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Abstract

An alternative construction to Andreu, Caselles, and Mazon [12] is given for LL,([0, 7], BV (2)) solutions
to the relativistic heat equation (1) (see [14], [35], [38], [19], [18]) under the assumption of initial data
bounded from below and from above. For that purpose, we introduce a time discretized scheme in the style
of Jordan, Kinderlehrer, and Otto [29] [36] involving an optimal transportation problem with a discontinuous
hemispherical cost function. The limiting process is based on a monotonicity argument and on a bound of
the Fisher information by an entropy balance characteristic of the minimization problem.

Résumé

Nous présentons ici une construction alternative  celle d’Andreu, Caselles et Mazon [12] de solution L., ([0, T, BV (Q2))
de I’équation de la chaleur relativiste (1) (see [14], [35], [38], [19], [18]) dans le cas de conditions initiales bornées inférieure-
ment et supérieurement. Pour cela, nous introduisons un schéma discret en temps dans le style de Jordan, Kinderlehrer
et Otto [29] [36] basé sur un probléme de transport optimal faisant intervenir une fonction de cofit hémisphérique et
discontinue. Le passage & la limite lorsque le pas de temps tend vers zéro repose sur un argument de monotonie et
une borne de l'information de Fisher par la variation de l'entropie, inégalité caractéristique du probléme de transport
optimal.

1 Introduction

We consider in this work a relativistic heat equation which has been introduced for example in the paper of
Rosenau [38] or Mihalas—Mihalas [35]; it fills in a gap in the Fokker-Planck theory by imposing an upper bound
for the propagation velocity. This equation can be written

Vp )= Viogp )
VP*+ | Vpl? V1+[Vliogp|?

Viewing the ordinary heat equation as a transport equation by velocity V log p, then equation (1) involving
Vp
NEANTE

The aim of this present work is to construct solutions to equation (1) following a strategy introduced by
Jordan, Kinderlehrer, Otto [29] and Otto [36], subsequently developed by many authors, M. Agueh [1] and
Ambrosio, Gigli, Savare [3] in particular, and suggested in the relativistic context by Brenier [14]. This strategy
applies to finding a solution to general transport equations given by

Orp = div(p div(p (1)

the velocity motivates the appellation relativistic.

drp = div(pVe' (V(F'(p)))) (2)

where c* is a convex mobility function on R? and F is a convex function on [0, oo representing the entropy. It
is based on a new point of view on (2) saying that the transport of the density p is seen as the gradient flow
of the convex function F' with respect to a distance induced by the cost function ¢, the Legendre transform of
c* ( see [2], [3], [5], [41] for the notion of gradient flow). The solution is obtained as a limit of a solution of a
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time discretized scheme and the peculiarity of the method is that this discrete scheme involves an optimal mass
transport problem.

This work comes after a series of papers. In [29], the case of the Wasserstein distance c¢(z) = % and
entropy F(p) = plogp — Vp were addressed by Jordan, Kinderlehrer and Otto obtain as a limit the Fokker-
Planck equation

Oip = div(pVV) + 371 Ap where V is a given smooth function.

In [36], Otto treated the case of ¢(z) = % with F(p) = b(rgi’ibl) and b =n+ (p—2)/(p — 1) which leads to
the doubly degenerate equation

1 1
Oip = div(|Vp"|P72Vp")  with —4+ - =1, p>2.
P q

And in [1], Agueh considered the case of cost functions satisfying

Blz]7 < ¢(z) < a|z|? 4+ 1) for all z € R?, where o, 3> 0 and ¢ > 1,

which includes a very large class of equations such as the Fokker Planck equation, the porous medium and fast
diffusion equation, the p-Laplacian and the doubly degenerate diffusion equation.
Note that for the relativist heat equation, the entropy is F'(p) = plogp — p and

z

VI

Ve (z) =

which gives

c(z) =v1+]z]2 - 1.
C(z):{ 1—/1—]2]2 if|z] <1

+oo if |[z] > 1

The corresponding cost function

is hemispherical and discontinuous, hence does not belong to the set of cost function for which this strategy has
been successful.

The aim of this paper is to apply this “Optimal Transportation Strategy” to the Cauchy problem for equation
(1), and more precisely for any cost functions satisfying

él=) >0 iffs| <1

c(z) =

oo if |z >1

where ¢ is a continuous strictly convex function on [0, 1] belonging to C2([0,1[) and with |Ve(2)| — co when
|z| — 1 (and hence ¢* € C%(R?)) and, as in the work of Agueh [1], for any strictly convex Entropy functions
satisfying F' € C?(R) such that @ — oo when A\ — oo and A F(A~%) is convex.

