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“The purpose of this paper is to give an application of the theory of
~optimum allocation of resources to one particular industry. I shall,
therefore, not speak on that theory in general. I shall use one of its
basie propositions, which was very admirably put forth in the paper pre-
sented by M. Allais, This proposition says that a system of prices
corresponding to marginal costs is necessary to guide the optimum allo-
cation of resources in & productive system. If cost is minimized in each
branch of production on the basis of such a system of prices, each unit
of any (divisible) factor of production will be used in guch a manner that
its contribution to the satisfaction of ultimate consumers is highest.

For this, proposition to be valid, it is not necessary that such prices
are established in a market where exchange of goods takes place; they
may also be accounting prices determined only for the purpose of guiding
allocative decisions. T shall give examples of both kinds of prices.

It may be useful, indeed, to consider applieations of this proposition
to ‘particular industries. The meaning of the marginal cost concept
is not always obvious to the engineer, manager, or business economist.
14 is true that, where wﬂ.mmoa competition exists, the mechanism of the
market will bring about prices reflecting marginal cost. In a sphere
like transportation, however, where perfect competition does not pre-
vail throughout the industry, specific analysis is needed to bring out in
guantitative terms what the marginal cost is in any particular case,
and how it can be determined. :

In order tosimplify our problem, 1 shall consider a homogeneous trans-

portation system, that is, 'a system ‘in which there is only one type of .

movesable equipment. For instance, there is only one type of ships all
of the same carrying capacity, speed, and other characteristics. Or,
there is only one type of railroad cars, or highway trucks.

Lot us first consider the case of a railroad connecting only two termi-
nals, A and B, a case which bas also been digeussed by P ig o u in his

* The text of this paper follows closely the stenographic transeript of the orig-
inal verbal presentation. It will be reprintod in Cowles Commission Papers, New
Heries, No. 34. A monograph giving a more systematic exposition of the subject

is in an early stags of preparation,
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demand for five trains each day to go loaded with goods from 4 to B

that there is a demand for only three trainloads daily to go from B to 4
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. if we wish to transport an additi i
WMNH W%ﬂmw eoamu.m that increase in demand ﬂaﬂ nmpiaa.mMMWMMMH.MMMMM
mwgﬁ. " MM &m_ y from 4 .nc B loaded with goods. 'The cost incurred
E.oﬂ.bw : v tha Eod.«mEmE.k is the sum of the times spent loading i y
ving to B, and discharging in B, by one train. But it will M_Mpo .M.
e

necessa; i
ry to move the train back empty from B to 4, because we assume

MM %rmﬂmrmm _M .apm. Ha_acnmﬁoﬁ .om three loaded trains daily in that diree-
N Mﬁ.m_um cost in Eﬁm case, expressed in equipment time eom-
e oach _suw. ooﬁmmwnﬂmm e._uouwmou.m to the whole turn-around time
bl n“p M%u%mwowmmﬂmw Mmm.orpummﬂm. E%qgm,rmow. On the other
: . ng one trainload daily from i
w““om MM_M _o%_uwrm _.._.Eo spent loading in B and %movma%zm in hw MM@M:MM
el %MM moving would have to be spent in any case, to approxi-
mately the. M._M amount, ag a result of the fact that otherwise that train
it ! e E%.dm@ empty. .ﬁw@ thus find a sizable difference in
e aecor ing to the direction of Em_ﬂmmwgm.ﬂob. This
clearly recognized by Pigou. It is difficult to understan iy

Lo d
garded this difference as of comparatively small importa; why o xe-

: . nce.
:o”m:ao G%m@ MamumMowgSo: systems connect many terminals, we shall
. consider how the determination of marpi ,
, inal cast works out i
erbl network of routes. Let y by rogaes o2
T ko . us assume, however, that the
transportation is constant in time. Constant daily or Eobar%gwmaﬁ o
Mnmsw.m for transportation from each terminal in the network to %a#ﬂw”@-
HMEEHE_ are mmm.:_dmm to be given. Let us assume further that the mw.n
:».391% times involved in the various tasks of loading, movin, M
o @u.mpwm. are constants in time and in the sense that on mwcw mocw_mq nra-
are independent of the number of train i .
pendent o 3 or ships that ear .
tasks. This implies an assumption of absence of ooumoms.ﬁw ut these
We shall @mm.m.z assume that the cost of'a program can be expressed i
wﬁosda of .@QEmemﬁ required, or, synonymously, in maﬁwhmua,ﬂwwu
committed in each unit of time. This is not as unrealistic as it m .
seem. There have been situations where equipment time was the .M.W

