4 Countability Properties
Definition 4.1 Let 4 he a subsel of a topological space X. Then A is dense
in X il and only if 4 = ¥

1. A space X is separable if and only if X has a countable dense subget,

2. A space X is 2nd countable if and only il X has a countable hasis,

3. Let p be a point in a space X. A collection of open setg {Vataey in X
I8 & neighborhood basis for piland ouly if p € U, for each & € A and
for every open set I/ in X with p in U, there is an « in \ such that
Ui clr,

1. A space X is 1st countable if and only if for each poinl z in X, z hag
a neighborhood basis consisting of a countable number of sets,

9. A space X has the Sousiin broperty il and only if X does not conlain
an uncountable collection of disjoint open sets.

Theorem 4.1 A apd countable space is separable,

Theorem 4.2 A 9y countable space is 1st countable

Theorem 4.3 4 2nd countable space is hereditarily 2nd countable.
Theorem 4.4 A separable space has the Souslin property.
Theorem 4.5 If X isa separable, Havsdorf space, then [X] < 2%

Theorem 4.6 Fyr any separable space X, the topologieal space 24 hag the
Souslin property.

Theorem 4.7 The space 2®° is separable.

Definition 4.2 Tet P — {P:}icu, be a sequence of pointsin a Space X. Then
the sequence P converges {0 a point = if and only il for 8VErY apen sel [S
containing r there is an integer M such that for eachm > M, p_  [7.

Theorem 4.8 If P € X and p has a countable neighborhood basis, then n
has a nested eountable neighborhood basis,

Thearem 4.9 Suppose z is a limit point of the set A in 3 1<t countable
Space X'. Then there js a sequence of points in A which COnverges to .

Theorem 4.10 Every uncountable set in a 2nd countable Space has a limit
point.
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