2 Gencral Topology

Definition 2.1 L. Suppose X is a set. Then T is a topology for X il and
only if T is a collection af subsets of X such that

(a) e T,
(b) XeT,
(c) (A€ 7T and BT, then ANBeT,

(d) if {A}aco is any collection of sets each of which is in T, then
Usesdo €T.

2. A topolagical spoce is ay ordered pair (X, 7) where X js a set and T
15 & topology for X.

3 (X, T)isa topological space, then U/ is an open sel in (X, T) if and
only il U' ¢ T,

Several examples of topolagical spaces are listed below.

Example 2.1 For a sey X, let 2¥ be the sel of all subsets of X. ‘Then 2%
15 called the diserete topology on X. The space (X, 2%} is called a discrota
topological space,

Example 2.2 For a set A, {0, X} is called the indisereta topology for X,
So (X, {0, X}) is an indiscrete topelogical space.

Example 2.3 For any set X, the finife complement topology for X is de-
seribed as follows: a snlset 77 of X is open if and only f V=0 or X — [/ ig
finite,

Exarmple 2.4 Lel §* he the set of all n-tuples of real numbers  We will
define the distance d(z,3) between POings x = {:':I:zg,.h.,:cn) and y =
(#1092 -, wa) by the equation
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A topology T for B is defined as follows: a subser U of R* belongs ta T

if and only if for each point p of 7 there Is @ positive number = 50 that

{z | a{p, ) = £} 15 a subset of U. This lopology T is called the

wse
topoloyy for w5,




Theorem 2.1 Let {L,}2 | be a finite collection of open sets ip o topological |
space (X T). Then Mi=; U: is open.

Give an example to show that an infinite intersection of open sels need
nor be apen,

Definition 2,2 = Lot (X,T) be a topological space, A be a subset of X,
and p be a point in X Then:

L pis a limit poing of Aif and only if for each open set U7 containing p,
(U = {p}) N A # 0. Notice that p may or may not helong to A,

2. peE A but B is not a limit point of A, then p is an isolated point of
A.

3. The closure of A (denoted A o Cl{A)) is A together with all linijy
points of 4,

d. The set A is clpsed iff A contains all its limit points, e, A=A,
Theorem 2.2 Suppose p & 4 in a topological space (X,T). Then p is not

a limit point of 4 if and only if there exists an open set [V with p & I and
Un4=p

Theorem 2.3 Fyr aly topological space (X,7) and subset 4 of X, Ais
tlosed.

Theorem 2.4 Ley ¥ be a topological space. Then a subset A of X is closed
fand only if ¥ — 4 15 open.

Theorem 2.5 Lot x be a topologins space. Let UV be open and 4 be closed
subseis of X Then U~ A is open,

Give ap example to show that » union of infinitely many clased gets may
not be closed,

Theorem 2.7 Lot {As}ocs bea collection of elased subsets of topological
Space X Then MNags As is closed.




Theorem 2.8 Suppose A4 is a subset of X. a topological space. Then A4
equals the intersection of all closed sets containing 4.

Theorem 2.9 Let A, B he subsets of a topological space X. Then
L. f AC B, then A ¢ F: and
2. AUB=4AUB.

Definition 2.3 Lot 7 be a topology on a set X and let B be a subset of i 2
Then B is a basis for the topology T if and only if every element of 7T is Lthe
uniom of elements in f

Theorem 2.10 Let (X, T) be a wopolagical space and B be a colleetion of
subsets of X. Then B is a basis lor 7 if aud only if BC T, e B, and for
each set U in 7 and point pin 7 there is a set V in B such that peEVCU.

Theorem 2.11 Let B, = {{0,b) ¢ &' | @ and b are rational numbers}. Then
By is a basis for the usyal fopology on B!, Let 13, = {(a,b)U(e, d) ¢ R | @, b, c
and d are irrational numbers}. Then B, is also a basis for the usual topology
on kL.

Suppose you are given a sef X and a collection B of subsets of X Under
what cirenmstances is B a basis for & topology on X7 This question is
answered in the following theorem.

Theorem 2.12 Suppose X is a sel and B is a collection of subsets of X.

Then 1 is a basis fur a topology for X if and only if the following conditions
hold.