cigive element of cost. For instance, in the shi

! pPping probl
ﬁmﬁi Wars, the controlling hottleneck was the %ﬁﬂaﬁ. MHMM_MH m@o imo
able. All other costs, like wages and fuel, even though MEHVWH&@MM@W%,

themselves, were negligible compared with the opportunity cost of
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uging & ship for. oH_m highly Emg_._ wﬁ.woma Earmu awss mo_. moEo oﬁ:ﬂ.
highly urgent purpose. .

I shall distinguish, for any E.omups. the Eﬁgﬁ cost E& ﬁE indirect
&&.. "The direot cost of the program (or of any inorement thereto) is the
equipment tied up at any timein loading, loaded movements and dis-
charging (or its increment). The indirect cost. .arises whenever there is
a departure from perfect balance in the program. In general, certain
terminals will receive more goods than they dispatch, ahd other termi-

" nals will be in the reverse situation. Generally, & continual movement
of meﬁ% equipment is required from points of equipment surplus to
points where there is & deficit. The amount of equipment inevitably
tied up in empty movements is called the indirect cost of .the program.

In a transportation system that is not too unbalanced, the direct cost
is by far the more important element in total cost. But in the marginal
cost of given increments to the program, the indirect cost is always im-
H.o;m.s_u and deserves a.good deal of study. It has a more complicated
structure than the direct cost, and it enters into marginal cost in a more
subtle way.

As an example for the discussion of this problem I _Eﬁw chosen the
m.oém of dry cargo on the ocean shipping routes of the world in the year
1925. Yor the study of indirect cost, we need only consider the net
shipping surplus of each port or area of limited size. We can roughly.
assame that the net dry-cargo shipping surplus of an area is proportional
to the net oxcess of the weight of all goods (other than mineral oils) ar-
riving in sea-borne trade over the weight of all such goods departing.
In Table 1, such net receipts figures are computed for areas designated
by :q@ﬁumm@:nﬂzm ports” and indicated by dotted lines on ﬁwmnno 1.

Lot us simplify our problem by assuming that the figures of 1925 are
constant flows applying through time for an indefinite period, é?rog
seasonal movement or other fluctuation or trend. Furthermore, let us
calculate as if all traffic going to or from a particular area were going to.
or from its representative port. The representative ports which, by
our pmmﬁméacw, have a net surplus of shipping are Lisbon, Athens,
Yokohama. All other representative ports are shipping deficit ports.

Let us now for the purpose of argument (since no figures on war ex-

perience are available} assume that one particular organization is charged.

with earrying out a world dry-cargo transportation program  corres-
ponding to the actual cargo flows of 1925. How would that organiza-
tion solve the problem of moving the empty® ships most economically,

1 ._Hemrb._am_:un ships here referred to as m-.nwu».% take in a certain amount of bal.
last for sbability reasons. “Empty movements” are accordingly deseribed in ship-
ping parlance as “ballast traffic.” o Coe
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*The figures in columns (2) and (3) for E:m ares ooﬁnEﬂ an mﬂﬁm.— gcdﬁn of »uu&mo
within the aren, between amaller areas from which this area was eoEvcmom .

tentative lines on the map that link up the surplus areas with the de-
ficit arens, trying to lay out flows of empty ships along these lines in such
a way that'a minimum of mEEuEm is at any time tied up in empty movse- -
ments.

