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Abstract

The binormal (or vortex filament) equation provides the localized induction approx-
imation of the 3D incompressible Euler equation. We present explicit solutions of the
binormal equation in higher-dimensions that collapse in finite time. The local nature of
this phenomenon suggests a possibility of the singularity appearance in nearby vortex blob
solutions of the Euler equation in 5D and higher.

Furthermore, the Hasimoto transform takes the binormal equation to the NLS and
barotropic fluid equations. We show that in higher dimensions the existence of such a
transform would imply the conservation of the Willmore energy in skew-mean-curvature
flows and present counterexamples for vortex membranes based on products of spheres.
These (counter)examples imply that there is no straightforward generalization to higher
dimensions of the 1D Hasimoto transform. We derive its replacement, the evolution
equations for the mean curvature and torsion form for membranes, thus generalizing the
barotropic fluid and Da Rios equations.
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1 Introduction

The vortex filament equation describes the motion of a curve in R3 under the binormal flow:
each point on the curve is moving in the binormal direction with a speed equal to the curvature
at that point. This equation is a “local” approximation of the 3D Euler equation for vorticity
supported on a curve. The membrane binormal (or skew-mean-curvature) flow is a natural
higher-dimensional generalization of the 1D binormal flow [10, 21, 12]: instead of curves in
R3, one traces the evolution of codimension 2 submanifolds in Rd (called vortex membranes),
where the velocity of each point on the membrane is given by the skew-mean-curvature vector.
The latter is the mean curvature vector to the membrane rotated in the normal plane by
π{2. The binormal equations are Hamiltonian in all dimensions with respect to the so-called
Marsden-Weinstein symplectic structure and the Hamiltonian functional given by the length
of the vortex filament or, more generally, the volume of the membrane [7, 12].

These equations in any dimension arise as an approximation of the incompressible Euler
equation in which the vorticity is supported on a membrane and the evolution is governed by
local interaction only (“LIA” - localized induction approximation). Below we present explicit
solutions of the LIA for the Euler equation based on sphere products and prove that some of
them exist for a finite time only and then collapse, see Theorem 2.6. The simplest such case
is the motion of a three-dimensional vortex membrane S1 ˆ S2 in R5, and the local nature
of this collapse hints to the singularity in the higher-dimensional Euler equations. While the
singularity problem for the 3D Euler (and Navier-Stokes) equations is well known and wide
open, it is equally open in dimensions n ą 3. Note that the incompressibility condition is
seemingly less restrictive in higher dimensions, and hence the incompressible Euler equation
should behave somewhat similar to the Burgers or compressible Euler equations, where the
emergence of shock waves, and hence no long-time existence, is well known. In spite of this
similarity, to the best of our knowledge, there are yet no explicit results about emergence
of singularity in higher-dimensional incompressible Euler equations. Hopefully, the sphere
product example of the binormal motion of S1 ˆ S2 Ă R5 could shed some light on the
finite-time existence of a smooth solution of the Euler equation tracing this motion.

The second goal of this paper is to give a counterexample to the existence of an analogue
of the Hasimoto transform in higher dimensions. More precisely, we argue that there is no
natural analogue of this transform with the mean curvature of a membrane in Rd replacing
the curvature of a curve in R3: the evolution equations of the mean curvature in the binormal
flow become necessarily much more complicated than their counterparts for curves.

Namely, Da Rios in 1906 brought in the idea of LIA of the Euler equation to study the
vortex dynamics and derived the evolution equations for the curvature κ and torsion τ of a
curve moving according to the binormal flow. His work is known today mostly thanks to his
advisor Levi-Civita, who promoted and extended it (see [19] for the historical survey). The
LIA method and Da Rios equations were reconsidered in the 1960s, see [2]. These equations
appear in several other contexts, e.g., in the study of one-dimensional classical spin systems
[1, 3]. More importantly, in 1972 Hasimoto discovered a transformation yielding a complex-
valued wave function ψ “ κ exppi

ş

τq from the pair of real functions pκ, τq such that this
wave function ψ satisfies the nonlinear Schrödinger equation. Furthermore, by considering
the evolution of the density ρ “ κ2 and the velocity be v “ 2τ one obtains the equations of
barotropic-type (quantum) 1D fluids, see Figure 1 for the relations between these equations.
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A natural question is whether the higher-dimensional binormal flow possesses similar re-
lations to Schrödinger- and barotropic-type equations, as well as what are its implications for
the Euler hydrodynamics. Finding a higher-dimensional version of the Hasimoto transform
was a folklore problem for quite a while, see e.g. [10, 12, 20, 21, 24]. It is shown in [22] that
the Gauss map of the SMCF satisfies a Schrödinger flow equation. It was observed in [13] that
to construct a higher dimensional generalization of the Hasimoto transformation one needs to
prove a conservation law for the Willmore energy. Namely, the conjectural invariance of the
Willmore energy would imply the simpler of the two barotropic fluid equations, the continuity
equation, which is a necessary condition for the existence of a Hasimoto transformation.

In the present paper, we give a counterexample to the energy invariance conjecture by
describing explicitly the motion of Clifford tori under the skew-mean-curvature flow and show
that their Willmore energy is not conserved, see Proposition 3.6. Essentially, these counterex-
amples imply that there is no straightforward generalization of the Hasimoto transform to
relate the binormal and barotropic (and hence Schrödinger) equations in higher dimensions,
and if it exists, it must be necessarily complicated.

Finally, we introduce a natural generalization of the torsion for codimension 2 membranes
(Section 4) and derive the evolution equations for the mean curvature and the torsion form,
thus replacing equations of a barotropic-type fluid in the Hasimoto transform and generalizing
the Da Rios equations, Theorems 3.9, 5.11. These counterexamples emphasize the difference
between the 1D and higher-dimensional skew-mean-curvature flows and might be particularly
useful to prove the vortex filament conjecture for membranes, cf. [10].
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(quantum)

fluid

filament
equation

1D NLS

higher-
dimensional
barotropic-
type fluid

skew-mean-
curvature flow

n-dimensional
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From
γ to pκ, τq

+
Hasimoto
transform
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ş

τds

ρ “ κ2

v “ 2τ

Hasimoto
transform
ψ “ κei

ş
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?

