6 Continuity and homeomorphisms

Definition 6.1 Let X and ¥ Le topolagical spaces. A function f: X — Vv
15 & continuous function if and only if for every open sel U in ¥, F~W(U) is
open in X

Theorem 6.1 Tet f: X o ¥ be a function. Then the fullowing are equiv-
alent:

1. f is continuous,
2. for every closed set KX in Y, f7YK) is closed in X,
d. il p is a limit point of 4 in X then f(p) belongs to CI{f{A)).

Theorem 6.2 Lel X be 4 metric space and Y a topological space. Then a
function f : X — ¥ is continuous if and only if for each convergent sequence
Tn =+ x, [(x,) converpes to f(z)

Theorem 6.3 Let X bes compacl space and let [ : X — ¥ be a continuous
lunetion that, is onto. Then ¥ is eompact.

Theorem 6.4 Let X be a separable space and let f: X = Y be a continu-
ous, onto map. Then ¥ is separable.

Theorem 6.5 Let A and B be disjoint closed sets in a normal space X,
Then for each diadic rational - (that is, r can be written as a quotient of
integers with denominator a power of 2} there exists ag open set [/, such that

ACUs, Be(x - Ch), and for r < &, Cl{L;) c U,.

Theorem 6.6 (Urysohn's Lemma) A space X is normal if and anly if for
cach pair of disjoint closed 52l8 A and B in X, there exists a continuous
function f: X [0,1] such that 4 — f='(0) and B C. )

Theorem E:'F Let X be a normal space, A be a closed subsot of X, and
JiAd=|0,1]bea continuous function. Then for any rin (0, 1), there is an
open set U/, in X such that FH0.7)) =, N4 and U, nAc F7H[0, .

Theorem 6.8 (The Tietze Extension Theorem) A space X is normal if ynd
only if every continuons function F [rom 2 closad set Adn X into [0,1] can
be extended to g continuous function F - ¥ _ [0.1]. (F extends F means
for each point 2 in 4. F(z) = f(z).)
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Theorem 6.9 (The Tictze Extension Theorem) A space X is normal il and
only if every vontinuous funetion f from a closed set A in X into (0,1) ean be
extended to a continuous function F - A = (0,1). (& could he substituted
for (0,1) in this theorem. )

Theorem 6.10 If X and Y are metric spaces wilh metrics dx and dy re-
speclively, then a function f: X =Y is continuous if and only if for each
point & in X and & ~ 0. there is a & > 0 such thai for cach y € X with
dy(z,4) < d, then dv(f(z), f(v)) <e.

Definition 6.2 A funetion S from a metric space (X, dx) Lo a metric space
(Y, dy) is wnitformly continuous if and only if for each € > 0 therc isa § ()
such that for every w,y € X, if dx(z,¥%) < 4, then dy (f(x), fy) <e.

Give ay example of a continuous lunction from R' (o B' which is not
uniformly continuous,

Theorem 6.11 Let I:X =Y be a continuous function from a compact
metric space Lo a melric space Y. Then f is uniformly continuous for any
choice of metries for X and )

Definition 6.3 . A sequence {a;}e,, in a melric space X is Cauchy il and
only if for CVery € > 0, there exists an N such thar for every 4,7 > W,
I'i[:ﬂi. ﬂ.j} = E.

Let dy be a metrie for 3 topology ou a metric space X, (X, dx) is complete
if and only if every Cauchy sequence COnverpes.

Theorem 6.12 Lot fi + (X dy) = (Y complete,dy) (i e ) be a se
quence of conringous funetions such that for each 1 € w, and point = in
X n.'y(f.-{:r:_']Tf.-__!{z]] < 1/2*. Then Nmy e, f; exists and is continuouys.
Definition 6.4 A continuous funclion f: X ¥ js closed (resp. open) if
and only if for every closed (resp, open) set 4 in X, f(A) is closed (resp.
open) in ¥,

Theorem .13 et X be compact and ¥ Hausdorff. Then any continucus
function f: ¥ — ¥ is closed,

Definition 6.5 A function f: X 5 ¥ isa fiomeamnorphism if and only if f
*8 continuous, 1-1 and gnto and ¥ = X isalei continuous.
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Theorem 6.14 For a continuous funetion f : X — Y, the following are
equivalent:

al fisa homeomorphism.
b) fis 1-1, onto and closed.
¢) fis 1-1, onto and open.

Definition 6.6 apaces X and ¥V are fiomeomorphic if and only if there is g
homeomorphism i1 XY,

Theorem 6.15 For points a < § in R', the interval (2,b) is homeomorphie
o B,

Theorem 6.16 Suppose f: X +Yisal 1 and onto continuons funcrion,
X is compact and V je Hansdorfl. Then £ is a homeomorplism.

Theorem 6.17 Let f: X = ¥ bea function. Suppose X = A U B where A

and B are closed subsets of X Il f | A is continuous and f| Bis continupus,
then f is continuous.
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