Assignment 1

Let Q be a bounded open set of RY. Suppose that for all t € [0,T],
X : z + X(t, ) is a smooth C* mapping from 2 C R¢ to R<.
For all ¢ € C®(R%) we define

< plt),p >= / p(X(t,2)) da.

1- Show that for all ¢ € [0, T}, p is a distribution over R? (i.e. p € D'(R?)),
and show that

|< p(t), ¢ > < |9 sup [p(z)].
z€R4

2- Assuming that for all ¢ € [0,T], X is a diffeomorphism from Q to " with
(Y also a bounded open set of R?, show that one can write

Vo € CF (), < p,p>= / p(y)e(y) dy

!

for some function p : ' — R, and express p in terms of X and its derivatives.

We define 0;p by

Vi € C2(RY), < Byp(t), o >= / Vo(X(t 7)) - 0,X(t z) da.

3- Show that < Oyp, p >= % < pyp >.

4- Show that 8,p € D'(R?) and that

|< Ouo(t), v >| < |2 sup [Vo(y)| sup |0:X (2, z)].
zTE

yER?

5- Assume again that for all ¢ € [0,7], X is a diffeomorphism from Q to ¢/
with ' also a bounded open set of R<.
a) Show that one can write

0.X(t, ) = v(t,X(t, z))

for some velocity field v(t) : ' — R9.
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b) Show that for all ¢ € C>°(]0, T[xR?), we have
[l a)pt.a) + Vaplt,z) -vlt,2)plt,2)do = 0
[0,T] xR

with p as in question 2 (Do not use the explicit expression of p in terms of
X 11).
7- For all t € [0,T], define J(t) by

Ve € (C2(RY)E, < 6,J(t) >= / 6(X(t, 7)) - X (t, z).
Show that J € (D'(R?))? and that

| <> [ < [Qfsup|9X(t2)] | <pt), ] > |
TE

8- Show that for all ¢ € C=(]0, T[xR?), we have

/ < Oyp(t), p(t) > + < Vo(t), J(t) > dt = 0.
[0,T]

9- Let p € C'(RT x R?), p > 0. Assume that there exists C, C’ > 0 such that

for all t € R, / p(t,z) de < C and that for all (¢,z), p(t,z) < C’. Show
R4

that, for all f € C'(R) with f(0) = 0, there exists C” such that

f(p(t,2)) dz < C".
Let v € (C'(R" x Rd))d, v = (vy,...,vq). Suppose that
Z ov;
o0x;
(this is also denoted by V - v = 0). Suppose that p, v satisfies the equation
Op+V-(pv)=0

(where V - Z Apv

i=1 8:6,

G [ fotta) do =

. Show that for all f as above we have



