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Abstract

The binormal (or vortex filament) equation provides the localized induction approx-
imation of the 3D incompressible Euler equation. We present explicit solutions of the
binormal equation in higher-dimensions that collapse in finite time. The local nature of
this phenomenon suggests a possibility of the singularity appearance in nearby vortex blob
solutions of the Euler equation in 5D and higher.

Furthermore, the Hasimoto transform takes the binormal equation to the NLS and
barotropic fluid equations. We show that in higher dimensions the existence of such a
transform would imply the conservation of the Willmore energy in skew-mean-curvature
flows and present counterexamples for vortex membranes based on products of spheres.
These (counter)examples imply that there is no straightforward generalization to higher
dimensions of the 1D Hasimoto transform. We derive its replacement, the evolution
equations for the mean curvature and torsion form for membranes, thus generalizing the
barotropic fluid and Da Rios equations.
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1 Introduction

The vortex filament equation describes the motion of a curve in R3 under the binormal flow:
each point on the curve is moving in the binormal direction with a speed equal to the curvature
at that point. This equation is a “local” approximation of the 3D Euler equation for vorticity
supported on a curve. The membrane binormal (or skew-mean-curvature) flow is a natural
higher-dimensional generalization of the 1D binormal flow [10, 21} 12]: instead of curves in
R3, one traces the evolution of codimension 2 submanifolds in R? (called vortex membranes),
where the velocity of each point on the membrane is given by the skew-mean-curvature vector.
The latter is the mean curvature vector to the membrane rotated in the normal plane by
7/2. The binormal equations are Hamiltonian in all dimensions with respect to the so-called
Marsden-Weinstein symplectic structure and the Hamiltonian functional given by the length
of the vortex filament or, more generally, the volume of the membrane [7, [12].

These equations in any dimension arise as an approximation of the incompressible Euler
equation in which the vorticity is supported on a membrane and the evolution is governed by
local interaction only (“LIA” - localized induction approximation). Below we present explicit
solutions of the LIA for the Euler equation based on sphere products and prove that some of
them exist for a finite time only and then collapse, see Theorem [2.6, The simplest such case
is the motion of a three-dimensional vortex membrane S! x S? in R, and the local nature
of this collapse hints to the singularity in the higher-dimensional Euler equations. While the
singularity problem for the 3D Euler (and Navier-Stokes) equations is well known and wide
open, it is equally open in dimensions n > 3. Note that the incompressibility condition is
seemingly less restrictive in higher dimensions, and hence the incompressible Euler equation
should behave somewhat similar to the Burgers or compressible Euler equations, where the
emergence of shock waves, and hence no long-time existence, is well known. In spite of this
similarity, to the best of our knowledge, there are yet no explicit results about emergence
of singularity in higher-dimensional incompressible Euler equations. Hopefully, the sphere
product example of the binormal motion of S! x S2 = R® could shed some light on the
finite-time existence of a smooth solution of the Euler equation tracing this motion.

The second goal of this paper is to give a counterexample to the existence of an analogue
of the Hasimoto transform in higher dimensions. More precisely, we argue that there is no
natural analogue of this transform with the mean curvature of a membrane in R? replacing
the curvature of a curve in R3: the evolution equations of the mean curvature in the binormal
flow become necessarily much more complicated than their counterparts for curves.

Namely, Da Rios in 1906 brought in the idea of LIA of the Euler equation to study the
vortex dynamics and derived the evolution equations for the curvature x and torsion 7 of a
curve moving according to the binormal flow. His work is known today mostly thanks to his
advisor Levi-Civita, who promoted and extended it (see [19] for the historical survey). The
LTA method and Da Rios equations were reconsidered in the 1960s, see [2]. These equations
appear in several other contexts, e.g., in the study of one-dimensional classical spin systems
[1, B]. More importantly, in 1972 Hasimoto discovered a transformation yielding a complex-
valued wave function ¢ = kexp(i{7) from the pair of real functions (x,7) such that this
wave function 1 satisfies the nonlinear Schrédinger equation. Furthermore, by considering
the evolution of the density p = 2 and the velocity be v = 27 one obtains the equations of
barotropic-type (quantum) 1D fluids, see Figure [I| for the relations between these equations.



A natural question is whether the higher-dimensional binormal flow possesses similar re-
lations to Schrodinger- and barotropic-type equations, as well as what are its implications for
the Euler hydrodynamics. Finding a higher-dimensional version of the Hasimoto transform
was a folklore problem for quite a while, see e.g. [10, 12} 20} 21l 24]. It is shown in [22] that
the Gauss map of the SMCF satisfies a Schrodinger flow equation. It was observed in [I3] that
to construct a higher dimensional generalization of the Hasimoto transformation one needs to
prove a conservation law for the Willmore energy. Namely, the conjectural invariance of the
Willmore energy would imply the simpler of the two barotropic fluid equations, the continuity
equation, which is a necessary condition for the existence of a Hasimoto transformation.

In the present paper, we give a counterexample to the energy invariance conjecture by
describing explicitly the motion of Clifford tori under the skew-mean-curvature flow and show
that their Willmore energy is not conserved, see Proposition Essentially, these counterex-
amples imply that there is no straightforward generalization of the Hasimoto transform to
relate the binormal and barotropic (and hence Schrédinger) equations in higher dimensions,
and if it exists, it must be necessarily complicated.