ρ “ |H|2
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transform
Ψ “

a

ρeiθ

Figure 1: Diagram of relations between equations in 1D and in higher dimensions
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2 Skew-mean-curvature flows

2.1 The vortex filament equation

Consider the space of (nonparametrized) knots K in R3, which is the set of images of all
smooth embeddings γ : S1 Ñ R3.

Definition 2.1. The vortex filament equation is Btγ “ γ1 ˆ γ2, where γ1 :“ Bγ{Bs with
respect to the arc-length parameter s of the curve γ. Alternatively, the filament equation can
be rewritten in the binormal form as

Btγ “ κb , (1)

where, respectively, κ is the curvature and b “ tˆn is the binormal vector, the cross-product
of the tangent and normal unit vectors, at the corresponding point of the curve γ.

It is known that the binormal equation is Hamiltonian with respect to the so-called
Marsden-Weinstein symplectic structure on the space of knots K, the corresponding Hamilto-
nian function is the length functional Lpγq “

ş

γ |γ
1psq| ds of the curve (see e.g. [1, 3] and the

discussion below).

Definition 2.2. Let γ P K be an oriented space curve in R3, then the Marsden-Weinstein
symplectic structure ωMV on the space K is given by

ωMV pγqpu, vq “

ż

γ
iuivµ “

ż

γ
µpu, v, γ1q ds, (2)

where u and v are two vector fields attached to γ, and µ is the volume form in R3.

The vortex filament equation also serves as an approximation for the 3D incompressible
Euler equation for the vorticity confined to the curve γ (hence, the name), where only local
interaction is taken into account [1, 3], cf. Section 2.4.

2.2 Higher-dimensional binormal flows

The higher-dimensional generalization of the 1D binormal flow is also called the skew-mean-
curvature flow, and it is defined as follows:

Definition 2.3. Let Σn Ă Rn`2 be a codimension 2 membrane (i.e., a compact oriented
submanifold of codimension 2 in the Euclidean space Rn`2), the skew-mean-curvature (or,
binormal) flow is described by the equation:

Btp “ ´JpHppqq, (3)

where p P Σ, Hppq is the mean curvature vector to Σ at the point p, J is the operator of
positive π{2 rotation in the two-dimensional normal space NpΣ to Σ at p.

The skew-mean-curvature flow (3) is a natural generalization of the binormal equation
[10]: in dimension n “ 1 the mean curvature vector of a curve γ at a point is H “ κn, where
κ is the curvature of the curve γ at that point, hence the skew-mean-curvature flow becomes
the binormal equation (1): Btγ “ ´Jpκnq “ κb. It was studied for codimension 2 vortex
membranes in R4 in [21] and in any dimension in [12].

It turns out that on the infinite-dimensional space M of codimension 2 membranes, one
can also define the Marsden-Weinstein symplectic structure in a similar way:
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Definition 2.4. The Marsden-Weinstein symplectic structure ωMV on the space M of codi-
mension 2 membranes is

ωMV pΣqpu, vq “

ż

Σ
iuivµ, (4)

where u and v are two vector fields attached to the membrane Σ P M, and µ is the volume
form in Rn`2.

Define the Hamiltonian functional volpΣq on the space M which associates the n-
dimensional volume to a compact n-dimensional membrane Σn Ă Rn`2.

Proposition 2.5. The skew-mean-curvature flow (3) is the Hamiltonian flow on the mem-
brane space M equipped with the Marsden-Weinstein structure and with the Hamiltonian given
by the volume functional vol.

Proof. In a nutshell, the Marsden-Weinstein symplectic structure is the averaging of the sym-
plectic structures in all 2-dimensional normal planes NpΣ to Σ, hence the skew-gradient for
any functional on the submanifold Σ is obtained from its gradient field attached at Σ Ă Rn`2

by applying the fiberwise π{2-rotation operator J in NpΣ. On the other hand, the fact that
minus the mean curvature vector field ´H is the gradient (in the L2-type metric) for the
volume functional volpΣq on M is well-known, see e.g. [15, 12]. Hence the Hamiltonian field
on the space M of membranes for the Hamiltonian functional volpΣq is given by ´JHppq at
any point p P Σ.

2.3 Collapse in binormal flows of sphere products

Binormal flows are localized approximations of the Euler equation for an incompressible fluid
filling Rn`2 whose vorticity is supported on the membrane Σn, see [12, 21] and the next
section. This is why their short/long-time existence results could shed some light on the
motion of fluid flows themselves. It turns out that the following family of membrane motions
is of particular interest.

Theorem 2.6. Let F : Σ “ Smpaq ˆ Slpbq ãÑ Rm`1 ˆ Rl`1 “ Rm`l`2 be the product of two
spheres of radiuses a and b. Then the evolution Ft of this surface Σ in the binormal flow is the
product of spheres FtpΣq “ Smpaptqq ˆ Slpbptqq at any t with radiuses changing monotonically
according to the ODE system:

"

9a “ ´l{b,
9b “ `m{a.

(5)

Explicitly, for initial conditions ap0q “ a0, bp0q “ b0 the radiuses of FtpΣq change as follows:

– for m “ l one has aptq “ a0e
´lt{pa0b0q and bptq “ b0e

mt{pa0b0q;

– for m ‰ l one has

aptq “ a0

ˆ

1`
m´ l

a0b0
t

˙l{pl´mq

and bptq “ b0

ˆ

1`
m´ l

a0b0
t

˙m{pm´lq

.

In particular, for 0 ă m ă l the corresponding solution Ft exists only for finite time and
collapses at t “ a0b0{pl ´mq.