The lines on Figure 1 correspond to an optimal solution.of that E.Em,.
if we can agsume that time spent is proportional to navigational distance.
The procedure of trial and error can be illustrated as follows: Bach sur-
plus area serves a number of deficit areas, and the type of experimental
variation that one would explore ig to shift a certain “marginal” deficit -
area from one surplus area to another, with compensation elsewheré.
For instance, one might think of cutting the link from Lishon to West
Afriea, substituting a compensating link from Lisbon to San Francisco;
one might explore several other limited adjustments of that kind, cal-

-gulating in each instance the (positive or negative) net saving of ship-

ping so achieved, on the basis of the performance times involved in the
¢
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a_gnum..ﬁqo movements. In that way one would arrive at what may be
called & “local” optimum, that is, » routing plan of empty ships that
cannot be improved upon by adjustments of the type described. H_w.m
question arises whether one cannot mislead oneself in that way. Is it

Figure 1. Optimal Routes of Enipty Shipping Corresponding to World Dry-
Cargo Flows in 1926.

The Figure shown with the representative port of each avea
represents the net shipping surplus of that area in millions of
metric tons of dry-carge capecity.

not possible that, by a very drastic rearrangement in the linking of sur-
plus and deficit ports, another perhaps better optimum could be found
which cannot be detected by any “small” rearrangement!

The question is answered by the first theorem: If, under the assump-
tions that have been stated, no improvement in the use of shipping is
possible by small variations such as have been illustrated, then there is
no—however thoroughgoing—rearrangement in the routing of empty
ships that can achieve a greater economy of tonnage. :

The reason for this statement is a mathematical one which can be onl
briefly suggested: The function we are minimizing, the total amount
of shipping tied up in the various flows of empty shipping, is the sum of
the monthly flows on all routes, each multiplied by the constant per-
formance time involved in that movement. We are thus minimizing a
linear function of the flows of empty ships under two types of restric-
tions. In a continuing program, the number of ships going into any
area per unit of time, with or without cargo, must equal the number of
ships going out. Therefore, there is a first set of restrictions in the form
of linear equalities saying that the sum of all flows of empty ships out

3

_ shipping surplus of that pum@.xp.m pregoribed by the program. - This .sur- -

v.,._..-EH.zm C. ROOPMANS
of any area less the sum of all such flows into that area is ..w_aEL 8 the

plus may of course be negative.~ There is & second set of restrictions .’
which says that a flow of empty ships cannot be negative. This ig a |
linear inequality, We are thus minimizing & linear function subject
to linear equalities and linear inequalities in the variables involved.

If we take the flows of empty shipping on all possible routes as the
Cartesian coordinates of a point in an n-dimensional space, then the set
of all points satisfying these two types of restrictions has the following
properby:  If we select arbitrarily two points of this set, then all points
located between those two points on the straight line connecting them
will also belong to the set, i.e., satisfy the restrictions stated. A point
set with this property is called a convex set, and further analysis shows
that the minimum value of a linear function on a convex point set is
unique: Any loeal minimum is- the absolute minimum.®

We now come to the second problem to be discussed: how to find es-
timates of marginal cost. The constant program for which an optimal
routing plan of empty ships has been found is now subjected to varia-
tion, not in time, but as a matter of comparative statics. Besides the
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Figure 2. The Potential Function of Dry-Cargo Ships Corresponding to the
Composition of Demand in 1925. Unit: Ship-Months,

constant program already considered, we consider another constant
program which differs from the previous cne only with respect to the
amount of cargo to be shipped on just one route. This amount is