Finally, we introduce a natural generalization of the torsion for codimension 2 membranes
(Section 4)) and derive the evolution equations for the mean curvature and the torsion form,
thus replacing equations of a barotropic-type fluid in the Hasimoto transform and generalizing
the Da Rios equations, Theorems These counterexamples emphasize the difference
between the 1D and higher-dimensional skew-mean-curvature flows and might be particularly
useful to prove the vortex filament conjecture for membranes, cf. [10].
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Figure 1: Diagram of relations between equations in 1D and in higher dimensions
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2 Skew-mean-curvature flows

2.1 The vortex filament equation

Consider the space of (nonparametrized) knots & in R3, which is the set of images of all
smooth embeddings v : S — R3.

Definition 2.1. The vortez filament equation is 0y = v x +”, where v/ := dv/0s with
respect to the arc-length parameter s of the curve . Alternatively, the filament equation can
be rewritten in the binormal form as

0y = kb, (1)

where, respectively, k is the curvature and b = t x n is the binormal vector, the cross-product
of the tangent and normal unit vectors, at the corresponding point of the curve ~.

It is known that the binormal equation is Hamiltonian with respect to the so-called
Marsden-Weinstein symplectic structure on the space of knots £, the corresponding Hamilto-
nian function is the length functional L(y) = SV |7/ (s)| ds of the curve (see e.g. [I, 3] and the
discussion below).

Definition 2.2. Let v € & be an oriented space curve in R3, then the Marsden- Weinstein
symplectic structure wM" on the space & is given by

M) = |

LMM=JMWWWU%, (2)
Y Y

where 4 and v are two vector fields attached to +y, and y is the volume form in R3.

The vortex filament equation also serves as an approximation for the 3D incompressible
Euler equation for the vorticity confined to the curve v (hence, the name), where only local
interaction is taken into account [II, 3], cf. Section

2.2 Higher-dimensional binormal flows

The higher-dimensional generalization of the 1D binormal flow is also called the skew-mean-
curvature flow, and it is defined as follows:

Definition 2.3. Let X" < R""2 be a codimension 2 membrane (i.e., a compact oriented
submanifold of codimension 2 in the Euclidean space R"*?), the skew-mean-curvature (or,
binormal) flow is described by the equation:

orp = —J(H(p)), (3)

where p € ¥, H(p) is the mean curvature vector to ¥ at the point p, J is the operator of
positive 7/2 rotation in the two-dimensional normal space N,X to ¥ at p.

The skew-mean-curvature flow is a natural generalization of the binormal equation
[10]: in dimension n = 1 the mean curvature vector of a curve v at a point is H = xn, where
K is the curvature of the curve v at that point, hence the skew-mean-curvature flow becomes
the binormal equation (I): dy = —J(kn) = kb. It was studied for codimension 2 vortex
membranes in R* in [2I] and in any dimension in [12].

It turns out that on the infinite-dimensional space Mt of codimension 2 membranes, one
can also define the Marsden-Weinstein symplectic structure in a similar way:
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Definition 2.4. The Marsden-Weinstein symplectic structure w™" on the space 9t of codi-

mension 2 membranes is
M (S)(w,0) = [ i )
)

where u and v are two vector fields attached to the membrane > € 9, and p is the volume
form in R"*2.

Define the Hamiltonian functional vol(¥) on the space 9t which associates the n-
dimensional volume to a compact n-dimensional membrane X" < R"*2,

Proposition 2.5. The skew-mean-curvature flow is the Hamiltonian flow on the mem-
brane space M equipped with the Marsden- Weinstein structure and with the Hamiltonian given
by the volume functional vol.

Proof. In a nutshell, the Marsden-Weinstein symplectic structure is the averaging of the sym-
plectic structures in all 2-dimensional normal planes N, to X, hence the skew-gradient for
any functional on the submanifold ¥ is obtained from its gradient field attached at ¥ < R"*+2
by applying the fiberwise 7/2-rotation operator J in N,¥. On the other hand, the fact that
minus the mean curvature vector field —H is the gradient (in the L2-type metric) for the
volume functional vol(X) on 91 is well-known, see e.g. [15, [12]. Hence the Hamiltonian field
on the space 9 of membranes for the Hamiltonian functional vol(X) is given by —JH (p) at
any point p € X. O

2.3 Collapse in binormal flows of sphere products

Binormal flows are localized approximations of the Euler equation for an incompressible fluid
filling R™"*2? whose vorticity is supported on the membrane ", see [12, 21] and the next
section. This is why their short/long-time existence results could shed some light on the
motion of fluid flows themselves. It turns out that the following family of membrane motions
is of particular interest.

Theorem 2.6. Let F : ¥ = S™(a) x SH(b) — R™*! x R*T = R™*H+2 be the product of two
spheres of radiuses a and b. Then the evolution Fy of this surface X3 in the binormal flow is the
product of spheres Fy(X) = S™(a(t)) x SY(b(t)) at any t with radiuses changing monotonically
according to the ODE system:
a = —l/b,
{ b = +m/a. (5)
Ezplicitly, for initial conditions a(0) = ag, b(0) = by the radiuses of Fi(X) change as follows:

— form =1 one has a(t) = age/(90%) and b(t) = bye™/(a0bo) ;

— for m # 1 one has

m— [ \Y{=m) m— 1\ "™/ (m=1)
a(t) = ag <1 + aob t) and b(t) = by <1 + aob t) .

