7 Products

Let {X,}aea be a collection of spaces. The product [[,c, X, or Cartesian
product, is a generalization of the (amiliar n-tuples. Define Macx Ao to be
{(F A= Uy X | fla) € X,}. So a point in [aes Xy can be thought of as
A function from the indexing set intq Uaea Xa. IF f € [Tocy Xoy flar) is the
o™ coordinate of f. We conld write f as {f,}aes where fla) = f..

For each @ in A, define the projection function Mg ¢ Haga Xa = Xy
by ms(f) = J(B). A subbasis for the product lopology on [Ty X, is the
colleetion of all sets of the form s (Us) where Uy is open in Xp. Why is it
appropriate to refer to Lhis topology as Lhe finite gate topology?

Theoremn 7.1 The space 2% deseribed before is really the product Mzex{0,1}.

‘Theorewm 7.2 The function y : Mags Xo. = Xgisa continuous, open, onto
map.

Theorem 7.3 The function 7o * [laer Xa = Xy need not be closed.

Theorem 7.4 A functiong : Vv — Maes X, is continuous if and only if 7go0¢
is continuous for each fin A

Theorem 7.5 Let {Xi}ico be a countable colleetion of matric spaces. Then
Ilicw Xi is a metdc space.

Theorem 7.6 The space B* is homeomorphic to [L= B where &! = g!,
Theorem 7.7 g! (bad} is narmal, bur gt (bad) x &' (bad) is not normal.

Theorem 7.8 Let {Xa}sen be a collection of Hausdorff (resp. regular)
spaces. Then e, X5 is Hausdorf (resp. regular).

Theorem 7.9 Let {Xs}se, be a collection of scparable spaces where |u] <
2%, then [Tae, X is separable.

Theorem 7.10 Igt {Xs}se. be a collection of separable spaces. Then
[Tse,. Xa has the Sousfin property

Theorem 7.11 (The Tychono Theorem) Let {X s} aes be a colleetion of
tompact spaces. Theg [loe, Xa is compact.



Definition 7.1 A space ¥ is commpletely regulnr if and only if for each point
P and apen set U with p € U, there is a continuous fuuction f: X [0, 1]
such that f(p) =0 and X -U)=1.

Theorem 7.12 Let X he 4 completely regular, 7} space. Then X can be
embedded in a product of [0, 1]'s.
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