Below we often omit the index 0 in the initial conditions if it does not cause a confusion.
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Remark 2.7. The collapse means that the one of the radiuses becomes zero, while the other
becomes infinite, in finite time. The simplest case satisfying the collapse condition 0 ă m ă l
is m “ 1, l “ 2 for S1paq ˆ S2pbq Ă R5. Since the skew-mean-curvature flow is the localized
induction approximation of the Euler equation, this explicit solution might be useful to study
the Euler singularity problem in higher dimensions. Note also that the odd-dimensional
Euler equation has fewer invariants (generalized helicities) than the even-dimensional one
(generalized enstrophies), see [1]. The existence of many invariants helps control solutions, so
it is indicative that the first example with a finite life-span occurs in the odd 5D.

Proof. For a point q “ pq1, q2q P Smpaq ˆ Slpbq ãÑ Rm`1 ˆ Rl`1, let n1 and n2 be the outer
unit normal vectors to the corresponding spheres at the points q1 and q2 respectively. Then
the mean curvature vectors of Smpaq and Slpbq as hypersurfaces in Rm`1 and Rl`1 are ´ 1

an1

and ´1
bn2 respectively. Therefore the total mean curvature vector H of F : Smpaq ˆ Slpbq Ñ

Rm`l`2 is a (normalized) contribution of m vectors ´ 1
an1 coming from Smpaq and l vectors

´1
bn2 coming from Slpbq. Thus the mean curvature of the sphere product is the vector

H “ ´m
a n1´

l
bn2 (divided by the total dimension m` l of the product, which we omit), and

the skew-mean-curvature vector is ´JH “ ´ l
bn1 `

m
a n2.

This implies that for the skew-mean-curvature flow Btq “ ´JHpqq given by the above
linear combination of the normals on the product of spheres, Σt remains the product of two
spheres SmpaptqqˆSlpbptqq for all times, where one of the spheres is shrinking, while the other
is expanding.

The explicit form of the ´JH vectors implies the system of ODEs (5) on the evolution of
radiuses. Rewriting this as one first order ODE one can solve this explicitly, as in Theorem 2.6.
The system (5) is Hamiltonian on the pa, bq-plane with the Hamiltonian function given by
Hpa, bq :“ lnpamblq, which is the logarithm of the volume of the product of two spheres:
volpΣq “ C ambl. (Note that the invariance of this Hamiltonian is consistent with conservation
of the volume of Σ, as the latter is the Hamiltonian of the skew-mean-curvature flow.)

Remark 2.8. It is known that the binormal equation has a unique global solution for smooth
initial curves understood as smooth maps S1 Ñ R3 [14], and it has a global weak solution
with a uniqueness property for integral currents as initial data [11]. Note that, thanks to
the Hasimoto transform, the binormal equation for curves is equivalent to the completely
integrable Schrödinger equation, and its solutions behave nicely in the space of immersions
(due to the local nature of the evolution, different arcs of the curve can cross through each
other). The higher-dimensional skew-mean-curvature flows are apparently non-integrable and
their local existence and uniqueness for compact oriented codimension 2 membranes in Rd
was proved recently in [24, 23, 9].

2.4 Higher-dimensional Euler equation in the vortex form

Explicit solutions of the binormal (or LIA for the Euler) equation based on sphere products
discussed above could shed some light on the singularity problem for the higher-dimensional
Euler equation, as the skew-mean-curvature flow is an approximation of the Euler equation
for vorticity supported on a membrane, cf. [11, 17]. To the best of our knowledge, it is the
first example of an explicit solution of the LIA existing for finite time, and the collapse or
long-time existence of solutions of the binormal equation is suggestive for the corresponding
properties of the hydrodynamical Euler solutions.

Recall that the classical Euler equation for an inviscid incompressible fluid in Rd describes
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an evolution of a divergence-free fluid velocity field vpt, xq:

Btv ` pv,∇qv “ ´∇p , (6)

where a pressure function p is defined uniquely modulo an additive constant by decaying
conditions at infinity and the constraint div v “ 0.

The binormal equation (3) arises from the Euler equation as its localized induction ap-
proximation. Namely, define the vorticity 2-form ξ “ dv5 for the 1-form v5 related to the
divergence-free vector field v by means of the Euclidean metric in Rn. The vorticity form of
the Euler equation is Btξ “ ´Lvξ, which means that the vorticity 2-form ξ is transported by
the flow. The frozenness of the vorticity 2-form allows one to define various invariants of the
hydrodynamical Euler equation.

Remark 2.9. For d “ 2 and singular vorticity ξ, supported on a set of points in the plane,
ξ “

řN
j“1 Γj δzj , where zj P C » R2 are coordinates of the jth point vortex, the evolution of

point vortices according to the Euler equation is described by the Kirchhoff system

Γj 9zj “ ´J
BH
Bzj

, 1 ď j ď N

in CN » R2N for the Hamiltonian function H “ ´ 1
4π

řN
jăk ΓjΓk ln |zj ´ zk|

2 .

More generally, assume that the vorticity 2-form ξ is a singular δ-type form supported on
a membrane Σ: ξ “ δΣ. Then a (co-closed) 1-form v5 “ d´1δΣ (and hence the divergence-free
vector field v) can be reconstructed by means of a Biot-Savart-type integral formula from the
vorticity ξ. Finally, by keeping only local terms in the expression for the field-potential v and
rescaling the time variable in the Euler equation Btξ “ ´Lvξ, one arrives at the binormal
equation (3) for the evolution of the vorticity support Σ, see details in [12].

Remark 2.10. There is yet another relation of the Euler and binormal equations in the
case of sphere product membranes. By assuming both the velocity v and the pressure p
in equation (6) to be functions of the distances px, yq to the origin: x “ |X|, y “ |Y | for
X P Rm`1, Y P Rl`1, one arrives at a version of the 2D Euler equation (6) supplemented by
the adjusted incompressibility condition: div pbpx, yq ¨ vq “ 0, where bpx, yq :“ xmyl. This
equation for a smooth function bpx, yq in a bounded domain (also called the lake equation)
was studied in [4]: the function bpx, yq can be understood as the lake’s depth in a model of
the vertically averaged horizontal velocity.