In particular, for 0 < m < the corresponding solution F; exists only for finite time and
collapses at t = agbo/(l —m).

Below we often omit the index 0 in the initial conditions if it does not cause a confusion.



Remark 2.7. The collapse means that the one of the radiuses becomes zero, while the other
becomes infinite, in finite time. The simplest case satisfying the collapse condition 0 < m <[
is m =1, = 2 for S'(a) x S?(b) = R®. Since the skew-mean-curvature flow is the localized
induction approximation of the Euler equation, this explicit solution might be useful to study
the Euler singularity problem in higher dimensions. Note also that the odd-dimensional
Euler equation has fewer invariants (generalized helicities) than the even-dimensional one
(generalized enstrophies), see [I]. The existence of many invariants helps control solutions, so
it is indicative that the first example with a finite life-span occurs in the odd 5D.

Proof. For a point ¢ = (q1,q2) € S™(a) x SH(b) — R™F! x R*1 let n; and ny be the outer
unit normal vectors to the corresponding spheres at the points q; and go respectively. Then
the mean curvature vectors of S™(a) and S'(b) as hypersurfaces in R™*! and R'*! are —1n,
and _%HQ respectively. Therefore the total mean curvature vector H of F : S™(a) x S'(b) —
R™++2 is a (normalized) contribution of m vectors —in; coming from S™(a) and [ vectors
—%HQ coming from S!(b). Thus the mean curvature of the sphere product is the vector
H=-"n; — éHQ (divided by the total dimension m + [ of the product, which we omit), and
the skew-mean-curvature vector is —JH = —%nl + %ng.

This implies that for the skew-mean-curvature flow d;q = —JH(q) given by the above
linear combination of the normals on the product of spheres, ¥; remains the product of two
spheres S™(a(t)) x S'(b(t)) for all times, where one of the spheres is shrinking, while the other
is expanding.

The explicit form of the —J H vectors implies the system of ODEs on the evolution of
radiuses. Rewriting this as one first order ODE one can solve this explicitly, as in Theorem [2.6
The system is Hamiltonian on the (a,b)-plane with the Hamiltonian function given by
H(a,b) := In(a™b!), which is the logarithm of the volume of the product of two spheres:
vol(X) = C'a™b'. (Note that the invariance of this Hamiltonian is consistent with conservation
of the volume of ¥, as the latter is the Hamiltonian of the skew-mean-curvature flow.) O]

Remark 2.8. It is known that the binormal equation has a unique global solution for smooth
initial curves understood as smooth maps S' — R3 [I4], and it has a global weak solution
with a uniqueness property for integral currents as initial data [I1]. Note that, thanks to
the Hasimoto transform, the binormal equation for curves is equivalent to the completely
integrable Schrodinger equation, and its solutions behave nicely in the space of immersions
(due to the local nature of the evolution, different arcs of the curve can cross through each
other). The higher-dimensional skew-mean-curvature flows are apparently non-integrable and
their local existence and uniqueness for compact oriented codimension 2 membranes in R¢
was proved recently in [24], 23, [9].

2.4 Higher-dimensional Euler equation in the vortex form

Explicit solutions of the binormal (or LIA for the Euler) equation based on sphere products
discussed above could shed some light on the singularity problem for the higher-dimensional
Euler equation, as the skew-mean-curvature flow is an approximation of the Euler equation
for vorticity supported on a membrane, cf. [I1, I7]. To the best of our knowledge, it is the
first example of an explicit solution of the LIA existing for finite time, and the collapse or
long-time existence of solutions of the binormal equation is suggestive for the corresponding
properties of the hydrodynamical Euler solutions.

Recall that the classical Euler equation for an inviscid incompressible fluid in R¢ describes



an evolution of a divergence-free fluid velocity field v(t, z):
o+ (v,V)v =—=Vp, (6)

where a pressure function p is defined uniquely modulo an additive constant by decaying
conditions at infinity and the constraint divwv = 0.

The binormal equation arises from the Euler equation as its localized induction ap-
proximation. Namely, define the vorticity 2-form & = dv” for the 1-form v” related to the
divergence-free vector field v by means of the Euclidean metric in R™. The vorticity form of
the Euler equation is 0§ = — L&, which means that the vorticity 2-form £ is transported by
the flow. The frozenness of the vorticity 2-form allows one to define various invariants of the
hydrodynamical Euler equation.

Remark 2.9. For d = 2 and singular vorticity £, supported on a set of points in the plane,
&= Z;VZI [';6,;, where zj € C ~ R? are coordinates of the jth point vortex, the evolution of
point vortices according to the Euler equation is described by the Kirchhoff system

. oH .
Fij = — aizj, 1 < ¥ < N
in CV ~ R?N for the Hamiltonian function # = — 1 ;\;k LTy In |z — 2>

More generally, assume that the vorticity 2-form £ is a singular d-type form supported on
a membrane X: £ = dy. Then a (co-closed) 1-form v” = d~16x, (and hence the divergence-free
vector field v) can be reconstructed by means of a Biot-Savart-type integral formula from the
vorticity €. Finally, by keeping only local terms in the expression for the field-potential v and
rescaling the time variable in the Euler equation ;{ = —L,&, one arrives at the binormal
equation for the evolution of the vorticity support 3, see details in [12].