* It s possible that the inimum valoe is reached at different points simul.
taneously; instead of the one lowest point in a valley there is then a horizontal line
constituting the lowest part of a valley, or even a low plain at the bottom of a valley,
or its analogue extended into more dimepsions.
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, - shiple , mmont} . Ihi “caleulation of marginal
iricreased by, say; one: shipload 8 month, The. calt rocis ey
cost with respect to that change in the program can : pe
the help of a certain calculus illustrated by Hunmﬁ.o. 2. verhinato
For each port in which empty movements. oﬁmﬁmeo .2. T
{or both) we define the value of a potential function, Swaww HM_ a vae Mwow 2
ion ip i his definition pr
_ tion of a ship in that port. T - pro |
o W, Hog. i lue to the potential function in one
as follows: We assign an arbitrary value . - % ono
i i the value zero in the port of Athens.
arbitrary port, in our example ) : g
there we mo:o“_q routes travelled by empty ships according e% BM %ﬂw“.qw
routing plan for, the original (unchanged) program. In or MM o derive
the potential in Bombay from the potential in bwﬂgw ﬂéw m.% o
ed i . : from Athens to Bombay.
involved in an empty movement o B W H.
M“u.pzmm the movement from Athens to Bombay Hw Wb ﬁrﬂrmwwﬂwmwmm
{ this procedure defines the .
enmpty traffic. In the same way, R
i ban, and Lagos as certain p
in Odessa, Singapore, Sydney, Durban, an .
wnmaumm From any of these ports, we cannot go on along umﬁﬁmm of MEMM%
shipping except by moving counter to the flow of mﬁ&.wmw%mmwwm m %ﬂrma
! to Yokohama. erefore,
stance along the route from Sydney . o
ime t in the empty movemen
case, we subtract the amount of time spen : ment e
. " sntial in Sydney in order to obtain P
huma-Sydney from the potentia order to obtain e Do
ial i ] i the potential is defined in any port,
tial in Yokohama. In this way . any
mwn_w.wm with Athens by the graph of optimal routes of empty shipping for
he original rogram.t o o
e oHH.ummmwz Moé formulate a rule for determining the marginal MMmM of
a given change in the program. Let us take as an example Nro m.. i HMM
of one ship to the monthly loaded movement from mWE m.H.;E.Wmoog
Antofagasta. The marginal direct cost is simple —it is mwdmﬁ %HSM
time involved. in loading, moving, and discharging, on Euwa rou M.& e
marginal indivect cost, according to the second theorem, is m.adm.m mc e
loss ms.woﬁmzsg_ sustained by a ship while momsm_mwom—- _,\Mm wmﬁwmcﬂOmwM<o.
inati In our example, that los .
ture to the port of destination. .
because the potential at destination (1.76) is FAE. than 3.&5 chﬁ A.um
mmw@a?uo (1.84). Therefore, the marginal indirect cost imvolve drE
. ) ) » _— . . mu
this particular change in the program is .H..mmli_..wa = o.o.m _NHMM Eo” he.
incurred monthly, or 0.08 of the continuous active availability o
ship.

| . 0
+ Tt can be shown that & closed cireuit can be contained in the m;.mu.r.cm oﬂﬁﬂrm
ocﬂom only if the performance times involved are such that &Wm. mege_wwmm e
Howmsi.& applied around the eirouit does not lead to & ooﬂwummE.Emsmmmawﬁmmoﬁmm
Maan possible for the optimal graph of empty E..pmmo. Jo_u_u”mmw up :.MM diseomnected
. i i wees in potential between por
arts. In such special cases, differences : ia , e
wo:?.owo& part are defined, but differences in potential between ports the _
vonnected by the graph are not defined.

; :Why is this theorem

ﬁ E&acﬂ to the program 'is' made;_the:
m,_.m.u Francisco is reduced by one; likewige, the net surplus in Antofagasta
is increased by one. The flow of empty ships from Yokohama across to
San Francisco can therefore be’reduced by one mEU 2 month. But
that upsets the balance in Yokohama,

and it will be necessary to move
one additional ship monthly from Yokohama to Sydney, and so on.

This dispenses with the necessity of sending one ship monthly from
Athens to Sydney, and so on. The sequence of adjustments is cloged
when it is found ultimately that the monthly arrivals in Antofagasta of

empty ships from Lisbon are reduced by one. Now, the algebraic sum
of the time-expenditures and the time-savings involved in such a sequence
of adjustments is precisely equal to the difference in potential between
the end (Antofagasta) and the beginning (San Francisco} of a chain of
routes of empty shipping, determined by application of the definition
of potential along the chain. : .

