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Lecture 1 The hydrodynamic Euler equation.
Its description as a geodesic flow.
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) - a Riemannian manifold
µ- volume form.

The motion of an ideal (inviscid incompressible)
fluid filling M is described by the Euler equation

{Er + our =
- op

dir V=o (and v11 0M if 9M -1-01)
on the velocity field V in M

Rmt
.

In R
"
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in Euclidean
coordinates



Ruud . The pressure p is defined uniquely modulo
an additive constant :

div I divert dir Irv = - div op , i. e.
Dp = - div Our -

Poisson gin

In :) I CAN, n) + (☐v0 , n) = - Cop , n) , i.e.

8£ = - (☐iv. n ) - boundarycondition

Thin (v. Arnold 1966) The hydrodynamic. Euler equation
is the equation of geodesics onthe group Diffp (M)
of volume -preserving diffeomorphisms ofµ with
respect to the right - invariant E- metric , given at the
id c-Doffµ (M) by
the energy

F-(v) -125µW, v1µ for vtvectp.CM)
-

a
div - free rect. field onM .



A proof sketch for a flat mfd ( pi orI
") with word's {× }

Let g It, ×) be
the motion ofthe fluid on M

t (at any moment t apt ✗ c- M goes to gct,HE M ,
i. e. g It ,

• ) is a diffeomorphism of M) .
Then the fluid velocity is Ag It , x) =Nlt,glt,xD,
( i.e . v= jog

' ) . Then the fluid acceleration is

9-+915×7=0+0+8 It,XD = dzvlt ,glt, xD
=@it + Y . 0¥ ) (t.gl/-.xD=-oplt,gCt*D

+
the Euler equation¥



thus the Euler equi acceleration Eeg is a gradient
equivalent field&V+V?¥= - OP to

Recall the Hodge decomposition :
Veetcmj __ Div- free ⑦

Gradient
fields in fields

In other words
, acceleration is E- orthogonal to

divergence - free vector fields
E. this is the definition
of a geodesic on geodesic

caadhi-maus.ae,

" s

a submanifold

ved-pi-fdi.gr#lQED Difftf



PRITHEE- metric ondiffp.CM) is right - invariant :

Jµ(vlyl.VN/py--f(v(gCxD,vCglxD)g*pexT M
"

for g-gascdeyt.gl/ux--fm(vCglxH.vCgcxD)pix



The Riemannian setting of general Euler equations
Let G be a (finite - or infinite - dim) Lie group
G-- Lie(G) its Lie algebra .

Fix some inner

product on G
(or inertia operator I:g→g*)
Define energy Emon g
EH =Lcivil

(= Hlm ) on g*
G

for m=Iv )Define the left- inver . metric onG :(or right - inus
CU
,% c- G

'=(g-'+ U , Lj ' Hid



Consider the geodesic flow on G w.int this metric
Pull back the velocity vector to the id c-G
Obtain an evolution equation in = B (v)←somenonlinear

DIE : The geodesic equation in =Bay
operator on g

is called the (generalized) outer equation for the
group G and inner product ↳ 3

, corresp.to the inertia opt I •
Rm a) It can be reformulated as a Hamiltonian
equation on g* for the Hamill. -function Hlm) = Ecu)
for m= Iv

b) The right - and left- invar. geodesic flows differ by -1 .



-
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Re These are Hamiltonian systems on g* with
the quadratic Hamiltonian = kinetic energy for the
Lie - Poisson bracket

.



Rm - preview : Riemannian geometry CSymplectic geometry
Namely , geodesics = curves in

T Harriet .?
jeaories T, =six,}) et 113¥13 - N

minimizing the action
'

f
'l L'=f

'

dt
0

When rewritten on 1-*N
Lin Hamiltonian form) they are
identified by metric on N li.e.by I )geodesics TN ←1-*N with characteristic curves

in TEN = { Cap) I ¥11s } (solutions of the Harriet. eq
'
n)

For N = G and left - inv .
metric on TG the curves are

determined by the energy on gtr or by I : ay → g*.



Reminder on Poisson structures

Def . A Poisson structure for P. bracket) {} on a mfd M
is a bilinear operation on f 'S on Me

, { } : c-(m) ✗CHM) →CHM)
which a) is skew -symmetric { f. g) = - { f. 9}
b) satisfies the Liedoniz identity {f.gh } = { f.93h + {f, h}g
e) satisfies the Jacobi identity -2 {{f. gyp }=o ftp.h-CFM)

§ f
, g, hRtm a) & c) ⇒ 7 Lie algebra strive on c-Car )

b) everything is determined by linear jets PEM .

{f. • 3 is a differentiation of c-CM)

⇐ a) pi
,
{f. 93 = 8J -¥ 8¥

b) IRS
,

- a- -
the same bracket

( nothing isgoing on
in the -2- direction)



Def
,

A Poisson bracket on M defines an operator
17 : c- cm) → Vectcm) such that {1-1,7}--1 }µf

it to ¥3k
Hamiltonian Hamiltonian for all test f's ferny
function vector field

E-x.IR?fH,f3--o%8f-y-0H-oy?f-x--Lz,,f.uheue3n---8T¥ -18¥ =L-8¥, 8¥)
Hamiltonian
equations

are { E-Ifj=¥