Then the examples of motion for the products of spheres correspond to singular vorticity
ξ “ δΣ for Σ “ Smpaq ˆ Slpbq Ă Rm`1 ˆ Rl`1 “ Rm`l`2 for the Euler equation in Rm`l`2.
It reduces to the motion of a point vortex δpa,bq for pa, bq P R2

` for the corresponding lake
equation.1 Hence Theorem 2.6 provides explicit solutions of point-vortex type, both existing
forever or collapsing in finite time, depending on the membrane structure and dimension.

3 (Non)invariance of the Willmore energy and (non)existence
of the Hasimoto transform

3.1 Motivation: Hasimoto and Madelung

It turns out that the example of vortex sphere products also delivers a counterexample for
the existence of a natural analogue of the Hasimoto transform. (More precisely, we will prove

1We are grateful to R. Jerrard for this remark.
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below that there is no Hasimoto analogue in which the curvature of a curve is replaced by
its only natural counterpart in higher dimensions, the mean curvature of a membrane.) To
describe this counterexample we start with outlining three different avatars of the skew-mean-
curvature flows and the related conjecture on the Willmore energy conservation.

Definition 3.1 [8]. Given a parametrized curve γ : RÑ R3 with curvature κ and torsion τ ,
the Hasimoto transformation assigns the wave function ψ : RÑ C according to the formula

pκpsq, τpsqq ÞÑ ψpsq “ κpsqe
i
şs
s0
τpxq dx

, (7)

where s0 is some fixed point on the curve. (The ambiguity in the choice of s0 defines the wave
function ψ up to a phase.)

This Hasimoto map takes the vortex filament equation (1) to the 1D nonlinear Schrödinger
(NLS) equation:

iBtψ ` ψ
2 `

1

2
|ψ|2ψ “ 0 (8)

for ψp¨, tq : RÑ C, see e.g. [3].
On the other hand, considering separately the curvature κp¨, tq and torsion τp¨, tq of the

curve γp¨, tq P R3 moving by the binormal flow, the evolution of κ and τ satisfies the following
system of Da Rios’ equations [5]:

#

Btκ` 2κ1τ ` κτ 1 “ 0,

Btτ ` 2τ 1τ ´
´

κ2

2 `
κ2

κ

¯1

“ 0.
(9)

By introducing the density ρ “ κ2 and the velocity v “ 2τ , the Da Rios equations turn into
the following system of compressible fluid equations:

#

Btρ` divpρvq “ 0,

Btv ` vv
1 `

´

´ρ´ 2
?
ρ2

?
ρ

¯1

“ 0.
(10)

What part of the above can be generalized to higher dimensions? It turns out that
long before the discovery of the Hasimoto transform, Madelung [16] gave a hydrodynamical
formulation of the Schrodinger equation in 1927, which is called the Madelung transform.

Definition 3.2. Let ρ and θ be real-valued functions on an n-dimensional manifold M with
ρ ą 0. The Madelung transform is the mapping Φ : pρ, θq ÞÑ ψ defined by

ψ “
a

ρeiθ. (11)

The Madelung transform maps the system of equations for a barotropic-type fluid to the
Schrödinger equation. More specifically, let pρ, θq satisfy the following barotropic-type fluid
equations:

$

’

&

’

%

Btρ` divpρvq “ 0,

Btv ` pv,∇qv `∇
´

2V ´ 2fpρq ´
2∆
?
ρ

?
ρ

¯

“ 0
(12)

with potential velocity field v “ ∇θ, and functions V : M Ñ R and f : p0,8q Ñ R. Then
the complex-valued function ψp¨, tq :“

a

ρeiθ : M Ñ C obtained by the Madelung transform
satisfies the nonlinear Schrödinger equation

iBtψ “ ´∆ψ ` V ψ ´ fp|ψ|2qψ. (13)
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In the 1D case for V “ 0 and fpzq “ z{2 this gives the equivalence of the NLS (8) and the
compressible fluid (10).

One can see that the one-dimensional Madelung transform, being interpreted in terms of
the curvature and torsion of a curve, reduces to the Hasimoto transform [13]. It is challeng-
ing, however, to fit the membrane geometry into this framework, and a search for a proper
generalization of the Hasimoto map to different manifolds and to higher dimensions has been
on for some time, cf. e.g. [10, 18, 20, 24].

The main question is whether there exists an analogue of the Hasimoto map which can
send the binormal equation (3) to an NLS-type equation for any dimension n [13], or, thanks
to the Madelung transform identifying the NLS and the barotropic equations, one is searching
for a relation of the binormal equation (3) and barotropic-type fluid equations (12) in arbitrary
dimension n.

In view of the binormal evolution (3) and continuity equations (9)-(10), the square of the
mean curvature vector |H|2 is regarded as a natural analogue of the density ρ (recall that
in 1D we set κ2 “ ρ). Therefore an analogue of the total mass of the fluid is the Willmore
energy:

Definition 3.3. For an immersed submanifold F : Σk Ñ Rd, its Willmore energy is defined
as

WpF q “
ż

Σ
|HpF pqqq|2 dvolg “

ż

F pΣq
|Hppq|2 dvolge , (14)

where g “ F ˚ge denotes the pull-back metric of the Euclidean metric ge on Rd and H is the
mean curvature vector at point p “ F pqq on the submanifold F pΣq Ă Rd.

Assuming the existence of a relation between the skew-mean-curvature flow and a
barotropic fluid, one arrives at the following conjecture:

Conjecture 3.4. [13] For a codimension 2 submanifold Ft : Σn Ñ Rn`2 moving by the
skew-mean-curvature flow Btq “ ´JHpqq for q P Σ the following equivalent properties hold:

i) its Willmore energy WpFtq is constant in time: BtWpFtq “ 0,
ii) its square mean curvature ρ “ |H|2 evolves according to the continuity equation

Btρ` divpρvq “ 0

for some vector field v on Σ.

Remark 3.5. The equivalence of the two statements is a consequence of Moser’s theorem: if
the total mass on a surface is preserved, the corresponding evolution of density can be realized
as a flow of a time-dependent vector field.