Remark 2.10. There is yet another relation of the Euler and binormal equations in the
case of sphere product membranes. By assuming both the velocity v and the pressure p
in equation (6)) to be functions of the distances (z,y) to the origin: = = |X|,y = |Y| for
X e R™" Y € RI*L, one arrives at a version of the 2D Euler equation (6]) supplemented by
the adjusted incompressibility condition: div (b(x,y) - v) = 0, where b(z,y) := 2™y'. This
equation for a smooth function b(x,y) in a bounded domain (also called the lake equation)
was studied in [4]: the function b(z,y) can be understood as the lake’s depth in a model of
the vertically averaged horizontal velocity.

Then the examples of motion for the products of spheres correspond to singular vorticity
£ = 0y for ¥ = S™(a) x SY(b) = R™*! x R+ = R™M*+2 for the Euler equation in R™++2,
It reduces to the motion of a point vortex (4 for (a,b) € R? for the corresponding lake
equationr_-] Hence Theorem provides explicit solutions of point-vortex type, both existing
forever or collapsing in finite time, depending on the membrane structure and dimension.

3 (Non)invariance of the Willmore energy and (non)existence
of the Hasimoto transform
3.1 Motivation: Hasimoto and Madelung

It turns out that the example of vortex sphere products also delivers a counterexample for
the existence of a natural analogue of the Hasimoto transform. (More precisely, we will prove

!'We are grateful to R. Jerrard for this remark.



below that there is no Hasimoto analogue in which the curvature of a curve is replaced by
its only natural counterpart in higher dimensions, the mean curvature of a membrane.) To
describe this counterexample we start with outlining three different avatars of the skew-mean-
curvature flows and the related conjecture on the Willmore energy conservation.

Definition 3.1 [§]. Given a parametrized curve v : R — R? with curvature x and torsion 7,
the Hasimoto transformation assigns the wave function ¢ : R — C according to the formula

(K(),7(5)) = () = R(s)e 0T H, (7)

where s is some fixed point on the curve. (The ambiguity in the choice of sy defines the wave
function 1 up to a phase.)

This Hasimoto map takes the vortex filament equation to the 1D nonlinear Schrodinger
(NLS) equation:

1
i)+ 9" + S|P =0 (8)

for (-, t) : R — C, see e.g. [3].

On the other hand, considering separately the curvature (-,¢) and torsion 7(-,¢) of the
curve (-, t) € R? moving by the binormal flow, the evolution of x and 7 satisfies the following
system of Da Rios’ equations [5]:

9)

"

/
O + 27T — (%2 +“—) =0.

K

{ Ok + 26/ + k7' =0,

By introducing the density p = x? and the velocity v = 27, the Da Rios equations turn into
the following system of compressible fluid equations:

orp + div(pv) = 0,
/ NCAY
{ o + vv' + (—p—2\/ﬁ> = 0.
What part of the above can be generalized to higher dimensions? It turns out that
long before the discovery of the Hasimoto transform, Madelung [16] gave a hydrodynamical
formulation of the Schrodinger equation in 1927, which is called the Madelung transform.

(10)

Definition 3.2. Let p and 6 be real-valued functions on an n-dimensional manifold M with
p > 0. The Madelung transform is the mapping ® : (p,0) — 1 defined by

W =/ pei. (11)

The Madelung transform maps the system of equations for a barotropic-type fluid to the
Schrodinger equation. More specifically, let (p, ) satisfy the following barotropic-type fluid
equations:

Orp + div(pv) = 0,
2A/p (12)
o + (v, V)v + V(QV —2f(p) — 7) =0
NG
with potential velocity field v = V6, and functions V: M — R and f: (0,00) — R. Then
the complex-valued function (-, t) := +/pei? : M — C obtained by the Madelung transform

satisfies the nonlinear Schrodinger equation

i) = =AY + Vp — f([]*)9. (13)



In the 1D case for V' = 0 and f(z) = z/2 this gives the equivalence of the NLS and the
compressible fluid .

One can see that the one-dimensional Madelung transform, being interpreted in terms of
the curvature and torsion of a curve, reduces to the Hasimoto transform [13]. It is challeng-
ing, however, to fit the membrane geometry into this framework, and a search for a proper
generalization of the Hasimoto map to different manifolds and to higher dimensions has been
on for some time, cf. e.g. [10} 18, 20} 24].

The main question is whether there exists an analogue of the Hasimoto map which can
send the binormal equation to an NLS-type equation for any dimension n [13], or, thanks
to the Madelung transform identifying the NLS and the barotropic equations, one is searching
for a relation of the binormal equation and barotropic-type fluid equations in arbitrary
dimension 7.

In view of the binormal evolution and continuity equations @D—, the square of the
mean curvature vector |H|? is regarded as a natural analogue of the density p (recall that
in 1D we set k2 = p). Therefore an analogue of the total mass of the fluid is the Willmore
energy:

Definition 3.3. For an immersed submanifold F : £¥ — R%, its Willmore energy is defined
as

W) = | |HE@)F dvol, = [ HE) dvoly, (14)
b F(2)

where g = F*g, denotes the pull-back metric of the Euclidean metric g, on R and H is the
mean curvature vector at point p = F(q) on the submanifold F(X) c R<.

