Fundamental Group

Definition. Given topological spaces X.¥ and § ¢ X , then two continuous functions
f,9: X =Y are homotopic relative to § iff there is a continnous function H : X x [0,1] =

Y such that
H(z,1) =g(z) forevery 7€ X ;

H(x,0) = f(z) forevery 2z € X ; and
H(z,t) = f(z) = g(z) forevery z€S and te[0,1].

Theorem FG.1. Given topological spaces X Y and § C X, show that being
homotapic relative to S is an equivalence relation on the set of all continuous functions
from X to YV,

Definition. A continuous function e : [0,1] — X is a path. If a(0) = a(l) = zp, then &
is a loop (or closed path) based at zq.

Definition. Let o be a path, then a~! is the path defined by a=!(t) = a1l — t). Two
paths a, 7 are equivalent, denoted & ~ 3, iff @ and /A are homotopic relative to {0, 1}.
Denote the equivalence class of paths equivalent to o by [a].

Definition. Let &, /A be paths with e(1) = B(0). Then their product, denoted o - A, is the
path defined by

Theorem FG.2. If a ~ o, then f-a~f-a'. (Thus products of paths can be
extended to products of equivalence relations. )

Theorem FG.3. Given . B, and 7y, then (e f) -5 ~ o - (B-9)and o=l -a ~
constant map,

Theorem FG.4. Let x4 & X, & topological space, Then the set of equivalence
tlasses of loops based at z; with binary operation [o][8] = [ - 6] is & group.
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Definition. The above mentioned group is called the Fundamental Group of X based af

z¢ and is denoted 7 (X, xq).

Theorem FG.5. Suppose X is a topolagical space and p,g € X lie in the same
path component. Then (X, p) is isomorphic to m(X, g).

Corollary FG.6. If X is path connected, then m;(X,p) = m1(X, g) for any pointa
P.gqE X.
Hence, for path connected spaces X, we sometimes just write m; (X) for the funda-

mental group.

Eramples.
L om([0,1])) =1
2. m(5%) =1
3. m(8)=Z

4. 7, (cone over Hawaiian earring) = 1.

Definition. Let f: X — ¥ be a continuous function. Then fo:m(X,z) = = (Y, f(z))
defined by f,([a]) = [f o a] is called the induced hemoemorphism on fundamental groups.
(Check that f, is well-defined.)

Theorem FG.7. Ifg: X = ¥, f Y — Z are continuous functions, then
[f og)l‘ = f- O Qs

Theorem FG.8. If f.g: X — Y are continnoiis functions and f ~ g, then f, = g..

Definition. Iet AC X, Thenr: X — Ajza strong deformation retract iff there is a
homotopy R : X x [0,1] — X such that B(z,0) =rand R(z,1) = r(z), forall 2 € X: and
Ria,t)=aforeachac Aandt e [0,1].

Theorem FG.8. Ifr:X — A i3 & strong deformation retract and o € A, then
'!T]_{X.. ﬂ-} =4 mq (A, ﬂ-).

Definitions.



1. X is contractible iff the identity map of X is homotopic to a constant map,
2. I X is path connected and m(X) = 1, then X is simply connected.

Theorem FG.10. A contractible space is simply connected.

Theorem FG.11. Let X, ¥ be path connected spaces. Then my (X x ¥) 2 7y (X) x
m (V).

Theorem FG.12. Let X = U UV where U and V are open, path connected, and

simply connected subsets of X and U NV is path connected. Then X is simply connected.
Theorem FG.13. Let X = UUV, where U,V are open, path connected subsets
of X, UNV is path connected and simply connected, and z € I 1 V. Then (X, 2) =
m1(U, z) » m1(V, x).
Theorem FG.14. m; (projective plane) & Z.,

Theorem FG.15. mj(cc) = Z+Z.

Erample. Let X be two cones over the Hawaiian earring identified at a point as in the
figure below. Show that w(X) 2 1.




Theorem FG.18. (Van Kampen's Theorem). Let X = U U V, where U,V are
open and path connected and U NV is path connected and non-empty., Let z € U N
V. Then m(X,z) & DBl (%) where N is the smallest normal subgroup containing

{iv(@)i(a™ )} aex, (UnV,z) &nd {, 7 are the inclusion maps of UNV in U and V respectively.

Ezercise. Compute ; (Klein Bottle).



