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You may use the attached list of formulas. No other aids are allowed during the exam.
Problems 1-3 are each worth 40 points. Each problem has several parts.

1. (Measure theory)

Suppose that f : R — R is an L! function with ||f||;1 < 1. Define g : R — R by the
formula:

o 1
g(x) := /_Oo mf(y)dy-
a. (10 points) Prove that lim, 4 g(z) = 0.

b. (15 points) Prove that g(z) is continuous.

c. (15 points) Prove that there exists a point = with |z| < 100 and |g(z)| < 1.

2. (Functional analysis)

a. (20 points) Let B be any Banach space. Let v, be a sequence of vectors in B. Suppose
that v, converges strongly to w, and that v,, converges weakly to u. Prove that u = w.

1b. (10 points) Find the maximum of fol 22g(r)dr among measurable g : [0,1] — R with
Jo lg(x))?dx = 1.

c. (10 points) Find the maximum of fol 2?g(x)dzr among measurable g : [0,1] — R with
fol lg(z)]?dz = 1 and fol g(z)dr = 0.

3. (Fourier analysis)

Suppose that f is a Schwartz function on the real line, that f is supported in the interval
[—1,1], and that |f(z)| and |f'(z)| are at most 1 for every x € [—1,1].

a. (10 points) Prove that |f(w)| < 100w™" for every w € R.
b. (15 points) Prove that

/ w]2|f(w) Pdew < 100.

c. (15 points) Let Iy f be the partial Fourier integral defined by
1



N
Inf(x) ::/ ™9 () dw.

—-N
Using part b., prove that Iy f approximates f in the sense that

\Inf(z) — f(z)] < 10*N"Y2 for every z € R.



