (K N GG, then we may use ¢; and ¢; to define a quasicharacter of

Y,5i7

(K NG")Git! that extends to a quasicharacter ; of K. If (K N G’Z)G’Jrl # (KNGHGit!

y,8i7
then a Weil-Heisenberg construction is used to define an irreducible representatlon k; of K
that has the property that x; | K'N G o+ 1s a multiple of ¢; and &, | G”r+ is a multiple of ¢;.

(For details, the reader may refer to [Y] and [HM4].) Finally, the representation K is defined
to be the (restriction to K of the) tensor product k_1 ® kg ® - - - ® kg of the representations
K_1, Rgy...,Kq.

10. GENERAL RESULTS DESCRIBING Homge (7, 1)

Let G be a connected reductive F-group that splits over a tamely ramified extension of
F. Let G = G(F). Let m = Indf( k be a tame supercuspidal representation of GG, and let 6
be an involution of G. As stated in Proposition 4.1,

Homge (7, 1) ~ @ Hom grgoo (K, 1).
9EK\G/GP
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Next, results of [HM4] tell us that if (¢-0)(K) # K for a particular g € G, then Homgngoo(k, 1) =

0. Thus, when Homge (7, 1) # 0, after replacing 6, k and K by g -6, g7 Kg and 9% if nec-
essary, we can assume that 0(K) = K and Homgo(r, 1) # 0. There exists a finite sequence
{91 = 1,02,...,9m } C G with Kg;G’ N Kg;G’ = 0 whenever i # j, ¢:0(g:)”" € K, and
(9-0)(K) # K if g ¢ U™, Kg,G’. Thus

Homge (7, 1) @Hongl K, 1).

We will say more about the elements g; shortly. If m has depth zero, then the results of
[HM4] do not give further information about the terms Homeq,;0(x,1). When the depth of
7 is positive, the main theorem of [HM4] (Theorem 5.26) relates the terms Hom g0 (%, 1) to
(quadratic) distinguished properties of the depth zero part p of a cuspidal G-datum ¥ such
that = = w ().

Theorem 10.1. ([HM4]) Let U be a cuspidal G-datum. Let m = w(V). We assume certain
hypotheses concerning quasicharacters of the groups G* = G'(F), 0 < i < d, where G =
(G, ..., G%). Suppose that Homeo(m,1) # 0. Then the cuspidal G-datum ¥ = (é,y, 0, q;)
can be chosen to satisfy:

(1) 6(G") = G*, 0 < i < d—1, and 0(G),) = Gy (which imply §(K°) = K° and

0(K)=K).
(2) piof=¢;",0<i<d.
(3) Let ¢ = ],_q @i | G°. There exists a character x of K? such that x> =1 and

Hom o (K, 1) =~ Hom oy (p, ¢x)-

Above, Hom ko (p, ¢x) is the set of linear functionals A on the space of W of p that satisfy
Mp(k)w) = (¢x)(k)A(w) for every k € (K°)?. (We remark that the square of x(¢ | (K°)?) is
trivial.)

Let 7 : G — G be defined by 7(g) = g0(g)~!. Consider the set K° N 7(G). This set is a
union of finitely many K°-orbits, for the action of K° defined by k- h = khf(k)™, k € K°,
h € K°N7(G). Choose {hy = 1,ha,...,h, } to be representatives for these K°-orbits.
Fix ¢g; € G such that ¢;0(g;)™" = h;, 1 < i < m. Then, as shown in [HM4] (although the
statement in [HM4] is not identical to the statement here), writing 6; = g; - 0;, we have

Theorem 10.2. Assuming that ¥ is as in the above theorem, Homyqo(r, 1) = 0 whenever
7(g) ¢ K. Furthermore, there exists a character x; of (K°)% whose square is trivial and
Hom o, (k, 1) = Homyoyo; (p, x:), 1 < i < m. Thus

HOHlGe T, 1 @Hom KO (pa ¢X1)

Remark 10.3. Analyzing Hom, oy, 0(p, ¢x;) is similar to analyzing Hom o0 (p, 1). Indeed,
in some cases, (¢ | (K°)%)y; can be trivial.
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In the general setting, it can be difficult to determine Homge(m, 1), due to difficulty
parametrizing the double cosets K ¢;G?, computing the y;’s, and computing the dimensions
of the spaces Homeg;-0 (%, 1).

In certain special cases, things simplify. We say that = if toral if for every (equivalently,
some) cuspidal G-datum ¥ such that 7 ~ 7(¥), the group G° is a torus. In that case,
choose a ¥ as in the theorem, and set T = G° T = T(F). According to the theorem,
we have 0(G*) = G* for and ¢; 0 = ¢;' for 0 < i < d — 1. Note that K* = T = G°,
so p is a depth zero quasicharacter of T. We may adjust ¥ and take p to be trivial as
long as we replace ¢g by ¢op and replace (E by (¢op, ¢1, - .., ¢q4). However if we do this, we
might have (¢op) o 6 # (¢pop)~*. Lets assume that we have made this adjustment. Then we
know that ¢y o 6| Ty+ = ¢y ' | Go+, but this equality might not extend to all of 7. Results
of [HM4] show that x; = x1 = x for 1 < i < m (in the toral case). Note that we have
h; = g;0(g;)"* € T =G° and T is abelian. Thus ;| T =0 |T.

Toral case: more to be added here....

11. EQUIVALENCE OF TAME SUPERCUSPIDAL REPRESENTATIONS

12. DISTINGUISHED TAME SUPERCUSPIDAL REPRESENTATIONS OF GENERAL LINEAR

GROUPS
More to be added .....
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