
MAT157Y term test 2, December 2020

Please submit the declaration that is labeled as Question 0.

If anything happened or will happen today that might be interpreted as a suspected academic
offence, by yourself or by another student, please ask for an individual appointment with
Yael, to discuss what happened and whether and how to proceed.

Please answer Questions 1–5. Submit your answers on Crowdmark. These questions have
equal weight.

Question 6 is optional and has zero weight.

A response “I don’t know” and nothing more, to any question or section of a question, will
give you 20% of the points for that question or section.

Clarity counts. Simplify your solutions when possible.

You have 100 consecutive minutes to write your solutions. After 100 minutes, stop writing.
You will then have 10 additional minutes to upload your solutions on Crowdmark.

No aids allowed. (Nothing! No physical nor electronic note(s) or book(s); no access to any
online materials; no calculator; no verbal nor written communication with anyone other than
Yael Karshon or David Miyamoto.)

Yael and David also remain available for individual appointments regarding any concern that
you might have about the course.

(0) Please copy the following declaration and sign your name below it:

I confirm that I wrote this test, or will write this test, entirely on my
own, without using any aids or assistance, and without communicating
with anyone about the content of the test between 9am and 9pm today.
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(1) For each of the following statements, determine if it is true or false. Add an explana-
tory sentence or diagram or formula. You do not need to give a complete proof.

(a) If f : R→ R has a strict local minimum at 0 and f ′′(0) exists, then f ′′(0) > 0.

(b) If f : R→ R is differentiable and satisfies lim
x→∞

f(x) =∞ and lim
x→−∞

f(x) =∞,

then there exists a point x where f ′(x) = 0.

(c) If f : [0,∞)→ R is continuous on [0,∞), differentiable on (0,∞), and satisfies
lim
x→∞

f ′(x) = 0, then f is bounded.

(d) If f : R→ R is a strictly convex function and it has a local minimum at 0, then
it has a strict local minimum at 0.

(2)

(a) Calculate the maximum value of
x2 + x+ 1

x2 + 1
for x ∈ R.

(b) Calculate f ′(0), where f(x) =

{
x

1−e−x if x 6= 0

1 if x = 0

Justify your work, briefly.

(3)

(a) Suppose that f is differentiable at 0 and f(0) = 0 and that g is continuous at 0.
Let h(x) := f(x)g(x). Prove that h is differentiable at 0.

(b) Suppose that f is differentiable at 0 and that |f(α)− f(β)| ≤ (α− β)2 for all α
and β. What can you say about f ′(0)?

(4) Let f be a continuous function on the interval [−2, 2]. Prove that there exists a
point on the graph of f whose distance to the origin is smallest among all the points
on the graph of f .

(5) Here is a graph of a differentiable function f . Sketch a rough graph of its deriva-
tive, f ′.

(6) (Optional; no credit:) Write a short one-paragraph response to the attached text,
“The Lever of Mahomet”.
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