FACULTY OF ARTS AND SCIENCE
University of Toronto

FINAL EXAMINATIONS, APRIL/MAY 2005
MAT 133Y1Y

Calculus and Linear Algebra for Commerce

PART A. MULTIPLE CHOICE

1. [8 marks]

The market price of a $100 bond with an annual coupon rate of 4%, paying semi-annually,
which has 15 semi-annual coupons left, and which has an annual yield to maturity of 5%, is

@ $66.86
$76.81
© $89.87
® $93.81
® $97.85
2. [3 marks]
If A= [g :ﬂ and B = {ﬂ , then BTAB =
@ [-1]
[0]
© [
© [-2
® []
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3. [3 marks]

The solution of the system
2¢ +3y — 5z =4,

4z + 5y — 7z = 10.

in terms of the parameter z, has = =

@ —z+4

3z—2

© -3z+1

® 2z—3

® —2z+45
4. [3 marks]

1
The solution to the inequality n_xZ > 0 is given by
w p—

@ 0<z<lorz>2
r<1lorz>2
© O<z<lorax>2
® x<0or z>2
® x<lorz>2

5. [3 marks]
The function f(z) = z2e~*
@ increases on (0,00)

has an absolute maximum at = = 2

®

increases on (—oo, 0)

increases on (0, 2)

® ® @

has no horizontal asymptote
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6. [3 marks]
1
The line which is tangent to the graph of y = (2:1:)m2 at the point (5, 1) has equation:

@ 8y—2x="7
4y — 2z =3
© y=2
® 2y—2r=1
® 4dy+2x=5
7. [3 marks]
The average value, on [—4,2], of f(z) = |23| is
34
® 3
10
© -10
® 68
® —60
8. [3 marks]

For 10 years, cash flows into an account at the constant rate of $1,000 per year. To the nearest
dollar, the present value of the cash flow, if the account earns 4% compounded continuously,

is

@ $9,138
$6,097
© 87,515
® $8,242
® $8,836
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9. [3 marks]

The demand functions for the two products toves (T) and mome raths (M) are as follows:

1
gr = ——— + c1pm
PT +PMm
1
M= +C2pT
PrT +PMm

where pr is the price of one tove and pjs is the price of one mome rath and ¢; and ¢y are
constants.

At the moment p7 = $2000 and pp; = $1000. For which of the following pairs of constants
c1 and ¢y are toves and mome raths competitive products (i.e., substitutes) at these prices?

@ C1 = 1, Cy = 2
c1 = —.00001, ¢y = —.00002
c1 = .00000000001, co = .00000000001

Cl1 = —1, Cy = —-1.5

® ©®© @

C1 = —1, Cy = 0.5

10. /38 marks/

0
The partial derivative —f of f(z,y,2) = e’ —yze g

Oox
@ e
27—y
© = In(zz — yz)
) ew2_y”(2w —yz)
® V(22 —yz)

11. /8 marks/
If f(z,y,2) =223 — 3y?z + 8zy32* — 6zyz + 3zy? then fry.(1,1,1) =

@ 90
102
© 24
® 18
® -4
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12. /8 marks]
If z=a?+ 2b%2 — 4ac where a =2t, b =4s — 3t, ¢ = 2st?> then, when s=t=1,

0z _

ot

@ -36
12
© -52
® -28
® 42

13. [8 marks]
If 2= (22 +9?)'° where £ =4r2?s3 and y = €27*3*=3  then when r =0 and s=1,

9% _
or

@ 40
20
© 0
® 10
® 1

14. /8 marks]
If 22 + 2y + yz + 22 = 6 defines z implicitly as a function of  and y, then

0z
oy
y+ 3z
@ _
Y
T+ 2z
_
Y
T+ 2z
© _
T+ 2y
T+ z
© B 2z
T+ z
® _y+2z
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15. [8 marks]

1 y2
/ / (2z + 3y) dedy =
—-1Jy

® ®
|
|

® ©® O
!
|
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B1.

B2.

B2.

PART B. WRITTEN-ANSWER QUESTIONS

[10 marks]

You wish to purchase a mine which will produce an annual return of $32,000 per year for 12
years, after which the mine will have no value. At the end of each year, you plan to place
money in a sinking fund earning 6.2% compounded annually, so as to replace the purchase
price exactly after 12 years. If you want to earn 8% annually on this investment, what
purchase price should you pay?

[Hint: Remember to include the replaced purchase price as part of the total return.]

(i) [2 marks]
Find a so that the following limit exists

et e gx
lim 5
z—0 x

(ii)) [5 marks/
Find a and b so that the following limit exists, then find the limit.

i e?*t+l _ e — qx — bx?
EE)I}J :B3
[6 marks]
Solve the initial value problem
y(2)=1
(z—Lyy' =1

then find y(3) .
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B3.

B4.

B5.

[12 marks]
Find the following integrals.

[6 marks]
/ ze 3% dr
0
[6 marks]
r—14
/x2 1 dx
[10 marks]

Find and classify the critical points of the function given by:

flz,y) = —z3 + 33:y2 + 12y2 + 4y3

[10 marks]

A consumer has $600 to spend on two products which cost $20 per unit and $30 per unit
respectively. The utility derived by the consumer from z units of the first product and y
units of the second product is given by the utility function

U(.’L‘,y) — 10.’E0'6y0'4

[Note: the utility function measures the total satisfaction received by the consumer.]

Use the method of Lagrange multipliers (no marks for any other method) to find how many
units of each product the consumer should buy to maximize his/her utility.

[You do not have to show that your answer does in fact give a maximum.]
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Solutions to April 2005 Exam, MAT133Y
PART A

1. ANSWER: ®
r=002 i=0025 n=15
p = 100(1.025) ™" + 2a55 45
p = 93.809.

2. ANSWER: ©
BTAB =[1,1] [g :ﬂ [”

~y ;] -m

3. ANSWER: ®

2 3 -5 | 4
4 5 =7 | 10
1 _
Ry — - Ry R T
2 2 2
Ry — Ry — AR, o -1 3 | 2
R2_>_R23 1 0 2 | 5}
R1—>R1—§R2 0 1 -3 | —2
r+2z2=5
r=—-2z-+5H

More simply
10z + 15y — 25z = 20

12z + 15y — 212 = 30

20+ 42 =10 = 22z = 10 — 4=
r=5—2z

D306



ANSWER: ©

In x

(0,1) U (2,00) give >0 and 1 gives 0. So (0, 1] U (2, 00)

ANSWER: ©®
f'(z) = 2ze™® — 2"
=z(2—x)e ”
1 f
(—00,0) - |dec
(0,2) + |inc
(2, 00) - |dec

Note that the max at z =2 is only local ( lim f(z) = 00).
T—>—00

And lim z%e® =0 so there is a horizontal asymptote.
r— 00

ANSWER:

Iny = z%1n2z

1 2
—y' =2zIn2z + g— -2
Y

XL
1 1 1
at(,l),y':10+§:§
1 1( 1) 1 1
Y 2T TR Ty
1+3
= —Xr —
Yy=377y4
4y =2z +3
dy —2x =3
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7. ANSWER: @

~ 1 b
f=is [ Fa)de
1 2
= 6/ 23| dx
4
1 0 2
:—[/ —m3da:~|—/ a:?’da:]
6L/ 4 0

1 x* |0 x4 )2
—ﬂ—z4+zH
68 34

1
= C[6d+ 4] = — = =
bt t4=% =73

8. ANSWER: ©
10
PV.= / 1000 e 04 gt
0

10
= —25,000 e 04
0

= 25,000[1 — e~
A 8242
9. ANSWER: @
0(]{1"' _ 1 e
opm (pr +par)?
0(]{1"' 1
opm (30002 T
1
0QM = — + C2

Opr (3000)2
We need both partials > 0, so ¢; and c3 > 0. In fact

11

(3000)2 9 x 106
1

© > 9x10°

c1 >

is what we need. Only @ does this.
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fox = 32y3z3 —

of

2
— T YT (90 _
9 € (22 — y2)

f.= —3y2 + 32:1:y3z3 — b6zry

6y

fray = 969223 —6 =90 at (1,1,1)

10. ANSWER: ©
11. ANSWER: @
12. ANSWER: ©
%
ot
Ats=t=1

a =
b=

c=

" Hadt ObOt e ot

p4

N
L AN

0z0b 0z0c

= (2a — 4¢)2 + 4b(—3) — 4c - 4st

= (4-8)-2—-12-8.4

= —52
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z

A A

Oz 020z 020y
or Oz Or Oy Or
= 10(22 +32)° -2 x -8rs® + 10(2? + %) - 2y - 2 H5 3 .

=10-2-2=40
14. ANSWER: ®
0z 0z
‘T+Z+y8_y+228—y=0
0z Ttz
8_y__y—i-Qz

15. ANSWER:

1 y>
/ / (2z + 3y) dz dy =
—1Jy

1 2
= / [#* + 32|~y dy

_ ¥ 4_4_@/3]1
—[5+y 3 1-1
2 8 34
5 3 15
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PART B

B1.

Let X be the purchase price.
Let R be the annual payment to the sinking fund.

0 1 2 12
32,000 32000 - - 32,000
R R R
X
R3E|.062 =X

Analogous to a bond with face value X coupon 32,000 — R and yield to maturity .08 and price
X.
X = X(1.08)7*2 + (32,000 — R)agy 4

Substituting R = , this equation can be solved for X . More cleverly

512).062
X — X(1.08)"% = (32,000 — R)agz) o
X(l — (1.08)_12) = (32,000 — R)aﬁws

‘08Xa‘ﬁ|,08 = (32, 000 — R)aﬁl.OS

.08X = 32,000 — R : we could have started here. Since the purchase price is always being
replaced, the 8% of purchase price need only cover the net annual income.

08X + = 32,000
512].062
32,000
X= """
.08 +
512/.062

X =~ $230,900
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el _ e gx 0 .
lim — no matter what a is
z—0 .’E2 0
2e2rtl _ g
=lim ——
z—0 2x
can only have a limit if lim 2e?**! =gq i.e. if
x—0
a = 2e
and then _—
4 xT
— lim = —2¢
x—0 2
so the limit does exist when a = 2e.
@ ) - 2
et —e—ax — bz 0
lim 3 — no matter what a and b are
r—0 i 0
2e27tl _ g — 2b
— lim 2¢ a v can only have a limit if
r—0 3$2
lim (2e**T! — a — 2bz) =0
z—0
i.e. as before
4e2=+1 _2p
and then =lim ———— can only have a limit if
z—0 6x
lim (4t = 2b
z—0
ie. | b= 2e
2x+1
and then = lim 8e
z—0 6
4e
= 3

D312



B2.

dy
1y =
(@ -1y~
dx
dy =
yay r—1
y?
1 1
Z —Inl _ =
5 nl+C=20C 5
2
1
%:ln|w—1|+§

y =2z —1|+1
y=| /In(z —1)2+1
(Note that) y = —v/In(z —1)2+1 gives y(2) = —1.

or y=| 42z —1]+1

y(3)=| 2In2+1
y(3) ~ 1.5448

B3.
(a) Let
R
= lim ze 3% dx
R—)OO 0
U=z dy = ¢=3% 4=
—3x
du =dz V= _¢
3
= lim _re —|——/ e3mda:]
R— o0 3 0 3 0
Re™ 3R 1 3| B
— lim |- _ e ]
R—oo L 3 9 0
_ R€_3R e—3R 1
g [ BT LD
Revoo | 3 9 T
But by L’Hop or otherwise
lim Re 3% =0; e 3% 50
R— oo
as well.
1
m = =
SO R1—I>noo 9
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B3.

r—14 A N B A(z+2)+ B(z—2)
2—4 -2 z+2 z? -4
z—14=A(x+2) + B(z — 2)

r=2=-12=4A= A= -3

r=-2=-16=—-4B=B =4

Alternatively solve

1=A+B
—14=2A-2B
to get
A=-3
B=14
[ Syl | a In|z —2|+4ln|z+2 +C
= — —_— Tr = — —
z—2 449 3ln|lz —2|+4ln|z + 2| +
B4.
fo = —32% + 3y?
fy = 6zy + 24y + 12¢°
setting these to 0
V=2l=>y=z or y=—z
and

y(x+4+2y) =0

4
If y=x, y(3y+4) =0, hence y=0 or y = —3 Critical points are

(0,0) and (—ga —g)

If y=—z, y4d+y)=0y =0, or y=—4. Critical points are (0,0) which we already have and
(4a _4)
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fee = =6z | fuy, =6z +24+24y | fo, = 6y
(0,0) 0 24 0
(4,—4) o4 _48 24
( 1 —4) 8 16 8
3' 3

D(z,y) = Jzafyy — ;

xy
D(0,0) |=0/| no info.

D(4,—4) |=24-48 — 24

= 242 = 576 > 0 extremum and fze = —24 <0 s0

4 4
(=3 —3)|= 8(—16) — 82 = —64 < 0 so | no local extremum. ‘
3 3
B5.
20z + 30y = 600
2z + 3y = 60
L = 102%%y%4 — \(2z + 3y — 60)
Ly =6z70404 _2x=0= )= 3(%)0'4
4
L, =420y —3x=0= A= ()"
Yy
L,=—(2x+3y—60)=0= 2z + 3y =60
Yy\04 4,706 4
3 — = —|— = 3 -
O
So
4 10z
4
3y = 3 18=y =28
So
z=18, y=28
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