Covering Spaces

Definition. Let X, A be conuected, locally arc wise connected spuces, andp: X — &
4 continuons function. Then the pair (X, p) is a conering space of X iffforalle e X
there exists an open set [ containing = such that p restricted to each component

of p~{I7) is a homeomorphism onto IV,

Ezample. Let X =8, X =R'.andp: R — 5! e defined by p(i) = (cost, sint).

Erample. X = the wedge of two circles and X is as in the picture below.
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cavering space of M*. Sce the figure bhelow.

Theorem CS.1. Let (X,p) be a covering, space of X. I =y € X, then

lp~ (=)l = [~ (Wl

Definition. If (X,p) is a covering space of a space X and n = |p~ (2)| for some

z € X, then (X ,p) is called an n-fald cover.
Feercise, Find two 2-fold covers of the Klein bottle.

Definition. Given a covering space (X, p) of X and a continuous function f : ¥ -+ X,

then & continuous function f: ¥ — Xiscalledza lift of filpo f =-f,

Theorem CS.2. If If_i;tp} is a cover of X, Y is connected, and f,g:Y — X

are continuous functions such that po f = pog, then {y | f(¥) = g(y)} is empty or
aliof Y.

Theorem CS.3. Let (X,p) bea cover of X and let f be a pathin X. Then

for cach 2o € X such that p(zg) = f(0), there exists & unique lift f of f satisfying
f(0) = =o.

Theorem CS5.4. (Homotopy Lifting Lemma). Let {.i:,p} be a cover of X

and o, § two paths in X, If &, 3 are lifts of o, 3 satisfying a{0) = 5‘[\'[]}1 then & ~ #

iff o ~ 8.

Theorem C8.5. Let ll.i.‘,;,;“_":l be acoverof X o aloop in X, and #; ¢ X

such that p(Zg) = a0}, Then o lifis to a loap based al #5 iff [a] € pe(m Lx £a)).

LFzercise. m(S') = E.
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Theorein €S.6. H{X,p)isacoverof A thenp. 1sa monomorphism {(1.e .

1--1) frenm my 3 Vinto =y (X ).

Theoaremn 5.7, Let 'L__\u;J.il be a cover of X, 73 € X, and A be path con
rected. Fix &y € p~*(zg). Then asubgroup Hof m(X)isin {po(m1 (X 2)) ) ptsr=ro

i H 15 a comugate of po(m (N, %))

Theorem CS.8. Let I,,i':jr} be a cover of X and let X be path connected.

Choose = € X, thea [p~{(=)| = [71{x) : p.(mi(F))

Ewumple. TFind a 3-fold cover X, p) of 5 and deseribe p.{rr;{]E]'_‘,l.

Ezercise. Lel X = 8', X = R, (X,p) be a covering space of X, aud Y &s in the

figure. When does a map f : Y — X not have a Lift?
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Theorem C5.9. Let (jfp} be a covering space of X and 7 € f} xg € X
with p{F5) = 75, Also let [ : ¥ — X be continuous where ¥ is connected and
locally arc-wise connected and ye € Y such that flug) = . Then there is a lift
F:1¥ = X such that pof=fand flue) = T if f{m(Y )) C p.{rlff,iuj}_

Yurthermore, f is unigue.

Definition.  Let (X;,p1) and (Xi,p2) be covering spaces of X. Then a map

J X1 —= Xy such thal pa o [ = p; 15 called a homomaorphism. If there exsts a
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homomorphism @ @ Xa — Xy such that f and ¢ arc mverses, then 7 is called an

I:S OTOITT frnsrr,

Theorem CS.10. Let l_"|.1 p) and (X,.p;) be covering spaces of X Let

T E X, and F2 € X» such that py{ry) = pz(r2). Then there is an 1somorphism

f : _-i'.] — _:":;3 wills _F-{j{:J J = ji.:;- it P.‘.:'-'-"; .r.a{;-]J_” — p.fﬁ[_-’i::jz'_]}.

Definition, Let (X.p) be a covering space. Then an isomorphism from X to
itselfl is called a covering transformution. The group of covering trausformations is

denocied 4( X, p).

Faerease, W huL is A(X,p) for the covering space ﬂf the figure eight shown below.
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Theorem CS5.11. If :'_,i;,p] 15 a covering space of X and f € A{f,p}, then

f = Id; iff f has a fixed point.
Definition. Let (X, p) be a covering space of X. If p,(71(X))am1(X), then (X, p)
is a regular covering spacs,

Ezercise. Find 2ll regular 4-fold covering spaces of a figure cight.

Theoremn €5.12, {ji:m} is & regular cover of X and z;,x2 © X such thal
pla;) = p(x2), then there exizsts a unique b € A(X, p) such that iz;) =z

Theorem CS.13. T l',.-{f,p} is a regular covering space of & and [ is a
homomorphism from X to X, then fe .!l{.i':' S
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Theorem (CS.14..  Let {_f,p} he a regular covering space of X. Then

ALK, py=miz) [pa (7 ().

Definition. A space X i called acru-locally simply connceind if every = € X is
contained i an open set U such that every loop i U based at 1 is homotopically
trivial in X.

Thearem CS.15. Lel X be connected, locally arc-wise connected, and
getni-laenlly simply connected. Then for every G < 7y( X, xq) there is a connected
covering space (X.p)ofl X and &g € X such that po(m (X, £3)) = G. Furthermore,

(A, p) is unigue up to isomorphism.

Definttion. A connected, locally arc-wise connected cover is enlled universeal if its

fundamental group is trivial.

Theorem CS.16. Every connected, locally arc-wise connected, semi-locally

simply connected space has & universal covering space.

Ezercise,  Find universal covers for the Klein bottle, torus, and projective plane.

Then show explicitly that A(X,p) = 7 (X).
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