Assuming the existence of a relation between the skew-mean-curvature flow and a
barotropic fluid, one arrives at the following conjecture:

Conjecture 3.4. [13] For a codimension 2 submanifold F;, : ¥ — R"*2 moving by the
skew-mean-curvature flow o,q = —JH(q) for q € ¥ the following equivalent properties hold:
i) its Willmore energy W(Fy) is constant in time: 0, W(F;) =0,
ii) its square mean curvature p = |H |2 evolves according to the continuity equation

op + div(pv) =0
for some vector field v on 3.

Remark 3.5. The equivalence of the two statements is a consequence of Moser’s theorem: if
the total mass on a surface is preserved, the corresponding evolution of density can be realized
as a flow of a time-dependent vector field.

3.2 Willmore energy in binormal flows

The second statement of the following proposition provides a counterexample to Conjecture|3.4
on the invariance of the Willmore energy.

Proposition 3.6. i) Conjecture is true in dimension 1, i.e. for any closed curve v; < R3
moving by the binormal flow one has

W(7y:) = const.

ii) The Willmore energy is not necessarily invariant for membranes, i.e. in dimension
n = 2. Namely, for the binormal evolution of the sphere products F : ¥ = S™(a) x S{(b) —



R™HI xR = R™HA2 of radiuses a and b, the corresponding Willmore energy is not preserved
for any initial values of a and b:

m? 12

o ) ol
o )
for a constant Cp,y and vol(X) = vol(F4(X)) := a™b.

Example 3.7. Explicitly, the Willmore energy of the Clifford torus F : T? = S'(a) x S'(b) —
R* evolves in the binormal flow as follows:

b(t) a(t) b t/(a a _at/)(a
W(F;) = 4n? (a(t) + b(t)) = 4r? <ae2 /ab) 4 ¢ 2t/( b)> ,

and it is not constant in time.

W(F;) = Cy (

Proof. For a curve v  R3, the conservation of the Willmore energy means the time invariance
of the integral W(y) = Sv k?ds or, equivalently, in the arc-length parameterization, of the
integral S,y |¥"|2ds. This fact is a well-known result: the elastica Lagrangian is the first
integral of the binormal flow, see e.g. [3,8]. This also can be verified by this straightforward
computation:

o) =2

Y

(0ry",v") ds = —2]

(at,y/’,y///) ds — _zj ((’7/ % 7//)/7,7///) ds = 0,
N

.
where the second last equality follows from the binormal equation.

In higher dimensions, the evolution of the sphere products is given by the system . It is
Hamiltonian on the (a, b)-plane with the Hamiltonian function given by H(a,b) := In(a™b') =

In(vol(¥)) + const, the logarithm of the volume of the sphere product: vol(X) := C,; a™bl.
To be invariant, the Willmore energy has to be a function of vol(X) as well. However, recalling
that H = —"'n; — %HQ for the sphere product, one obtains

m? 12

m? 12 m
|H|*dvol, = <a(t)2 + b(t)2> -vol(2y) = Cpuy (a(t)2 + b(t)2) —a™,

where C,,; is a constant depending on the dimensions m, . One observes that factor
(m?/a(t)® +12/b(t)?) in the Willmore energy cannot be a function of the area a™b' (see
explicit formulas for a(t) and b(t) in Theorem [2.6), hence W(F}) is not preserved. O

W(E) = f

pI

Remark 3.8. Furthermore, one can give a simple parametrization to a Clifford torus and
derive explicitly its second fundamental form: A = diag(—in;, —3n,). This example might
be particularly useful in order to prove the filament conjecture for membranes for the Gross-
Pitaevskii equation, cf. [10] [11].

In Appendix we will quantify the measure of noninvariance of the Willmore energy in the
skew-mean-curvature flows by deriving the continuity equation with a source term governing
the density p = |H|? of the mean curvature:

Theorem 3.9. The skew-mean curvature evolution of the membrane ¥ yields the following
continuity equation with a source on the “curvature density” p = |H|?:

Op + div(px) = 29" ¢" (Aij, H) (A, JH),
where A;j are the second fundamental forms in local coordinates, (g*) is the inverse matriz of

the induced metric (gi;), and x(q) = 29" (Vj%, %) e; is the torsion vector field (discussed

in the next section).

10



Here and below one assumes the sum over repeated indices. We give details of the proof
and the full system of the equations in Section

4 Torsion forms and torsion vector fields for membranes

It turns out that there is one more important difference between the higher-dimensional and
1D cases — now in the notion of torsion. Namely, while for curves in R? their torsion is a
function, for membranes in higher dimensions there exists a natural torsion 1-form 7 described
below, which “governs the rotation” of the mean curvature vector in the normal plane when
traveling along a path on a membrane . However, as we show in this section, this torsion
1-form is not exact in general. This also partially explains the absence of a higher-dimensional
Hasimoto transform: one cannot introduce the “phase” of the would-be wave function, i.e. the
“angle of rotation” of the mean curvature vector H, as it depends not only on the endpoints
on X, but also on a path between them along the membrane.