1. 0eR
2. for sach point pin X there is a set U in B with pel, and

4. U and V are sets in B and p is a point in I/ N V, there is a set W in
B so that pc W  (Ii 3 ¥).

Theorem 12 allows one ta describe topological spaces by firgt specifying
a set X and then a collection B of subsets of X which satisfy the canditions
of Theorem 12. The tupology T whose hasis is B is thereby deseribed.
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Example 2.5 B'(bad). The points of &' (bad) are the reals. A basis for the
vopology of R (bad) consists of all sets of the form [a,b) = {zeR' |a<z «

b}.
Show that everv open set in the usual topology an B! is open in R’ (bad),

Delinition 2.4 Suppose X is a set. A function d from X x X into ®;, the
non-negative reals, is a metrie for X if and only il the following couditions
are satisfied.

1. d{z,4) =0 if and only if z = y
2. dlx,y) = d(y, z}, and
3. d(z,z) < d(r, y) + d(y, z).

Ifd is a metric for X, they d(z,y) is called the distanece from r to .
Suppose X is a set, d is a metric for X,peE X, andr & BL. Then the

apen & ball aboul p is defined by B.(p)={ze X | d(z, p) < £}. The d-rmetric
topology for X is the topology whose Lasis is all the B.(p)’a.

Theorem 2.13 Let d be & metric on a space X. Then the collection of all
apen £ balls is a hasis,

Now suppose that (X, T) is a topological space. Then (X, T) is a metrie
space (or metrizable) iff there is a metric d on X for which T is the d-metric
topology. If X is a metric space, then the statement that d is o metrie for
X means that the d-merse Lopolagy is the tapology for X.

Notice that different metrics may generate the same topolagy, As an
exercise find several metries for E".

Theorem 2.14 Let X pe 2 metric space and let @ > 0. Then 8 — {B.(p) |
PEX. £ < a}is a basis for the d-metric topology an X

Theorem 2.15 If ¥ i 4 metric space with topology 7, then there is g
metric d for X that gencrates 7 such that for each nye X, dlz,y) <1,

Example 2.6 Let ¥ he a set totally ordered by < . Let B be the collection
of all subsets of X af one of the following thres farms: {reEX |z <uafor
#omea € X}, {ze X |q < I forsomea € X}, or {zeX|e<z<ifor
SOMe 0,0 € X}. Then B is « basis for a topology T on X The topolagy T
is called the order lopology for X



Example 2.7 The usual topulogy &' is the order lopology given by the
usual order.

Example 2.8 For each ordinal a, the predecessors of @ with the order topol-
ogy form a space called ar.

Definition 2.5 Lot (X,7) be a tupological space and lel § be a collection
of subsets of X, Then & is a sub-busis of 7 il and only if the collection 55 of
all finite intersections of sets in § is a basis for 7.

Theorem 2,16 A basis for a lopology is also a subhbasis.

Theorem 2.17 Let (X, T) be a topological space and let S be a colleation
vf subsets of X. Then & is a sub-basis for T ifand anly if each element of S iy
in 7, there is a finite collection {Vi}, of elements of S such that Nk Vi=8,
and for cach set 7 in T and point pin {7 there is a finile callection {V;]:‘:l
of elements of § such that
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Theorem 2.18 Let S be the collection of all subsets of & of one of the
following two forms: {2 | = < a for some a & R'} and {z | u < z for some
a € R'}. Then & is a sub-hasis for &' with the usual topalogy,

We seek to answer the question of when a given collection 8 of subsets of
A set X is a sub-basis for a topology on X.

Theorem 2.19 Let § he a collection of subsets of a sel X, Then 8 is a
sub-basis for a topology on X if and only if every point of X is in some
element. of & and there are sets {Tiby, in S so that

=]

n
nt,=0.
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Thevrem 19 can be used 1o deseribe topologies DY presenting a sub-hasis
for them.

Example 2,9 Tet 2¥ ha the st of all functions from the set X into the
two point sel {0,1). Let & be the collection of all subsets of 2% of the form
Ulz,e) = {f e 2% | /(z) =} where = = Q ar 1. Lot T be the topology an
2% with sub-basis &. (This tapology is really the product tapology, but we
will not give a general definition of product topalogy until later.)
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Question 2.1 Under what conditions ave twio basic open seis in Erample 9
disjoint ¢

Theorem 2.20 Suppose (X, T is a topological space, ¥ < X, and dy=
{U ] forsome V in 7. I/ = v 1 Y} Then Ty is a topology for ¥,

Theorem 20 allows us to define 4 topology on a subset ¥V of X when
(X, 7) is a topological space. The topology 7y of ¥ of Theorem 20 is called
the relulive topology or subspuce topology. The topological space (¥, 8) is a
subspace of (X, 7) if and only il ¥ is & subset of X and & is the relative
Lopology on V.

‘Theorem 2.21 If X is a metric space and ¥ C X, then Y is a metrie 5pace.
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