The Cauchy problem for such an equation has been recently studied by Andreu, Caselles and Mazon [11]
[12] and the speed of propagation for the support of its solutions has been studied by Andreu, Caselles, Mazon
and Moll in [13]. The convergence of the relativistic equation toward the heat equation as the light speed goes
to infinity has been also investigated very recently by Caselles [18]. Those works belong to a large program (see
the long series of paper [7] [9] [10] [11] [12]) where the Cauchy problem is examined for degenerate elliptic and
parabolic equations. As in the strategy of Jordan, Kinderlehrer and Otto, the proof of the existence of solution
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to this equation by Andreu, Caselles and Mazon involves a discrete in time equation. In their work, the time
discrete density p” is obtained by solving the elliptic equation on each time interval [ih; (i + 1)h]

pl = piy = div(p} V' (Dlog p})).

We will assume in this work that the initial density is bounded from below and from above while in their
work, Andreu, Caselles and Mazon assume only that the initial data is non negative.

Nevertheless, the point of view of this present work is interesting since the method employed — in particular
the construction of the discrete scheme — involves the study of a mass transport problem with a discontinuous
convex cost function. The limiting process remains a delicate step because of the weak regularity of the discrete
sequence constructed via the minimization process, and presents a real difficulty. As far as we know, the
construction of optimal transport maps for discontinuous cost functions has not been completed before but is
a necessary condition to obtain relativistic phenomena for the corresponding transport equation. However, the
Kantorovich duality for discontinuous cost functions has been investigated in the paper of Ambrosio and Pratelli
[4], and the use of approximate differentiability as in Ambrosio, Gigli, Savare [3] also proves a crucial tool.

1.1 Description of the “Optimal transportation strategy”

Fix © cc R? bounded throughout. The method consists in constructing a time discrete scheme as follows:
Let P(S2) be the set of Borel probability measures on 2, py € P(Q) given, find p"(t,y) € P([0,T] x Q) defined
by
p"(0,) = po(y)
(3)
ol (t,y) = pl(y) fort €]ih; (i + 1)h], h (being the time step)

where pl(y) is a solution of the minimization problem P! defined by

I(p}_y, pl) = L (-1, p)

with

. T—y
Il 1.p) = / F(oy))dy+h _inf / (" Yydr(a,y),
Q yELR (ph_1.0) Jaxa h

I'" denoting the set of probability measures that have p_| and p as marginals and c is the convex cost function,
the Legendre transform of ¢* defined as in [15] by

c*(z) = sup (w-z — c(w)). (4)
weRY
This process follows the ideas presented in the work of Otto [36] which extends the notion of gradient flow
to more general cost functions (cf also Villani’s book [41]). This point of view is particulary simple to explain
when the cost function is the quadratic function, minimizing E(p) + h|2%5-£|? gives formally 22=£ = E’(p) which
is a discrete version of d;p = E'(p), meaning that p is a gradient flow of F. In a more general setting, we
minimize the Entropy among all the densities reachable at time 7" by moving along geodesics induced by the
cost function c.
Let us now describe the different steps of the construction of a solution to (2):
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Step 1 Prove that the minimization problem has a unique solution, the optimal transport plan ~.
Step 2 Define an optimal map corresponding to this optimal measure and derive the Euler-Lagrange equation
of this minimization problem which gives formally

ve (Szh W - y) )

where S denotes the optimal map pushing p! forward to pl_;.
Using Ve*(Ve(y)) = y, this leads to

Si(y) —y = hVe (V(F' (o). ()

Step 3 Obtain an approximate time discrete equation and pass to the limit when the time step goes to zero:
By multiplying equation (5) by pVE where £ is a smooth test function, we obtain in the sense of distribution

Pl — phy = h div(p!'Ver (V(F'(pl'))) + Correction terms. (6)

Solutions to (2) are obtained by passing to the limit in (6) when h goes to zero. The identification of A,
the limit of p?Ve* (V(F'(pl)) involves a Minty Browder argument (see for example Evan’s book [24]) based
on a monotonicity property of the gradient of the mobility function ¢*. Indeed, we prove for any test function
&(t,x) > 0 and ((t,z) € O (R4, R?)

/ (A — 5V (V(O) (D™ (F' (7)) — ¢) > 0 (7)

which yields A = pVe* (D (F'(p))) by taking ¢ = D (F’(p)) + dw, and by passing successively to the limit
dN\.0andd 0.
Formally, to obtain (7), we pass to the h — 0 limit in

T
/O /Q£(t7y)p€h(t7y)(VC*(V(F’(th(t,y)))) = Ve () - (V(E (07" (8. y))) — (¢, y))dydt > 0.

This limiting process is strongly based
1- on the displacement convexity [33] of the Entropy function (ensured by the convexity of AYF(A~¢) that
yields formally the Fisher information-entropy inequality satisfied by the minimizer p" of problem P!