3.2 Willmore energy in binormal flows

The second statement of the following proposition provides a counterexample to Conjecture 3.4
on the invariance of the Willmore energy.

Proposition 3.6. iq Conjecture 3.4 is true in dimension 1, i.e. for any closed curve γt Ă R3

moving by the binormal flow one has

Wpγtq “ const.

iiq The Willmore energy is not necessarily invariant for membranes, i.e. in dimension
n ě 2. Namely, for the binormal evolution of the sphere products F : Σ “ Smpaq ˆ Slpbq Ñ

9



Rm`1ˆRl`1 “ Rm`l`2 of radiuses a and b, the corresponding Willmore energy is not preserved
for any initial values of a and b:

WpFtq “ Cm,l

ˆ

m2

aptq2
`

l2

bptq2

˙

¨ volpΣq

for a constant Cm,l and volpΣq “ volpFtpΣqq :“ ambl.

Example 3.7. Explicitly, the Willmore energy of the Clifford torus F : T2 “ S1paqˆS1pbq Ñ
R4 evolves in the binormal flow as follows:

WpFtq “ 4π2

ˆ

bptq

aptq
`
aptq

bptq

˙

“ 4π2

ˆ

b

a
e2t{pabq `

a

b
e´2t{pabq

˙

,

and it is not constant in time.

Proof. For a curve γ Ă R3, the conservation of the Willmore energy means the time invariance
of the integral Wpγq “

ş

γ κ
2 ds or, equivalently, in the arc-length parameterization, of the

integral
ş

γ |γ
2|2 ds. This fact is a well-known result: the elastica Lagrangian is the first

integral of the binormal flow, see e.g. [3, 8]. This also can be verified by this straightforward
computation:

BtWpγq “ 2

ż

γ
pBtγ

2, γ2q ds “ ´2

ż

γ
pBtγ

1, γ3q ds “ ´2

ż

γ
ppγ1 ˆ γ2q1, γ3q ds “ 0,

where the second last equality follows from the binormal equation.
In higher dimensions, the evolution of the sphere products is given by the system (5). It is

Hamiltonian on the pa, bq-plane with the Hamiltonian function given by Hpa, bq :“ lnpamblq “
lnpvolpΣqq ` const, the logarithm of the volume of the sphere product: volpΣq :“ Cm,l a

mbl.
To be invariant, the Willmore energy has to be a function of volpΣq as well. However, recalling
that H “ ´m

a n1 ´
l
bn2 for the sphere product, one obtains

WpFtq “
ż

Σt

|H|2dvolg “

ˆ

m2

aptq2
`

l2

bptq2

˙

¨ volpΣtq “ Cm,l

ˆ

m2

aptq2
`

l2

bptq2

˙

¨ ambl,

where Cm,l is a constant depending on the dimensions m, l. One observes that factor
`

m2{aptq2 ` l2{bptq2
˘

in the Willmore energy cannot be a function of the area ambl (see
explicit formulas for aptq and bptq in Theorem 2.6), hence WpFtq is not preserved.

Remark 3.8. Furthermore, one can give a simple parametrization to a Clifford torus and
derive explicitly its second fundamental form: A “ diagp´ 1

an1,´
1
bn2q. This example might

be particularly useful in order to prove the filament conjecture for membranes for the Gross-
Pitaevskii equation, cf. [10, 11].

In Appendix we will quantify the measure of noninvariance of the Willmore energy in the
skew-mean-curvature flows by deriving the continuity equation with a source term governing
the density ρ “ |H|2 of the mean curvature:

Theorem 3.9. The skew-mean curvature evolution of the membrane Σ yields the following
continuity equation with a source on the“curvature density” ρ “ |H|2:

Btρ` divpρχq “ ´2gikgjl pAij , Hq pAkl, JHq ,

where Aij are the second fundamental forms in local coordinates, pgijq is the inverse matrix of

the induced metric pgijq, and χpqq “ 2gij
´

∇Kj H
|H| ,

JH
|H|

¯

ei is the torsion vector field (discussed

in the next section).
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Here and below one assumes the sum over repeated indices. We give details of the proof
and the full system of the equations in Section 5.3.

4 Torsion forms and torsion vector fields for membranes

It turns out that there is one more important difference between the higher-dimensional and
1D cases — now in the notion of torsion. Namely, while for curves in R3 their torsion is a
function, for membranes in higher dimensions there exists a natural torsion 1-form τ described
below, which “governs the rotation” of the mean curvature vector in the normal plane when
traveling along a path on a membrane Σ. However, as we show in this section, this torsion
1-form is not exact in general. This also partially explains the absence of a higher-dimensional
Hasimoto transform: one cannot introduce the “phase” of the would-be wave function, i.e. the
“angle of rotation” of the mean curvature vector H, as it depends not only on the endpoints
on Σ, but also on a path between them along the membrane.

Recall that for curves in R3, according to the Frenet–Serret formulas, the curvature vector
κn is described by its magnitude and the angle of rotation in the normal plane as a function of
the curve parametrization. Similarly, for codimension 2 membranes, one can define the mean
curvature vector H in the normal plane, while its “angle of rotation” leads to the following
definition of the torsion connection form in the (normal) S1-bundle over the membrane.

For an immersed submanifold F : Σn Ñ Rn`2 consider the principal S1-bundle N of unit
normal vectors over Σ:

S1 // N

π
��

Σn

Figure 2: The S1-bundle of unit normal vectors over Σ.

Let H be the field of mean curvature vectors over Σ, and we assume that |H| ‰ 0 everywhere
(otherwise we pass to the open part Σ˚ Ă Σ where H is nonvanishing, as our consideration is
local). Then the normalized vectors h :“ H

|H| define a smooth section of the S1-bundle N . In

particular, the S1-bundle N over Σ is topologically trivial, as it admits a global section.

