MAT157 — ANALYSIS I, 2018-19. ASSIGNMENT 16.

Please read Spivak Chapters 22 (“Infinite sequences”).

Clear solutions to the following problems are due in class on Tuesday March 26th.

(1) (a) Let n € N. Let f be (n+ 1) times differentiable on [a, b]. Suppose that its n + 1st
derivative satisfies |f"+Y| < M everywhere on [a,b]. Let P,,(z) be the Taylor

polynomial of degree n of f at a. Use the Lagrange form of the remainder to show
z—a)? 1

that |f(x) = Poa(2)] < #5355

(b) Use the above estlmate to calculate sin 15 up to an accuracy of 155556
your reasoning.
(¢) The answer that you got in (b) should not surprise you. Why?
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(2) Let f and g be infinitely differentiable functions. Let a; = ! U;, and b, = 9(7:;( 9 be
the coefficients of their Taylor polynomials at a. Find the coefficients of the Taylor
polynomials of the product fg at a. Justify your answer.

(Hint: In the proof, it will be easier to use a characterization of Taylor polynomials
than the definition of Taylor polynomials.)

|I|n+1

(3) Prove that if 2 < 0 then the remainder term R, o for e” satisfies |R, | < e

(4) Prove that if f”(a) exists then f”(a) = hH(l) (a+h)+f§:‘2_h)_2f(a). (Hint: use the Taylor
_>

polynomial P, ,(x) of degree 2 for f at a and substitute x = a + h and x = a — h.)

(5) Suppose that f: R — R is three (or more) times differentiable at the point 5 and that
f(z) < f(5) for all z € R. Suppose that f”(5) = 0. Prove that f”(5) = 0.

Solve the following questions. Do not hand in your solutions.

e Spivak Chapter 20, Page 431, Problem 1: (ii), (viii), (x). (Find Taylor polynomials.)

e Spivak Chapter 20, Page 431, Problem 2: (iv). (Manipulate polynomials.)

e Spivak Chapter 20, Page 433, Question 8. (Taylor polynomial of sin(z?) and conse-
quences.)

e Prove that Euler’s constant e (= exp(1)) is equal to 2.72 up to an error of at most .