In & war economy in which shipping is the essential bottleneck, the
usefulness of marginal cost estimates as described is obvious. Such
estimates are needed to guide decisions of Programming authorities,
for instance, in balancing competing claims for
dotermining the best nourco of a raw materind on shipping grounds. 1t
may be added without proof that the estimates described are applicable
to finite (asz distinet from infinitesimal) &Eﬁw.m.m in the program, which

are not so large as to require a change in the optimal routes of empty
traflic.

shipping services, or in

What relevance does the foregoing analysis have to Deacetime trans.

portation problems where there is a market inste
authority, and where equipment time is not the o

of cost? I believe that the main part of marginal cost will still be arrived
at along the lines described. In the first place, the equipment time
committed by a change in demand ig again to be accounted for, in the
present case on the basis of the market valuation of equipment time
{the opportunity cost of the use of equipment).

this valuation is expressed by the time-charter ra
portation no market quotation is available,

cedures will reveal the net rental value to a
or train.

ad of an allocating
nly relevant measure

In the shipping market,
te of & ship; in rail trans-
but proper accounting pro-
railroad of the use of a car
It addition, the cost of fuel consumed and of labor to go with
the equipment will also be roughly proportional to the time spent moving,
Hence the same analysis is still largely valid for a consider
I would say the main part, of marginal cost.
How has the shipping market done its
anything like the analysis described?
can make use of a theorem which M. A

able part,

job ., without resorting to
To answer this question, we

lais has ‘already pronounced: .

wrr& i1 ﬁm\.,,_wq.._.g_.womw. E&opﬁ&.. I mzov M:._ .
net monthly surplus of ships in
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pétit rket auntomatically ‘brin ricin
A wo_..&.oomw gompetitive market automatically ._”Jmﬂr“_woﬂe wﬁpﬁw
woac_.&_ﬂm . E,u__.mm:p._v . HWMMMM”H.“%”M%N? Me. a very large ex-
ippi haa been competitive~ ‘that is t0 e
MMMMMM”WQMMHWM wcﬂm Umn_mcm in its Emwouﬁl.&g E&M@ﬁmﬁMﬂE%ﬂmM%ﬂw
of alternative voyages made by many mE@oi.m.Hm.. ac msm- aﬁM ndenty
have _S.ow&m, given effect to the process of Emugﬂunn waﬁ.ngm e
of shipping involved in empty movements; or rat er o o ahip.
t of transportation that is performed by a given amoun e
ping, whi h is an equivalent formulation. The totality of these in: X
MMWMMM@W@M ?HRME,EE.@ H,ﬁ.ogsgm a set of interconnected freight rates
: i inal cost. . .
” <m_wm.o_wm H.o% ﬁmmwwmw M_MMNMNM: mﬁmﬁ“ww&ﬁ analysis of Emam.wum_ cost in .HEH
— Mm% :m where there is nothing like a competitive ooEMmdmws
of altom sa.wo ~o_,..ﬁ_.uam of action by individual train owners. ba ,Um
o w:._oubm s movements of trains are laid out and rates are 86 . v
dz_“m“ﬂwvmm”m,wmﬂ.mwwogm managements acting under wrm Hmﬁm,mnmmﬂﬂw Hmmm M
o ent. As a result, I wou r .
. Sm&mmoﬁ Mmosﬁww MMMM mbom o%w“wﬁ&g whatever with Eﬁmw:@._ oogm.
e re in which rates in different directions are &m.mnmnw ,
TN @HW Hm_ﬂ of cases where a railroad’s rate system E.mm been T M
e et o Sworm composition of traffie. We must Hdm._ﬁm. the moﬁmm
mmﬁ.ﬁ@aa MM in this &mwmm.sa of marginal principles—cost in dmnEM. o
e HM social benefit that we derive from our wg.ﬁm@o.unp ion
e &mawm@m@ oﬁ do not reflect marginal cost, they provide no :ﬂwom.
e .M@MM@ toward private or public decigions regarding indus-
Bwbﬁ o m.cz ”r.@ﬁ will improve the balance in the use of Epo. E.E.EWOH.
&Emm N For instance, in the United States, processing indus-
o m%me%“ .8583_55& in the Northeast quarter of .me aww.om_.u. wﬁwwwwww.
ot ials from Bouth and Wes iant,
mou.wr ¢.5H.o e dm.w MMMBMMHMMMWMMWM mémmmW¢ or bulk than the H.gmamm
e Hm..u.mmumg anufactured goods from the Northeast to .@rm Sout]
e Bo<mgmﬁ om“ of course, all made to pay for the extensive move-
ot o t . omam_ thug necessitated, but we are 50&. Epmm to pay in
SN g %eo seb up an incentive to change the situatiop. b. mwm.
ouch & 2”@% mM rates corresponding to marginal costs would quote higher
tom ¢ u@znom_ d of goods carried toward the Northeast, where m_pm pre-
nmaomu D e OMBE:. goes, than it would quote for the reverse mnmoﬂwc.
M,odwﬂwﬂwmﬁwﬂs contain just the optimal inducement to move processing
it theast.
pow?:ﬂmm MH_MM Nﬂw OHWMHMMMmmo@Eow here. For m HM&@ mwmwmw:mwﬂwﬂm
- o i ifferent routes to be beneficial, .
Em ﬁn BE.WSHM MnMM:mMMMWH.MMoM with marginal cost as @mwﬂmwﬁ E.m.mmma
_.Wmﬁmwﬁw%o The present rate system alro dogs not satisfy this criterion.
mmodities. T ; :

tries

co

- en a existé pendant les deux guerres

... mu.w.wgwa‘n.._a.:wawow;
Commoditics 'for. the' transportatio
tio dro charged highers;' ‘Tt i8 _uno ‘Whether the introdiotion
direétidnal rates of the type that I Rave discussed, without at the same
" time abandoning &woﬁ%mnwﬁ% between cqmmodities, would lead to &
better allocation of resovrces than the present rate system. It would
certainly not lead to'the optimum alloeation. .=~ - o
It is, of course, well known that a system of Ume.tm at Hrpwm._mnm_ cost
will imply operation at a deficit whenever and wherever the. density
of traffic is distinctly less than the capacity of the road. Other provoca-
" tive features of marginal cost Pricing - are rates depending on the
composition of demand by routes, possibly seasonal rates, Possibly also
contracts based on future rates, announced by the management of the
railroad gystem and at any time subject to revision for contracts atill to
be concluded. It will be necessary to strike a balance between the cost
to enterprise of uncertainty regarding future rate levels, the cost to
railroads of announcing and applying changes in the rate structure,
and the desirability of closely reflecting in rates the" ever present fluc-
tuations in the composition of demand. Further- development of the
foregoing analysis in a dynamie direction as well as factual study of Aue-
tuations in demand are required before an approximately 'optimal rail-
road rate system can be formulated.

In conclusion, I wish to emphasize that g theory of anEE‘.&umBmwow-
tation rates, of which the present analysis ig g wE&H. beginning, would
provide an indispensable groundwork for any theory of the optimum
geographical distribution of industry. :

’
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Dans cette communication leg Pprincipes de. I’
sont appliqués & tout systéme de transport ol

wum.umwow&mmw__mmmmmmBm&&& mobile
avion, ete.) .

économie du bien.étre”
les marchandiges sont
{(par vaisseau, wagon, camion,

Congidérons par exemple I'allocation d’une masgge de transports mari.
times, soit par une grande entreprise, soit par une autorité telle qu’il
mondiales. Dans un cas statique

simplifié le programme consiste en une matrice 4 dans laquelle I'4lé.
ment @, indique le nombre constant de vaisseaux uniformes requis

chague mois pour chargement au port " destination du port . Le
_w
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' cot total, odd., le de vaisser otifs. qui est n ]
St H,MM. &?Hw@ﬂﬂw du w@mnwmvaw 8 mw,_.‘.,&w.umn,.._n#_ o,n_&"._mﬁa_ﬁwwhn_ MMHM”W
E.ou_du en train _m_mﬂ_@, m_ppummm. ,.ﬁn...ﬁpﬁ«@mm.,.#ﬁﬁo@-_..ﬂpnmg" ,o:b . nﬂ
déchargés—eticodi indirect—Ie bo.B,_u_..o Jvﬁmng.& w vide Maum &mEMbi__.
de _orsu_mwuwmuw_. - Le cotit direot . est une. ¢ wm_,amv_h. ,piwpﬁo : Mm 3& hie
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- Le principe du cotit marginal® n’est pris icj ni comme un outil desting
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