/0 / Pt )V (VE (0 (1,9)) - V(F (" (1, ) dydt < / (F("0.9)) — FT.o))dy  (8)

or its localized version
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2- on the corresponding equality satisfied formally by any smooth solution p of (1) and obtained by multi-
plying the equation by F'(p(t,y)) and integrating by parts:

/Qﬁ(t, YVE' (p(t,y)) - Ve (VE' (p(t,y)))dydt = /Q[(F(po(y)) — F(p(T,y))|dy. 9)

These relations avoid the problem of nonlinearities in p” since we will prove a strong convergence which
allows us to pass to the limit in the right hand side of (8).

1.2 Assumptions on the cost function and on the Entropy function

We will here give some direct consequences of the assumptions on the cost function that justify its relation with
relativistic phenomena.
Recall that we deal with cost functions satisfying

&z >0 if|e <1

c(z) =

+o0 if |z2| > 1

where ¢ € C?([0,1]) is bounded and strictly convex with ¢’(A\) > 0 and &(A\) — oo as A — 1. Assume also that
¢(0) = 0 = &(0); then ¢* € C%(RY).

Recall that we have the two relations Ve (Ve*(2)) = 2z and z - Ve*(2) = ¢(Ve*(2)) + ¢*(z) and note that
since ¢* is radial, V¢*(2) = I—;w(|z\) which implies that z - Vc*(z) = |2]|[V*(2)].

Remark then that the discontinuity of ¢ — implying its infinite part — is strongly linked with the bound
on Vc*(z). Indeed, since c is defined from ¢* by

c(z) = S;lﬂ;gd(z cw) — " (w),

the fact that ¢ is not finite when |z| > 1 means that the supremum is not attained and then the relation
z = Ve*(w) cannot be matched by any w € R%. This means that |Vc*| < 1 (and reciprocally) so we recover
that the discontinuity of the cost function is equivalent to the relativistic aspect of the transport. It also implies
— since |Vc*(2)] = w(|z|) is a non decreasing function of 2| — that lim|, . [Vc*(2)] = 1.

As we said, we consider any strictly convex Entropy functions satisfying F' € C?(R) such that @ — 00
when A\ — oo and AF(\~9) is convex, the last condition being necessary for displacement convexity of the

Entropy [33].

1.3 Notations and definitions
1.3.1 Optimal transport theory

We now recall two ways to link pairs of probability measures.

Definition 1.1 Let p; € P(2) and S a Borel map S : Q — Q. We say that pg is the push-forward of p1 through
S if for any bounded function ¢

[ es@an@) = [ etaam(z)

Q
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Definition 1.2 Given two probability measures py and pi1, the set of transport plans between them refers to
joint probability measures on  x Q with pg and p1 as marginals:

M) = (@) €P@x D) st [ p@ian) = [ plo)ipla)

and /Qmw(y)dv(wyy)Z/Qw(y)dm(y)}

for all Borel test functions ¢ : Q@ — R.
Finally, we need to define the c—subdifferential of a function
Definition 1.3 x € 0% at the point y if for all v € Q)

p(v) < c(z —v) —c(z —y) + p(y).

1.3.2 Definition of BV Functions and of functions of BV functions

In this section, we recall definitions that can be found in the series of paper of Andreu, Caselles and Mazon,
that we will use throughout the second part of this paper and that are fundamental for the understanding of
the notion of solution to equation (1) which we construct.

Throughout this paper, we will deal with BV functions, the set of p € L'(Q) functions such that the gradient
of p defined as a distribution is a vector valued Radon measure whose total variation, i.e.

llpllBv = [|Dpllrv = SHP{/Q pdiv(§)dz where £ € C5°(%R?) s.t. [¢(z)] < 1}

is finite.

A sequence p; of BV functions is said to converge w* BV (2) toward p if p; — p in L}, () and its gradient
Dp; converges toward Dp, weak-x as measures, i.e. against any continuous test function.

We also need to introduce the space L([0,7T], BV2(2)) where BV2(Q2) = BV(Q) N L?(2) contained in
the space where the solution will live, L>°([0,T] x Q) N L. ([0, 7], BV(Q)). The difference between those two
spaces comes from the fact that BV (f2) is not separable. A function p belongs to L([0,7], BV (Q)) if it is
a limit of a sequence of simple functions, i.e. defined by »_ 1y, +,,,)01 Where p; € BV(Q), hence Buchner
integrable. In particular C'([0,7], BV(Q)) C L'([0,T], BV(2)). Whereas for p € L. ([0,T], BV(2)), we only

T

have integrability against test functions, i.e. for every ¢ € BV (Q)*, / < p; ¢ > dt < co. Note that it follows
0
T
for p € L1([0,T], BV(2)), that / ol vy dt < oo,
0

The first space is useful because we know its dual L!([0, 7], BV2(Q))* equals (see Dunford Schwartz [23])

L>=([0,T], BV2()", BV2(2)) = {P eD([0,T] x Q) [ sup  sup |/ p§| < oo. }
[0, 7] €l Bv () <1
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As a matter of fact, the solution will live in L>([0,T] x Q) N L ([0, T], BV(R)) and the equation will hold in
LY([0,T], BV2(2))*, which leads to one of the principal difficulties of the third step of the proof, namely that
the solution cannot be taken as a test function to obtain (9).

As we will see, Dp, the gradient of the BV function p can be decomposed as the sum of its absolute
continuous part D%p ( with respect to the Lebesgue measure), also called the Radon Nikodym derivative of
Dp (which coincides with the approximate derivative) of p, and its singular part D*®p, divided into a jump part
DJp and a Cantor Part D¢p. So we write

Dp=D"p+D°p=D"p+ D’p+ D

Moreover, we will need to define the composition of certain functions with BV functions and their derivatives.
For example, if f(z, A, £) is an integrand depending on the space variable z, on A € R and on the vector field &,
we will define the functional F(p, Dp) of a BV function p as in the paper of Dal Maso [21] by

T e Dp . p+(2) _
Fo.0p) = [ [ 10 pyitas+ [ £ oD%+ [ X / L s 0

where fO is the recession function equal to lim, .o tf(z, A, %), J, is the set of approximate jump points of p,
v, = Dp/|Dp| the Radon Nikodym derivative of Dp with respect to its total variation |Dp|. Indeed with those
definition, the jump part of the singular part of Dp can be written

Dlp=(p* = p v, H !

where H? 1 is the d — 1 Hausdorff measure on R<.

For example, in the theorem cited below, there is in fact no ambiguity in the right hand side term of equation
(14) since the corresponding recession function is zero.

We can also compute ¢° in the case where f = g(\,£) = A¢ - Ve*(€). We obtain easily using the properties
of the cost function that

tim £, A, %) = lim Alel| Ve (5)] = Nl (11)

Finally, we also need the result of De Cicco, Fusco and Verde about the L'-lower semicontinuity in BV

Theorem 1.4 ( L'-lower semicontinuity in BV [22]) Let Q2 be an open set of R? and f : Q@ x R x R —
[0,00) a locally bounded Caratheodory function (that is , measurable with respect to x in Q for every (X, €) €
R x R?, and continuous with respect to (\, &) for almost every x in ) such that for every (\,€) € R x R?, the
function f(-,\,€) is of class C*(). Let us assume that
(i)f(x, N, ) is convex in R? for every (z,)\) € @ x R
(ii)f (x, -, &) is continuous in R for every (r,&) € Q x R%.

Then the functional F of (10) is lower semi continuous with respect to L*(£) convergence.

This extension of functional to BV functions allows us to extend the definition of
T
| [ pFe)-ve o)
0

when p € L1([0,T], BV (Q2)).
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There is another way of defining (DF'(p); Vc*(D(F'(p)))), to p € L*°([0,T] x ) and div(Vc*(D(F'(p)))) €
LY([0,T] x Q) which is inspired by [6]. But in this present work, this is not relevant since the last property
is not satisfied even at the time discrete level. This make the notion of entropic solution more difficult to
introduce in this framework and this property and the uniqueness of solution coming from it is not addressed
here. However, we show that (A4;Dp) can be defined as a distribution when A € L*([0,T] x Q;R?) and
p € L1([0,T], BVa()) N L>=([0,T] x Q). Indeed, for any test function £, we write

T T
<& (A; Dp) >= —/ < divA; p€ > dtdy — / / ApVEdtdy.
0 0o Ja

Indeed, A can be L'-approximated by a sequence of A, € C*([0,T] x ) and div A,, converges towards
div A in the sense of distribution. Since divA,, is a bounded sequence in L'([0,T], BV2(Q))*, divA belongs also
to L1([0, T}, BV3(9))".

Moreover, (A; Dp) is a Radon measure since

T T
<& (A;Dp) > = lim [/ < div A, p€ >dtdy7/ /Aan&ltdy]
T
= lim/ /fAnDpdydt

IN

T
||A||L°°([O,T]><Q)/ /QE|Dp|dydt
0

In particular the same is true for the singular part of Dp. The measure (A4; D*p) is defined as the subtraction

(A; D*p) = (A; Dp) — AD"“pL

where £ denotes the Lebesgue measure. Then we also have when £ > 0
T
<GAD> < (Al [ [ €D ldvat (12
0

1.4 Statement of the result

Throughout this paper, we assume 2 CC R? to be a bounded convex domain, and 0 < m < py < M which
implies fQ F(po) < oo. The support spt u of a measure u on RY refers to the smallest closed set of full mass.
Let us now state our main result.

Theorem 1.5 Let 2 CC R? be a bounded convex domain, and py € P(S) satisfy 0 < m < pg < M. Let
c: RY — [0,00] be a cost function on RY given by c(z) = &(|z]), where ¢ € C°([0,1]) N C2([0,1]) with
|Ve(2)| — 00 as |z| — 1, ¢0) =0 =&(0) and &"(A\) > 0 on [0,1]. Let F € C*(R) such that @ — oo when
A — oo and N2 F(A\~9) is conver.

(i) Characterization of the support of the optimal measure: Finite speed of propagation

If 1 is the optimal measure for the minimization problem (P!) with second marginal p?, then

DBy Gz w2 — o0

sptv) C {(z,y) - !
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(i) Euler-Lagrange equation: a discrete scheme
There exists a one-to-one map S € L>(Q; Q) defined Lebesque-a.e. by

S (y) =y +hVe (V(F' (0 (1)) (13)

such that v = (SI x id)xpl.

(iii) Convergence of the measure p". Let p" be the piecewise constant function defined from pl by (3).
As h — 0, a subsequence of p" converges strongly in L*([0,T] x Q) and weakly in L1 ([0,T], BV () towards
pe L([0,T] x Q)N LL([0,T], BV()).

(iv) Limiting equation
There exists p € LL ([0, T], BV () N L>([0,T)] x Q) satisfying

[ [epttdy= [ <omp= [ <divipve (T E))p> de (14)
0 Q 0 0

for any test functions in p € L*([0,T), BV2(Q)) admitting © € L. ([0,T], BV(Q)) N L>®([0,T] x Q) as a weak
¢

derivative, i.e. p(t,-) :/ O(s, -)ds.
0

Let us now make some remarks about this theorem.

e The first point of the theorem gives the finite speed of propagation, indeed, since in a time interval of
length h, the displacement is bounded by h, the speed of propagation is bounded by 1. This property
characterizes a relativistic transport.

e The second point of this theorem is the most important one. First, it claims the existence of an optimal
map for the minimization problem P! and it gives the Euler-Lagrange equation. The existence of an
optimal map for a discontinuous cost function cannot be obtained by the same argument as for a smooth
cost function. Indeed, the proof of the existence of a map for a smooth test function by the Kantorovich
duality (see Gangbo McCann [27], Villani [41]) is based on a uniform lipschitz bound on the potential
function given by the module of continuity of the cost function. More precisely, let .5t be the optimal
measure for the minimization problem, the Kantorovich duality gives

T —y
| hel™ D dnen) = [ oladpiato)+ [ vdnito),
axQ Q Q
where the potential functions ¢ and ¢ are linked by the following relation

he("5) = $(@) —tb(y) 20 V(r,y) € 2 x O (15)

which becomes

he(*=) = 6(a) = 1h(y) =0 V(,y) € sptYope. (16)
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When the cost function ¢ is smooth, the relations (15)—(16) implies that the potential function ¢ is
Lipschitz — and then differentiable — and then it implies also the equality between the gradients

Vi(y) = Ve(—) (7)

that gives directly the shape of the optimal map » = S(y) = y + hVc*(Vi(y)) since Ve* = (Ve) L.
In this present work, the potential function will not be Lipschitz anymore and then we have to find
another argument to prove its almost everywhere differentiability. Moreover, to write an equality like
(17), we need that the support of the optimal measure v is — up to a negligible set — included in
{(z,y) such that @ < 1} to be able to define the gradient of c.

So we introduce a mollified problem and pass to the limit. The sequence p" will not be Lipschitz but will
be in BV (§2) which gives only the almost every where approximate differentiability. As Ambrosio, Gigli
and Savare showed in Theorem 6.4.2 [3], this is sufficient to define an optimal map. The strategy of cost
mollification has often been used, for example in proof of the existence of a map for (non strictly) convex
cost via decomposition on one dimensional rays by Ambrosio and Pratelli [4] (see also [25]).

Note that the regularity results for the optimal map of Ma, Trudinger and Wang [32] and Loeper [31] do
not apply for this sign of cost function.

e The Euler-Lagrange equation (13) is obtained in this work as the limit of the Euler-Lagrange equation
of the mollified problem but we can show (see Remark 3.3) that it can also be obtained directly as the
Euler-Lagrange equation of the problem P! as presented in [41].

Note that the shape of the Euler-Lagrange equation involves Vc¢* and then we recover the finite speed of
propagation (the relativistic effect) since Vc¢* is bounded.

e Finally, as we said, we deal with BV functions. To pass to the limit when h goes to zero, since we want
to use a monotonicity argument (see Otto [36], Lions’s book [30] or Evan’s book [24]), we have to make
precise the meaning of the quantities involved in the argument. Indeed, note that the correction terms in
(6) prevent the divergence term from being L' which means that the time discrete function is less regular
than in Andreu Caselles Mazon [12] even if we recover the expected regularity in the continuous time limit.
Since the identification of the weak limit of the flux is based on (8) and on the entropy equation (9), we
have to define all terms of those relations very carefully, and for that purpose, we need the generalization
of functionals to BV introduced in the previous paragraph.

e As we said, the notion of entropic solution and the dependent result of uniqueness of solution in the class
of L ([0,T], BV5(Q2)) treated in [12] is not immediate here because of the approximation in the discrete
in time equation and is not addressed in this paper.

e Particular case: Dimension 1.

In dimension 1, this problem becomes radically simpler. Let p € P(f2), we can extend it to R and following
Villani’s notations in [41], we introduce Cumulative distribution functions

i) = [ " dp = dp|(—o0,a].

The function ! is right-continuous, non decreasing, and has limits {(—oo) = 0 and {(4+-0c0) = 1. Then we
define the generalized inverse of [ on [0, 1]

I7Y(t) = inf{z € R s. t. I(x) > t}.
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In the particular case of dimension 1, the optimal transport plan and the optimal map does not depend
on the convex cost function as soon as c(z,y) = ¢(|Jz — y|) (cf [34]). The optimal transport plan is given
by

vi = () < 1Y) pdH!

where [;_1 is the Cumulative distribution function for p;_; and l; is the Cumulative distribution function
for p;. The optimal map is given — when p;_; does not give mass to points — by

pim1 = (I o L) #pi-
Then the Euler-Lagrange equation given by (5) gives directly
Lo lily) —y = hVe (V(F (1))
or
B W g @)

1
() Lol ()

= Vc(V(F'(

which corresponds to an implicit Euler scheme for [~*.

In the following section, we prove the existence of the infimum for problem (P;(h)). In section 3, we prove
some optimal transport theory (construction of an optimal map corresponding to the optimal measure and
study of its properties) and we derive the Euler-Lagrange equation of the minimization problem (5). Then, in
section 4, we construct the piecewise constant function p" which satisfies a time discrete version of (1). Finally,
in the last section, we pass to the limit when the time step goes to zero, we use an argument of monotonicity
to identify the limiting equation with equation (1).

2 Existence of solution to the minimization problem

Let us first study the minimization problem (P) = (P{) for the first step when h = 1 (we drop the superscript
h =1 and subscript ¢ = 1 in this case):
po € P(Q) given, find py € P(Q) such that

I — inf T
(po,p1) Lanf (po, p)

with
I(po,p)Z/QF’(p(y))dyﬂL inf /Q QC(w—y)dv(w,y),

Y€ (po,p)

T (po, p) denoting the set of measures that have py and p as marginals.
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Notations We will use the following notations: given v € T'(pg, p),

&
—
s
~

Il

/ F(p(y))dy =: ]577(7)7 when seen as a function of ~,
Q

Wiy = / (& — y)dr(z,y), and
Welpo,p) = inf W(y).

Y€ (po,p)

Following Agueh [1], we can prove that

Proposition 2.1 Recall that we assume m < pg < M.
(i) There exists a unique minimum pit satisfying

L(po, p1') = 1nf 1(po, p).

(ii) There is a mazimum principle that insures that m < pi* < M when R is chosen such that 2M < R.

Proof

Let us denote Ig = inf I(po, p).

p<R
(i) To prove the existence of a minimizer, we use that Ir < I(po, po) = E(pg) < oo and thanks to Jensen’s
1
inequality, since / p(y)dy = 1, we can write that Ir > inf E(p) > \Q|F(@) Thus I is finite. Let p(™ be
Q P

a minimizing sequence. Since p(™ < R, the sequence is bounded in L>(Q) and since 2 is bounded, up to a
subsequence, p(™ converges in L'(Q)’ towards pff € L>(Q) satisfying pf' < R. Because of the lower semi-
continuity of I(p), we obtain

I(po, pt¥) < lim inf I(po, ™) < Ir < I(po, p1)
The uniqueness comes from the strict convexity of I. Note that

E(p") < I(po, p1') < I(po, po) = E(po)-

(ii) To prove the maximum principle, we argue by contradiction to prove that m < pff < M. Note that it
implies also that pf does not depend on R. For that, assume that H = {x | such that pf* > M} has a strictly
positive Lebesgue measure; we can then construct a new measure more optimal, which gives us a contradiction.
Starting from ~opt, the optimal measure associated to pf, let us construct a sequence of measures 7" with
second marginal p”7 depending on 7, that will make the cost decrease proportionately to n while the entropy
increases proportionately to n2. Then for 1 small enough, the total I(pg, p") will be smaller than I(pg, p¥).

To be precise, we recall the construction of this sequence which follows the argument made by Martial Agueh
in [1].

Note that Yops (H¢ x H) > 0 where H¢ = R?\ H; otherwise

M|H| < /H PP (5)dy = Yot (BY X H) = qope (H x H) < 7opg(H x BY) = /H po(z)de < MH).
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On H¢ x H, for a part of the measure depending on 7, we will leave x in place instead of sending x to y, i.e.
we define the action of the sequence " against a test function £ by

[ emar@y= [  dendomen) [ (6 - o) dume).
R4 xRd R4 xRd Hex H
The corresponding marginal p” can also be defined as pf* + n(vo — v1) where vy is the first marginal of v =
Yopt LErex b1, the restriction of 7opt to the set H® x H (respectively, vy is the second marginal of v). Since
v << Yopt, We have

e 0<vyy<Mae,and 0<v; <R a.e.,

(18)

e yg=0o0n H and v; =0 on HC.
Then 0 < p" < M +nM < Ron H¢ and M —nv; < p" < Ron H, so we obtain 0 < p”7 < R (n is chosen such
that nR < M and 2M < R). Moreover,

/Qp”(y)dy =14+ n(Yopt (H® X H) — Yopt(H® x H)) = 1.

So we effectively have constructed a new measure 7" belonging to I'(pg, p") with p”7 < R. We still have to
prove that I(pg, p") < I(po, p). For that, we will compute

Welp0, ") — Wilpo, o) < / oz — y)dy (. y) - / (& — 3)dvopt (2, 9)
Rd xR Rd xR

= -7 c(z — y)dyops (,y).
HexH

This means that with the new measure, we have managed to lower the cost by a quantity of order n. But the
entropy has to increase: let us check how much by computing

/Q (F("(4)) — F(pR(y)))dy.

Using the convex property of F' and (18), we decompose

/Q(F(p”(y))—F(p{%(y)))dy = /C(F(p”(y))—F(p{%(y)))der/ (F(p"(y)) — F(pf()))dy

H

IN

al T "(p(y) + o (y))vo(y)dy — /H F'(pf(y) — nui(y))vi (y)dy]

< 7 . F'(M + nvo(y))vo(y)dy — /HF’(M —n1(y))v1(y)dy]

since pft(y) < M if y € H® and pf(y) > M if y € H, and F’ is non-decreasing. But also

/CF’(M+nvo(y))vo(y)dy */HF’(M*nvl(y))vl(y)dy

- / (F'(M + nuo(2)) — F'(M — 101 (9))) dyopt (2, 9)
Hex H

< msup |F"|sup |vg — v1].
Q
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Since F is C?(R"), the entropy increases by a quantity of order n?, which means that for 7 small enough,
I(po, p") < I(po, pR). This contradiction establishes Proposition 2.1 [

3 Optimal Transport Theory: a time discrete equation

In this work we deal with a convex cost function which may be discontinuous and takes infinity as a value.
As we said in the introduction, for this kind of cost function, we cannot apply the classical result of Gangbo
McCann [27], [28] or Caffarelli [17] to define an optimal map associated to the optimal measure involved in
initial time step P&. To construct a map in the present case, we will use the properties of the optimal map for
a mollified case using strongly the double minimization process (combining the cost minimization with respect
to v for a fixed p with the entropy minimization with respect to p). Indeed, note that for given pq, it is easy to
construct, p; such that the value of

Wolpo.pr) = inf / o(z — y)dr(z, ),
~El(po,p1)

the double minimization always produces p; for which the infimum is finite.

3.1 Previous results

We recall in this section Proposition 2.6 and Proposition 2.7 of the paper of M. Agueh [1] (see also [33]) and a
result due to D. Cordero [20] and F. Otto [36] also quoted in [1] that we will use for the mollified approximation
of P. L. Ambrosio, Gigli, and G. Savare’s Theorem 6.2.7 [3] could also be used.

Proposition 3.1 ([20],[36]) Let po, p1 € P(Q) and assume that ¢ : R? — [0, 00| is strictly convex and satisfies
c,c* € C%(R?). Denote by S, the c-optimal map that pushes p; forward to py, and define the interpolant map
St, and the interpolant measure pi_¢, by

Sy = (1 - t)[d+ tS and pi— = (St)#/)h

fort €[0,1]. Then

(i) St is injective for t < 1, and pi—q is absolutely continuous with respect to Lebesgue.

Moreover, there exists a subset B of Q, of full measure for p; = p1(y)dy, such that, fory € B and t € [0,1],
(1)V S(y) is diagonalizable with positive eigenvalues.

(#3) the pointwise Jacobian det V.S satisfies

07 p1(y) = pr+(Si(y)) det[(1 — ) Id + tVS(y)], (19)

where p1_y is the density function of py_q.
In addition, if p1 > 0 a.e., then
(iv) the pointwise divergence divS is integrable on Q, and

/ div(S(y) — )E(y)dy < — / < S(y) — y; VE > dy,
Q Q

for € >0 in C(RY).
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Proposition 3.2 (Optimal map for smooth cost function [1]) Let py € P(Q) be such that m < po < M
a.e.. Assume that I : [0,00[— R is strictly conver, and satisfies F € C%((0,0)), and ¢ : R? — [0, 00 is strictly
conver, of class C* such that 0 = ¢(0) < c(|z) for |z # 0 and ¢ coercive, i.e. lim,|_o c(z) = co. If p1 denotes
the minimizer for (P} ), then the following hold:

[ Velw—y)-€)driay) + / Pr(p1 () divé(y)dy = 0,

for £ € C(Q;RY); here Pp(\) = AF'(A\) — F()\) for A € (0,00), and ~ is the c-optimal measure in T'(po, p1).
Moreover,
(i) Prip) € W'=2().
(ii) If S is the c-optimal map that pushes p1 forward to po, then
S(y) —y = Ve [V(EF (pr()))], (20)

for a.e. y € Q, and for ¢ € C?*(Q),

/ (P1(y) — po(y))é(y)dy + / p1(y)V [V (F (p1(y)))] - VE(y)dy
Q Q

<

N | =

sup | D%¢(x) / @ — ylPdv(z,y).
€N QxN

Proposition 3.3 ( [1] (Displacement convexity of energy (above-tangent form))) Let pg,p1 € P(Q)
be density functions of two Borel probability measures jo and py on R, respectively. Let ¢ : RY — [0, 00| be
strictly convex, such that c,c* € C?(RY). Let F : [0,00) — R be differentiable on |0, 00|, such that F(0) = 0,
and X — M\ F(A~%) be convex non-increasing on ]0,00[. Then, the internal energy inequality holds, i.e.

/ F(po(y))dy — / Flpu(y))dy > — / Pr(p1 () div(S(y) — v)dy.
Q Q Q

In addition, if Pr(p1) € WH>(Q) and p > 0 a.e., then

/ F(po(y))dy — / F(pu(y))dy > / VIF (0 (0))] - (S() — 1)1 (v)dy. (21)
Q Q Q

3.2 Construction of an optimal map for (P}): a mollification process

Definition of the mollified problem
Recall that the hemispherical cost

o(z) = { 1—+4/1—1z]> where |2z] <1,

+00 where |z] > 1,

is the motivating example, whose Legendre transform (4) is given by the hyperboloid

() =14 |22 -1.
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In a more general setting, we deal with radial cost functions ¢ : R? — [0, 00] satisfying c(z) = &(|z|) where
¢ € C?([0,1]) N C°([0,1]) satisfies ¢’(A) > 0 on [0,1] and &0) = 0 = &(0) and |Ve(z)| — oo as |z| — 1. Let
mollify those general cost functions ¢ by the Yosida regularization [16]

Note that from w = 0 we obtain ¢*(z) < ¢(z). In fact, the Legendre transform c¢** of this mollified cost is a
strict convexification of ¢*, namely

*(2) = ¢*(2) + %|z|2.

Note that the mollified ¢° is finite and convex, hence continuous.
Here, we recall an argument of |1] to justify the regularity of ¢°. The function ¢=*(z) is a C2(IR?) function
non negative and strictly convex and Vet = (Veo*) ™! and then ¢ belongs to C*(IR?) and the function

. cof(D%c5*[Vef (2)])
det(D%cs* [V (2)))

= D?*c*(2)

is well-defined and is continuous on IR?. Then ¢¢ € C?(IRY).
Consider the sequence of approximate minimization problems (P¢)
Find ~¢ with first marginal pyg and second marginal p° such that

I° &) = [E(7%) = i E ;.
(po, %) (%) Veprgl(glxm( () + Wee (7))

where Py(€Q x ) = { such that /
o Qx0
0-

Here pg represents any p; and is assumed to satisfy m < pg < M.
The mollification allows us to apply the previous results quoted above to this sequence of problems since ¢*
has the regularity required.

p(z)dy(z,y) = / w(z)dpo(z)} i.e. the probabilities with first marginal
Q

Lemma 3.1 The Kantorovich duality for the mollified problem
For e > 0 fized, we have

| =@ = [ o @in+ [ vt (22)

where the potential v = —F'(p®) and ¢° is the corresponding c-transform given by

¢°(x) = yire%(cs (z —y) = ¥°(y)- (23)

Proof: First recall the Kantorovich duality theory for smooth cost described in Rachev and Riischendorf [37]
which gives that

inf / (z —y)dy(z,y) = sup /¢ )dpo(x /1/’ )dp®(y
Y€ (p5:0%) Jaxq ¢ WET

- sup/w Yo /w )dp* (y
P,pe
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where ¢, € T, means that ¥(y) + ¢(z) < ¢*(z — y) for all z,y € Q, and ