Introduction to Real Analysis
Assignment 5, due October 25

Problem 1 of 5. Let A C R be a bounded set and ¢ > 0.
(1) Consider the collection (Vi(a))aea. Prove that it is an open cover of A.
(2) Conclude that there is a finite subcover (V.(a;))i_;: A C Uj_, Ve(ay).

(3) A subset B C A is called e-net if for any a € A one can find b € B such that
la — b| < e. Use the previous part to show that there exists a finite e-net.

Problem 2 of 5. Let A = {ay, ag,...,an,...} C R be a countable set dense in R.
(1) Let U be an open set, A C U. Show that U° is nowhere dense.

(2) Assume that A can be represented as A = (), U,, where all U,, are open. Let
F,, :={a,} be closed sets containing one point each. Show that

R = (UL, Uy) U (Ui F) -

(3) Arrive to a contradiction with Baire’s Theorem, thus proving that A cannot be rep-
resented as A = (), U, where all U, are open.

Problem 3 of 5. A function f: A — R is called bounded near a, a limit point of A, if for
some M and § > 0,if 0 < |[x —a| < 0 and z € A then |f(z)| < M.

(1) Show that if lim,_,, f(z) exists then f is bounded near a.

(2) Give an example of a function f bounded near a point a such that lim,_,, f(z) does
not exist.

(3) Let f,g: A+ R be two functions on a set A with a limit point a. Let f be bounded
near a and lim,_,, g(z) = 0. Prove that lim,_,, f(z)g(x) = 0.

Problem 4 of 5.

(1) Let ¢ : R — R be a function with the property that for any & € N the set
{z € R : |g(z)| > 1/k} has no limit points. Show that for any k£ € N and for any
a € R there exists § > 0 such that if 0 < |z — a| < § then |g(z)| < +.

(2) Prove that for any a € R, lim,_,, g(x) = 0.
(3) Let now
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Using the previous part, prove that for any a € R, lim,_,, f(x) = 0.
(4) Describe the points of continuity of f.



Problem 5 of 5. Let f be a continuous function on a closed set A and K be a closed set.
(1) Let (a,) C A be a sequence of points of A converging to a point a. Assume that for
all n € N, f(a,) € K. Prove that f(a) € K.

(2) Prove that the set f~1(K):={a € A : f(a) € K} is a closed subset of A.
Hint: Let a be a limit point of f~!(K). Use the previous part to prove that a €

fHE).