Recall that for curves in R3, according to the Frenet-Serret formulas, the curvature vector
kn is described by its magnitude and the angle of rotation in the normal plane as a function of
the curve parametrization. Similarly, for codimension 2 membranes, one can define the mean
curvature vector H in the normal plane, while its “angle of rotation” leads to the following
definition of the torsion connection form in the (normal) S!-bundle over the membrane.

For an immersed submanifold F : ¥ — R"*2 consider the principal S'-bundle N of unit
normal vectors over X:

Sl— > N

|-

ETL
Figure 2: The S'-bundle of unit normal vectors over X.

Let H be the field of mean curvature vectors over X, and we assume that |H| # 0 everywhere
(otherwise we pass to the open part ¥* < ¥ where H is nonvanishing, as our consideration is
local). Then the normalized vectors h := % define a smooth section of the S'-bundle N. In
particular, the S'-bundle N over ¥ is topologically trivial, as it admits a global section.

Definition 4.1 (cf.[6]). An embedding of ¥ — R"*2 defines the following (normal) reference
connection Ay := V4 on the unit normal bundle N:

Vin = (Vxn)t =Vxn—(Vxn)',

where X is a vector tangent to 3 at a point ¢, a unit normal field 7 is extended from X to its
neighbourhood in R"*2, V stands for the Euclidean connection in R”*2, and the indices vt
and v' stand for the projections to the normal and tangent planes to ¥ at . This connection
does not depend on the extension of 7 and is well-defined as an S'-connection on the unit
normal bundle N — 3.

Any other S'-connection A in N can be expressed as a connection (and hence a real-valued
1-form) on the base by comparing it to the connection Ay, i.e. A — Ay € Q1(Z,R). We are
interested in a specific choice of A related to the mean curvature of X.
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Definition 4.2. The (mean) curvature connection A on the principal S'-bundle N is defined
by declaring the section h := % of the S'-bundle N — X be its horizontal section. The

generalized torsion form of the submanifold F : ¥ — R"*2 is the 1-form 7 = A — Aj €
Q(2,R), where Ay is the normal connection described above.

The torsion vector field x := 27% is defined as metric dual to the torsion form, i.e. for any
vector v € T,X one sets (x,v) = 27(v) at any point g € X.

Proposition 4.3. The 2-form —dr is equal to the curvature of the normal connection (i.e.
normal curvature) of the submanifold F : ¥ — R"+2,

Proof. The exterior covariant derivative in IV is just the exterior derivative, since S! is abelian.
Hence the curvature of the connection A is Q = dA = d7 + dAg. Furthermore, A is a flat
connection, since ‘—g' is a global section of N. Indeed, the existence of a global section of

the S'-bundle N — X, means that any other horizontal section of N is global, differing from
h = %' by a constant angle o € S*, and hence the holonomy in N over any closed path in
> is the identity. We obtain that dr = —dAp, which means —d7 coincides with the normal
curvature, since Ag is induced by the normal connection. O

Corollary 4.4. If the normal curvature of submanifold F : ¥ — R"*2 does not vanish, the
1-form 7 is not exact, and hence the “angle of rotation” of the mean curvature vector H from
one point to another depends on a path between them on the membrane X .

5 Appendix: Generalized Da Rios equations

The evolution of the codimension 2 membranes according to the binormal flow satisfies a
system of equations on its mean curvature vector H and generalized torsion form 7. Here we
derive those generalized Da Rios-type equations. Due to their analogy with the compressible
fluid equations, we will call the equation on the mean curvature H the continuity equation,
while the evolution of the torsion form 7 is the momentum equation. Some computations in
this section can be found, e.g., in [I5] 24], and are included here to make the derivation of the
Da Rios-type equations — self-contained.

5.1 Gradient of the Willmore energy

We start by deriving the gradient of the Willmore energy in any dimension, which could be
of independent interest. For this we generalize the derivation of the Willmore gradient done
in [15] for 2-dimensional, compact immersed surfaces in R? to the case of compact immersed
submanifolds of any dimension. All the gradients here and below are considered with respect
to the corresponding L2-metrics.

More specifically, consider an immersed submanifold F' : £® — R"*_ Recall that the
Willmore energy is defined as

W(F) = L |H|? dvoly, (15)

where ¢ = F*g. denotes the pull back metric of the Euclidean metric g, on R*** and H is
the corresponding mean curvature vector field.
In local coordinates (x1, ..., x,) on the manifold ¥ the pull-back metric g on X is
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and the corresponding volume element is the n-form dvol = 4/detg;; dz1 A -+ A dxy,.
We have the following splitting of the pull-back bundle F*TR"** = Uges Ty R

TpR"* = DF|y(Ty%) ® N, %,

where DF is the tangent map of F. The second fundamental form A;; = (0;0;F)* is the
projection of the second derivatives of I’ to the normal bundle N,¥. Then the mean curvature
vector at any point is H = g% A;j, where (¢") is the inverse matrix of the induced metric
(9ij)-

Now we give the formula of the normal gradient of the Willmore energy.

Theorem 5.1. The normal part of the gradient of the Willmore energy is
1 s 1
§VLW = A H + g% g (A, H) Ay — S HIH, (16)

where A+ = g"jVZ-iVj denotes the Laplacian in the normal bundle, and ViL = VL s the
ox

i

normal connection.

To prove this theorem, we need the following two lemmas, which we include for a self-
contained proof.

Lemma 5.2 (cf. [I5,24]). For a smooth family of immersions F; : ¥ — R"** with a normal
variation 0y Ft|i—o =V along Fy, the time derivative of the volume element is

Ordvoly = — (H, V') dvoly. (17)
Proof. One has didet(g) = (9% 0¢gi;)det(gmi), and
019ij = (010:F, 0 F') 4 (O:F, 010 F) = — (0, F, 0;0;F) — (0;0;F, 04 F') = —2 (A5, V).
From this we obtain

Ordet(gmi) = —2¢" (Aij, V) det(gm) = =2 (H, V) det(gpm).

Therefore,
1
at V det(gml) = 7atdet(gml) == (H, V) \% det(le)v
2 V det(gml)
i.e., didvoly = — (H, V) dvol,. O

Define the normal derivative d;- H of the mean curvature vector H as the projection of the
time derivative 0;H to the normal bundle to X.

Lemma 5.3 (cf. [I5]). For a smooth family of immersions Fy : ¥ — R"** with a normal
field 0,Fy|i—o = V along Fy, the normal time derivative o) H of H is

OFH = ATV + g™ gl (A5, V) Ay
Proof. Since Ajj = (0;0;F)* = 0;0;F — T¥,0,F = V;V,F, one has

0FAij = (0i;V —TEV) = (ViV V)t = ViV5V + Vi((0V, 0mF) g™ F)
= ViViV = (Ajm, V) g™VFOF = VEVIV — (Ajm, V) g™ Ag.
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For H = ¢% A;; we obtain

O H = gY(0f Ay) + (09" Ay o
= GU(VIVIV = (Ajm, V) g™ Ai) + 29" g7 (A, V) Ay
ALV + gimgﬂ (Aij, V) A

Now we can complete the proof of the theorem.

Proof of Theorem[5.1, Consider a smooth family of immersions Fy : X" — R"*¥ with the
field 0;F;|;—p = V normal along F;. Then the time derivative of the Willmore energy is

CW(E) = [ @i (|H|*dvoly) = 2 (0 H, H) dvol, + §y, [H[*ydvol,
= 2\, (AYV, H) + g"™g’ (Aij, V) (Apu, H) — 5|H|? (H, V) dvoly
= 2§ (AYH + g™yl (Ayj, H) Ay — 5|H|*H, V) dvol,.

Therefore, the normal gradient of the Willmore energy is

1 - 1
§VLW = AYH + g™gT (Aij, H) Ay — §]H]2H.

5.2 Evolution of the Willmore energy in the skew-mean-curvature flows

Consider now a smooth family of immersions F; : ¥" — R"*2 evolved by the skew-mean-
curvature flow: 0;F;|;—o = —JH, where J is the operator of rotation by 7/2 in the positive
direction in every normal space to X.

Proposition 5.4. The Willmore energy of ¥ changes in time in the skew-mean-curvature
flow as follows:

AW(F) — —2f

. (45, 1) (41, TH) dvol,.

Proof. Employing the gradient formula for the Willmore energy we obtain

OW(F) = —2{.(VW, JH) dvol, = =2§, (V*W, JH) dvol,
= =2\ (AYH + g™’ (Aij, H) Apy — 3|H[*H, JH) dvol,.

The third term (%|H|2H, JH) is pointwise zero on X, since H | JH.

For the first term we need the following lemma.

Lemma 5.5 (sce [24]). V+J = JVL.

Proof. Let us prove that V- JV = JV1V for an arbitrary unit normal vector field V. Note
that {V,U = JV} form a local orthonormal frame. Hence for any tangent vector field X, we

have
JV%V = J(0x V)t = J(0xV, V)V + (oxV,U)U) = J (xV,U) U,

and
Vx(JV) = V%(U) = (0xU)* = (0xU, V)V + (0xU,U)U = (oxU, V)V = J (oxV,U) U.

Therefore JV%V = V(JV). O

14



To complete the proof of the proposition, we integrate by parts the first term of oW (F}):

—~ J (AYH, JH) dvol, =f (V'H, V*JH) dvoly,
b)) b
and by Lemma [p.5, (V1H,VJH) = (V'H,JV'H) = 0 pointwise on X, ie,
- SZ (ALH , JH ) dvol, vanishes on X. Thus we conclude that

OW(F,) = —2f g™ g7 (Aij, H) (A, JH) dvoly, = —2 f (Aﬁ,H) (A}, JH) dvol,.
) X

O]

Corollary 5.6. The Willmore energy of a closed submanifold X is invariant under the skew-
mean-curvature flow, if and only if

f (Aﬁ.,H) (A%, JH) dvol, = 0
b
for all times t.

Remark 5.7. For a 1-dimensional ¥, i.e for a vortex filament 7, the second fundamental form
reduces to the mean curvature of the curve: A = H = k. Hence (A, H) (A, JH) = 0 at every
point on Y. However, in higher dimensions the pointwise identity (Aé, H ) (Af, JH ) = 0 does
not necessarily hold on the membrane ¥, and hence the Willmore energy might not conserve.

Remark 5.8. For a Clifford torus the computation of ., (A;;, H) (Aij, JH) dvolg is straight-

forward: since 11 11 1 1
Aij, H) (Aij, JH) = =5 — + 5 — = — abd’
( J ) ( J ) a2 ab + b2 ab a3b + ab?

we obtain

2m 2w 1 1 1 1
Asiy H) (Ag;, JH) dvol, = e (= -2,
JW( i, H) (A5, JH) dvol, L Jo < a3b+ab3>abd0d¢ T <b2 a2>

So if a # b at time ¢, we have {, (4;;, H) (Aij, JH) dvoly # 0. Furthermore, the tori with
equal radiuses a = b do not form an invariant set, since under the skew-mean-curvature flow
one radius of the Clifford torus is increasing, while the other is decreasing. Thus the Willmore
energy is not invariant under the skew-mean-curvature flow for any initial values a and b.

5.3 The continuity equation and generalized Da Rios equations

Let F} : ¥ — R"*2 be a codimension 2 vortex membrane moving by the skew-mean-curvature
flow. Let (z1, 22, ,zy) be local coordinates on X", and {e1, ea, - - - , e, } be the corresponding
local frame in the tangent space.

According to Lemma the time derivative of the square of the mean curvature is

G HP = =2 (AMH + g ¢! (Ayy, H) Ay, TH) (18)

It turns out that the first term in the right-hand side can be expressed as the divergence of a
certain vector field.
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Lemma 5.9. For a vector field o := (gikVtH, JH) e; on the submanifold 3, its divergence
18
diveo = (ATH, JH).

Proof. Recall that for an arbitrary vector field X = X'e; on ¥ its divergence is as follows:
dive X = tr(VX) = ¢"V; X, = V; X" (19)

Furthermore, define T% = gikVﬁH. Then we have ViiTi = ViigijVjLH = ATH. This implies
that ) ) )
divye = V,; (T, JH) = (V;T*, JH) + (T*, V;JH)
(AH,JH) + (9} H, VT H) = (A“H,JH) .
O

Recall that the torsion form 7 = 7;dz’ has components 7; = (V%WHI’ %) for the mean

curvature vectors H on a membrane 3 with the second fundamental form A;;. We can now
describe explicitly the torsion vector field introduced in Definition [4.2

Proposition 5.10. Given a local frame {ey,ea, -+ , ey} in the tangent space of ¥ the torsion
vector field in the corresponding local coordinates is

i H JH
X = 2913 <vl7 ) €,
TlH| H])
where (g) is the inverse matriz of the metric (g;;) induced on X from R"*2.

Proof. For a vector v € T,;3 and the section h := %, the tangent map Dh : TyX — Ty N
maps v to the vector Dh(v) in the tangent space of the section h. Then the normal component
of Dh(v) is equal to 7(v) = (A — Ap)(v).

Denote by V;h the vector Dh(e;) in the tangent space of the smooth section h over ¥ at
any point, then (V;h, Jh) Jh is its normal component. For v = v’e; the normal component of
Dh(v) is v* (V;h, Jh) Jh, hence the torsion form is

() = o' (Vih, Jh) = £ (x.0),

where y = 2¢% (Vj*h, Jh) e; is the torsion vector field. O

Recall that for the normalized mean curvature h := H/|H| the orthonormal frame {h, Jh}
is a basis of the normal bundle N¥ to the membrane ¥. The torsion form 7 = 1;dz’ for
T = (V%h, J h) measures how much this frame rotates when one moves along the tangent
vector e; on the surface 3. Finally, the equations for torsion and curvature (or, rather,
curvature density) form the following pair of equations, generalizing the Da Rios system @

Theorem 5.11 (=(3.9)"). The skew-mean-curvature evolution of the membrane % implies
the following continuity equation with a source for the curvature density p = |H|?

p + div(px) = 29" ¢ (Asj, H) (Ag, JH) (20)
and the momentum equation for the torsion T = Tidx’

mkgil( A, JH)(Agy, JH
6tTi+Vi‘T|2—Vi7A|]|¥IT| R v A Mt "”‘}{'2)( k1, JH)

(21)

+ UQLTI2 (A, H) (ViJH,JH) — (Ay, JH) (Vi JH, H)).
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Corollary 5.12. The continuity equation can be rewritten in the form
atLH +2¢" VI H + (Vir)H = —g™* g7 (A, JH) Ayj (22)
Proof Equation follows from , Lemma and Proposition since y =
(V]ilg‘, ﬁ[l) e; = Qg” %el Plugging p = |H|2 into l) we get
2(H,0.H) + |H|*divy + 2(H,V, H) = —2¢" ¢/ (Aij, H) (A, JH).
Then plugging in x = 2¢% Tje; we obtain
2(H,0,H) + 4(H,¢" 7,V ;H) + 2| H|*V'ir; = —2¢g' g7 (A;;, H) (A, JTH),

i.e.
OFH + 29"V H + (Vin)H = —g™* ¢/ (A, JH) Ay
The momentum equation is obtained by using ¢ <V1%> =V; (6t‘—g|> via a direct but
tedious computation comparing the corresponding coeflicients. O

Remark 5.13. The equations - are analogues of the equations of barotropic-type
fluids related to vortex membranes in higher dimensions, as well as the natural extensions
of the Da Rios system @D Their more complicated form in higher dimensions is related to the
fact that the metric induced on a membrane changes during the binormal evolution, while in
the 1D case the induced metric on a vortex filament (e.g. arc-length parametrization) remains
intact due to inextensibility of the curve.
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