3 Separation Properties
Definition 3.1 . Lat (X, T)bea topological space:
l. X is Ty if and only il every point in X is a closed set,

2. X is Hausdorff (or T3) if and only if for each pair of points z,y in X,
there are disjoint open sets U aud V' in T such that z€and ye V.

3. A is regular if and only if for each 2 € X and closed set 4 in X with
T ¢ A, there are opern sels U Vsuch that s e 7, A c and OOV =@,

4, X is normal if and ouly if for each pair af disjoint closed sets A and 8
in X, there are open se(s UV such that A c U/ B CV,and N = ¢

Theorem 3.1 Bvery Hausdor(l space is 7.

Theorem 3.2 Every regular, T space is Hausdorff.

Theorem 3.3 Every normal, Ty space is regular.

Theorem 3.4 A Lopological space X is regular it and only if for each poinr
pin X and open ser {7 containing p there is an apen set V' such that p e Vv

and V c 1.

Theorem 3.5 A topological space X is normal if and only if for each ¢losod
sel A4 in X apd Open set U containing A there ig an open set V' such that
AcCV, adV

Theorem 3.6 A topological space X is narmal if and only if for each pair
of disjoint closed sets 4 and B, there are disjoint open sets {7 and V such
that ACU, BV, and TR — 8.

Exercize 3.1 Fing two disjoint closed sybsets A and B of a metrie Spars
such that

inf{d(a,8) |a £ 4 and be B} =

Theorem 3.7 A metric space is normal.

Definition 3.2 Let #bes topelogical Property (such as T;, Hausdorf, etc. ).

A Lopolagical space X s hereditarily P if and only if for each sibspace ¥ of
A, ¥ has property 2.
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Theorem 3.8 A Hausdorff space is hereditarily Hausdorfl.
Theorem 3.9 A regular space is hereditari ly regular.

Theorem 3.10 Let ¥ be a subset of X and let A be a subset of ¥, Then

the closure of A in the relative topology on ¥ equals the intersection of ¥
with the closure of 4 jp ¥

Theorem 3.11 Let 4 pe & closed subset of a normal space X. Then A is
normal when given the relafive tapology.

Theorem 3.12 N ormality Lemma Let 4 and B be subsets of a topalog-
ical space X and let {Uihewn and (Vi}ieo, be two colleetivns of open sets
such thay

1' 'd C UlEr...rn LII

2. B C Useu, Vi,

3. for cach ¢ in wy, U;n B = ¢ and Vind =9

Then there are open sets I and V such that ACU,BcV,andUnVv = .
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