MAT157Y TERM TEST 1, OCTOBER 2018

Please answer all the questions. You can answer the questions in any order, but please use
separate pages for different questions, and mark the question number at the top corner of
the page.

The five questions have equal weight. Clarity counts. Simplify your solutions when possi-
ble. A response “I don’t know” and nothing more, to any question or section of a question,
will give you 20% of the points for that question or section. You have 100 minutes. No aids
allowed. The list of axioms for the real numbers is attached after the questions.

(1) For each of the following statements, determine if it is true or false, and justify your
answer briefly, in one sentence.
(a) The set of integers, with its usual operations of addition and multiplication, satisfies
the arithmetic axioms (P1)-(P9).

(b) For every € > 0 there is a natural number m such that L < e.

(c) If a function f is continuous at the point 5 and lirré f(z) =17, then f(5) = 17.
z—

(d) If f: R — R is a function, f(x) is positive for all rational x, and f(x) is negative for
all irrational z, then f is not continuous at 0.

(2) (a) Does the set {z | 22 — 2 — 12 < 0} have a greatest lower bound (infimum)? If so, find
it. If not, explain in one sentence.
(b) Let A be a set of real numbers. Prove that if y is a least upper bound (supremum)
for the set —A :={—xz | x € A} then —y is a greatest lower bound for the set A.

(3) (a) Let f be a function. Suppose that f(x + h) — f(x) = a(x)b(h) + c(x)d(h) for all
x and h where a,b,c,d are functions with the following properties: |a(z)| < 1 and
le(x)] < 1 for all z, b(h) and d(h) are continuous at h = 0, and b(0) = d(0) = 0.
Show that f is continuous everywhere.
(b) Assuming that the sine and cosine functions are continuous at 0, use trigonometric
identities and Part (a) to prove that the sine function is continuous everywhere.

(4) (a) Sketch the graph of a function f: R — R that has all the following properties. f is
an odd function (i.e. f(—z) = —f(z) for all z); f(1) =1; =+ f(x) is continuous
at all x # 0; lim f(xz) =0; lim f(z) = 0.5.
= =
(b) To the best of your understanding (and without using derivatives), sketch the graph

: 1-¢2
of the function ¢ — -

(5) Find a number ¢ such that the function

V5+h—+5
L= 70
c h=0

is continuous at h = 0. Show your work, but do not explain.
What is the domain of this function?



Postdates fr He reaf vmbers

(PI) (Associative law for addition) a+b+c)=(@+b)+c.

(P2) (Existence of an additive a+0=0+a=a.
identity)

(P3) (Existence of additive inverses) a+(—a)=(—a)+a=0.

(P4)  (Commutative law for addition) a+b=b+a.

(P5)  (Associative law for multiplica- a-(b-c)y=(a-b)-c.
tion)

(P6) (Existence of a multiplicative erl=lom=ngy L&
identity)

(P7) (Existence of multiplicative a-al=a'l.a=1, fora+#0.
inverses)

(P8) (Commutative law for multi- a-b=b-a.
plication)

Q

(P9) (Distributive law) (bt+c)y=a-b+a-c.

(P10)  (Trichotomy law) For every number a, one and only one of the
following holds:
@ a=0,
() a is in the collection P,
(i) —a is in the collection P.

(P11)  (Closure under addition) If @ and b are in P, then @ + b is in P.

(P12)  (Closure under multiplication) If @ and b are in P, then a - b is
in P.

A number x is a least upper bound of A i

(1) x is an upper bound of A4,
and (2) if yisan upper bound of A, then x < y.

A set A of real numbers is bounded above if there is a number x such that
x >a foreveryain A.

Such a number x is called an upper bound for A.

(P13)  (The least upper bound property) If Ais a set of real numbers,
A # ¥, and A is bounded above, then A has a least upper bound,
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