Definition 4.1 (cf.[6]). An embedding of Σ Ñ Rn`2 defines the following (normal) reference
connection A0 :“ ∇K on the unit normal bundle N :

∇KXη :“ p∇̄Xηq
K “ ∇̄Xη ´ p∇̄Xηq

J ,

where X is a vector tangent to Σ at a point q, a unit normal field η is extended from Σ to its
neighbourhood in Rn`2, ∇̄ stands for the Euclidean connection in Rn`2, and the indices vK

and vJ stand for the projections to the normal and tangent planes to Σ at q. This connection
does not depend on the extension of η and is well-defined as an S1-connection on the unit
normal bundle N Ñ Σ.

Any other S1-connection A in N can be expressed as a connection (and hence a real-valued
1-form) on the base by comparing it to the connection A0, i.e. A ´ A0 P Ω1pΣ,Rq. We are
interested in a specific choice of A related to the mean curvature of Σ.

11



Definition 4.2. The (mean) curvature connection A on the principal S1-bundle N is defined
by declaring the section h :“ H

|H| of the S1-bundle N Ñ Σ be its horizontal section. The

generalized torsion form of the submanifold F : Σ Ñ Rn`2 is the 1-form τ “ A ´ A0 P

Ω1pΣ,Rq, where A0 is the normal connection described above.
The torsion vector field χ :“ 2τ 7 is defined as metric dual to the torsion form, i.e. for any

vector v P TqΣ one sets pχ, vq “ 2τpvq at any point q P Σ.

Proposition 4.3. The 2-form ´dτ is equal to the curvature of the normal connection (i.e.
normal curvature) of the submanifold F : Σ Ñ Rn`2.

Proof. The exterior covariant derivative in N is just the exterior derivative, since S1 is abelian.
Hence the curvature of the connection A is Ω “ dA “ dτ ` dA0. Furthermore, A is a flat
connection, since H

|H| is a global section of N . Indeed, the existence of a global section of

the S1-bundle N Ñ Σ, means that any other horizontal section of N is global, differing from
h “ H

|H| by a constant angle α P S1, and hence the holonomy in N over any closed path in
Σ is the identity. We obtain that dτ “ ´dA0, which means ´dτ coincides with the normal
curvature, since A0 is induced by the normal connection.

Corollary 4.4. If the normal curvature of submanifold F : Σ Ñ Rn`2 does not vanish, the
1-form τ is not exact, and hence the “angle of rotation” of the mean curvature vector H from
one point to another depends on a path between them on the membrane Σ .

5 Appendix: Generalized Da Rios equations

The evolution of the codimension 2 membranes according to the binormal flow satisfies a
system of equations on its mean curvature vector H and generalized torsion form τ . Here we
derive those generalized Da Rios-type equations. Due to their analogy with the compressible
fluid equations, we will call the equation on the mean curvature H the continuity equation,
while the evolution of the torsion form τ is the momentum equation. Some computations in
this section can be found, e.g., in [15, 24], and are included here to make the derivation of the
Da Rios-type equations (20)-(21) self-contained.

5.1 Gradient of the Willmore energy

We start by deriving the gradient of the Willmore energy in any dimension, which could be
of independent interest. For this we generalize the derivation of the Willmore gradient done
in [15] for 2-dimensional, compact immersed surfaces in Rd to the case of compact immersed
submanifolds of any dimension. All the gradients here and below are considered with respect
to the corresponding L2-metrics.

More specifically, consider an immersed submanifold F : Σn Ñ Rn`k. Recall that the
Willmore energy is defined as

WpF q “
ż

Σ
|H|2 dvolg, (15)

where g “ F ˚ge denotes the pull back metric of the Euclidean metric ge on Rn`k and H is
the corresponding mean curvature vector field.

In local coordinates px1, ..., xnq on the manifold Σ the pull-back metric g on Σ is

gij “ pBiF, BjF q ,
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and the corresponding volume element is the n-form dvol “
a

detgij dx1 ^ ¨ ¨ ¨ ^ dxn.
We have the following splitting of the pull-back bundle F ˚TRn`k “

Ť

qPΣ TF pqqRn`k:

TF pqqRn`k “ DF |qpTqΣq ‘NpΣ,

where DF is the tangent map of F . The second fundamental form Aij “ pBiBjF q
K is the

projection of the second derivatives of F to the normal bundle NpΣ. Then the mean curvature
vector at any point is H “ gijAij , where pgijq is the inverse matrix of the induced metric
pgijq.

Now we give the formula of the normal gradient of the Willmore energy.

Theorem 5.1. The normal part of the gradient of the Willmore energy is

1

2
∇KW “ ∆KH ` gikgjl pAij , HqAkl ´

1

2
|H|2H, (16)

where ∆K “ gij∇Ki ∇Kj denotes the Laplacian in the normal bundle, and ∇Ki “ ∇KB
Bxi

is the

normal connection.

To prove this theorem, we need the following two lemmas, which we include for a self-
contained proof.

Lemma 5.2 (cf. [15, 24]). For a smooth family of immersions Ft : Σn Ñ Rn`k with a normal
variation BtFt|t“0 “ V along Ft, the time derivative of the volume element is

Btdvolg “ ´pH, V q dvolg. (17)

Proof. One has Btdetpgmlq “ pg
ijBtgijqdetpgmlq, and

Btgij “ pBtBiF, BjF q ` pBiF, BtBjF q “ ´ pBtF, BiBjF q ´ pBiBjF, BtF q “ ´2 pAij , V q .

From this we obtain

Btdetpgmlq “ ´2gij pAij , V q detpgmlq “ ´2 pH, V q detpgmlq.

Therefore,

Bt

a

detpgmlq “
1

2
a

detpgmlq
Btdetpgmlq “ ´ pH, V q

a

detpgmlq,

i.e., Btdvolg “ ´pH, V q dvolg.

Define the normal derivative BKt H of the mean curvature vector H as the projection of the
time derivative BtH to the normal bundle to Σ.

Lemma 5.3 (cf. [15]). For a smooth family of immersions Ft : Σn Ñ Rn`k with a normal
field BtFt|t“0 “ V along Ft, the normal time derivative BKt H of H is

BKt H “ ∆KV ` gimgjl pAij , V qAml.

