Geowmetric Fluid dynamies

Boris Khesin (Univ of Toronto)

Lecture 1



Tentative Plan:

I. Introducing the Euler equations. Its description as the geodesic flow.

II. Equations on the dual Lie algebra, Lie-Poisson structures, Euler—
Arnold equations.

III. The Virasoro algebra and the KdV as an Euler equation.

IV. The Hamiltonian framework for hydrodynamics. Conservation laws
for the Euler equations.

V. Geometry of Casimirs: helicity and enstrophies.

VI. Point vortices and vortex filaments.

VII. The Marsden—Weinstein symplectic structure on knots and vortex
membranes.

VIII. Geometry of diffeomorphism groups and optimal mass transport.

Course website: www.math.toronto.edu/khesin/teaching/henan/geometricfluids21.html



Lecture 1 The hvjo\radvmamit Euler equation,
Its description as a geodesic flow.
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Application: Other groups and energies

Group | Metric | Equation
SO(3) (w, Aw) Euler top
E(3) = SO(3) x R? quadratic forms Kirchhoff equation for a body in a fluid
S0(n) Manakov’s metrics n-dimensional top
Diff(S') L Hopf (or, inviscid Burgers) equation
Diff(S') H/? Constantin-Lax-Majda-type equation
Virasoro I KdV equation
Virasoro H? Camassa—Holm equation
Virasoro H? Hunter—Saxton (or Dym) equation
Diff, (M) L2 Euler ideal fluid
Diff , (M) H! ) averaged Euler flow
Symp_, (M) L? symplectic fluid
Diff(M) L? EPDiff equation
Diff , (M) x Vect,(M)) L@ L? magnetohydrodynamics
C*°(S*,S0(3)) H-! Heisenberg magnetic chain
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Reminder on Poissown skruckures
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