Proof. Since Aij “ pBiBjF q
K “ BiBjF ´ ΓkijBkF “ ∇i∇jF , one has

BKt Aij “ pBiBjV ´ ΓkijBkV q
K “ p∇i∇jV q

K “ ∇Ki ∇Kj V `∇Ki ppBjV, BmF q gmlBlF q
“ ∇Ki ∇Kj V ´ pAjm, V q gml∇Ki BlF “ ∇Ki ∇Kj V ´ pAjm, V q gmlAil.
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For H “ gijAij we obtain

BKt H “ gijpBKt Aijq ` pB
K
t g

ijqAij
“ gijp∇Ki ∇Kj V ´ pAjm, V q gmlAilq ` 2gimgjl pAml, V qAij
“ ∆KV ` gimgjl pAij , V qAml.

Now we can complete the proof of the theorem.

Proof of Theorem 5.1. Consider a smooth family of immersions Ft : Σn Ñ Rn`k with the
field BtFt|t“0 “ V normal along Ft. Then the time derivative of the Willmore energy is

BtWpFtq “
ş

Σ Btp|H|
2 dvolgq “ 2

ş

Σ

`

BKt H, H
˘

dvolg `
ş

Σ |H|
2Btdvolg

“ 2
ş

Σ

`

∆KV, H
˘

` gimgjl pAij , V q pAml, Hq ´
1
2 |H|

2 pH, V q dvolg
“ 2

ş

Σ

`

∆KH ` gimgjl pAij , HqAml ´
1
2 |H|

2H, V
˘

dvolg.

Therefore, the normal gradient of the Willmore energy is

1

2
∇KW “ ∆KH ` gimgjl pAij , HqAml ´

1

2
|H|2H.

5.2 Evolution of the Willmore energy in the skew-mean-curvature flows

Consider now a smooth family of immersions Ft : Σn Ñ Rn`2 evolved by the skew-mean-
curvature flow: BtFt|t“0 “ ´JH, where J is the operator of rotation by π{2 in the positive
direction in every normal space to Σ.

Proposition 5.4. The Willmore energy of Σ changes in time in the skew-mean-curvature
flow as follows:

BtWpFtq “ ´2

ż

Σ

´

Ali, H
¯

`

Ail, JH
˘

dvolg.

Proof. Employing the gradient formula for the Willmore energy we obtain

BtWpFtq “ ´2
ş

Σ p∇W, JHq dvolg “ ´2
ş

Σ

`

∇KW, JH
˘

dvolg
“ ´2

ş

Σ

`

∆KH ` gimgjl pAij , HqAml ´
1
2 |H|

2H, JH
˘

dvolg.

The third term
`

1
2 |H|

2H, JH
˘

is pointwise zero on Σ, since H K JH.
For the first term we need the following lemma.

Lemma 5.5 (see [24]). ∇KJ “ J∇K.

Proof. Let us prove that ∇KJV “ J∇KV for an arbitrary unit normal vector field V . Note
that tV,U “ JV u form a local orthonormal frame. Hence for any tangent vector field X, we
have

J∇KXV “ JpBXV q
K “ JppBXV, V qV ` pBXV,UqUq “ J pBXV,UqU,

and

∇KXpJV q “ ∇KXpUq “ pBXUqK “ pBXU, V qV ` pBXU,UqU “ pBXU, V qV “ J pBXV,UqU.

Therefore J∇KXV “ ∇KXpJV q.

14



To complete the proof of the proposition, we integrate by parts the first term of BtWpFtq:

´

ż

Σ

`

∆KH, JH
˘

dvolg “

ż

Σ

`

∇KH, ∇KJH
˘

dvolg,

and by Lemma 5.5,
`

∇KH, ∇KJH
˘

“
`

∇KH, J∇KH
˘

“ 0 pointwise on Σ, i.e.,
´
ş

Σ

`

∆KH, JH
˘

dvolg vanishes on Σ. Thus we conclude that

BtWpFtq “ ´2

ż

Σ
gimgjl pAij , Hq pAml, JHq dvolg “ ´2

ż

Σ

´

Ali, H
¯

`

Ail, JH
˘

dvolg.

Corollary 5.6. The Willmore energy of a closed submanifold Σ is invariant under the skew-
mean-curvature flow, if and only if

ż

Σ

´

Ali, H
¯

`

Ail, JH
˘

dvolg “ 0

for all times t.

Remark 5.7. For a 1-dimensional Σ, i.e for a vortex filament γ, the second fundamental form
reduces to the mean curvature of the curve: A “ H “ κ. Hence pA,Hq pA, JHq “ 0 at every
point on Σ. However, in higher dimensions the pointwise identity

`

Ali, H
˘ `

Ail, JH
˘

“ 0 does
not necessarily hold on the membrane Σ, and hence the Willmore energy might not conserve.

Remark 5.8. For a Clifford torus the computation of
ş

T2 pAij , Hq pAij , JHq dvolg is straight-
forward: since

pAij , Hq pAij , JHq “ ´
1

a2

1

ab
`

1

b2
1

ab
“ ´

1

a3b
`

1

ab3
,

we obtain

ż

T2

pAij , Hq pAij , JHq dvolg “

ż 2π

0

ż 2π

0

ˆ

´
1

a3b
`

1

ab3

˙

ab dθdφ “ 4π2

ˆ

1

b2
´

1

a2

˙

.

So if a ‰ b at time t, we have
ş

Σ pAij , Hq pAij , JHq dvolg ‰ 0. Furthermore, the tori with
equal radiuses a “ b do not form an invariant set, since under the skew-mean-curvature flow
one radius of the Clifford torus is increasing, while the other is decreasing. Thus the Willmore
energy is not invariant under the skew-mean-curvature flow for any initial values a and b.

5.3 The continuity equation and generalized Da Rios equations

Let Ft : Σn Ñ Rn`2 be a codimension 2 vortex membrane moving by the skew-mean-curvature
flow. Let px1, x2, ¨ ¨ ¨ , xnq be local coordinates on Σn, and te1, e2, ¨ ¨ ¨ , enu be the corresponding
local frame in the tangent space.

According to Lemma 5.3, the time derivative of the square of the mean curvature is

Bt|H|
2 “ ´2

´

∆KH ` gikgjl pAij , HqAkl, JH
¯

. (18)

It turns out that the first term in the right-hand side can be expressed as the divergence of a
certain vector field.
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Lemma 5.9. For a vector field σ :“
`

gik∇KkH, JH
˘

ei on the submanifold Σ, its divergence
is

divΣ σ “
`

∆KH,JH
˘

.

Proof. Recall that for an arbitrary vector field X “ Xiei on Σ its divergence is as follows:

divΣX “ trp∇Xq “ gij∇iXj “ ∇iX
i. (19)

Furthermore, define T i “ gik∇KkH. Then we have ∇Ki T i “ ∇Ki gij∇Kj H “ ∆KH. This implies
that

divΣσ “ ∇i

`

T i, JH
˘

“
`

∇iT
i, JH

˘

`
`

T i, ∇iJH
˘

“
`

∆KH,JH
˘

`

´

gij∇Kj H,∇iJH
¯

“
`

∆KH,JH
˘

.

Recall that the torsion form τ “ τidx
i has components τi “

´

∇Ki H
|H| ,

JH
|H|

¯

for the mean

curvature vectors H on a membrane Σ with the second fundamental form Aij . We can now
describe explicitly the torsion vector field introduced in Definition 4.2.

Proposition 5.10. Given a local frame te1, e2, ¨ ¨ ¨ , enu in the tangent space of Σ the torsion
vector field in the corresponding local coordinates is

χ “ 2gij
ˆ

∇Kj
H

|H|
,
JH

|H|

˙

ei ,

where pgijq is the inverse matrix of the metric pgijq induced on Σ from Rn`2.

Proof. For a vector v P TqΣ and the section h :“ H
|H| , the tangent map Dh : TqΣ Ñ ThpqqN

maps v to the vector Dhpvq in the tangent space of the section h. Then the normal component
of Dhpvq is equal to τpvq “ pA´A0qpvq.

Denote by ∇ih the vector Dhpeiq in the tangent space of the smooth section h over Σ at
any point, then p∇ih, Jhq Jh is its normal component. For v “ viei the normal component of
Dhpvq is vi p∇ih, Jhq Jh, hence the torsion form is

τpvq “ vi p∇ih, Jhq “
1

2
pχ, vq,

where χ “ 2gij
´

∇Kj h, Jh
¯

ei is the torsion vector field.

Recall that for the normalized mean curvature h :“ H{|H| the orthonormal frame th, Jhu
is a basis of the normal bundle NΣ to the membrane Σ. The torsion form τ “ τidx

i for
τi “

`

∇Ki h, Jh
˘

measures how much this frame rotates when one moves along the tangent
vector ei on the surface Σ. Finally, the equations for torsion and curvature (or, rather,
curvature density) form the following pair of equations, generalizing the Da Rios system (9).

Theorem 5.11 (=(3.9)1). The skew-mean-curvature evolution of the membrane Σ implies
the following continuity equation with a source for the curvature density ρ “ |H|2

Btρ` divpρχq “ ´2gikgjl pAij , Hq pAkl, JHq (20)

and the momentum equation for the torsion τ “ τidx
i

Btτi `∇i|τ |
2 ´∇i

∆|H|
|H| “ ´∇i

gmkgjlpAmj ,JHqpAkl, JHq
|H|2

`
gkl

|H|2
ppAik, Hq p∇lJH, JHq ´ pAil, JHq p∇kJH,Hqq .

(21)

16



Corollary 5.12. The continuity equation (20) can be rewritten in the form

BKt H ` 2gijτi∇Kj H ` p∇iτiqH “ ´gikgjl pAkl, JHqAij . (22)

Proof. Equation (20) follows from (18), Lemma 5.9, and Proposition 5.10, since χ “

2gij
´

∇Kj H
|H| ,

JH
|H|

¯

ei “ 2gij
p∇K

j H,JHq
|H|2

ei. Plugging ρ “ |H|2 into (20), we get

2pH, BtHq ` |H|
2divχ` 2pH,∇χHq “ ´2gikgjl pAij , Hq pAkl, JHq .

Then plugging in χ “ 2gijτjei we obtain

2pH, BtHq ` 4pH, gijτi∇jHq ` 2|H|2∇iτi “ ´2gikgjl pAij , Hq pAkl, JHq ,

i.e.
BKt H ` 2gijτi∇Kj H ` p∇iτiqH “ ´gikgjl pAkl, JHqAij .

The momentum equation is obtained by using Bt

´

∇i
H
|H|

¯

“ ∇i

´

Bt
H
|H|

¯

via a direct but

tedious computation comparing the corresponding coefficients.

Remark 5.13. The equations (20)-(21) are analogues of the equations of barotropic-type
fluids (12) related to vortex membranes in higher dimensions, as well as the natural extensions
of the Da Rios system (9). Their more complicated form in higher dimensions is related to the
fact that the metric induced on a membrane changes during the binormal evolution, while in
the 1D case the induced metric on a vortex filament (e.g. arc-length parametrization) remains
intact due to inextensibility of the curve.

References

[1] V. I. Arnold and B. A. Khesin. Topological methods in hydrodynamics. Springer, 1998.

[2] R. Betchov. On the curvature and torsion of an isolated vortex filament. J. Fluid Mech.
22 (1965), 471-479.

[3] A. Calini. Integrable dynamics of knotted vortex filaments. Geometry, integrability and
quantization, Softex, Sofia (2004), 11-50.

[4] J. Dekeyser, J.V. Schaftingen. Vortex motion for the lake equations, Comm. Math. Phys.
375:2 (2020), 1459-1501.

[5] L. S. Da Rios. Sul moto d’un liquido indefinito con un filetto vorticoso di forma qualunque.
Rend. Circ. Mat. Palermo 22 (1906), 117-135.

[6] M. do Carmo. Riemannian Geometry, Birkhäuser Basel 1992.
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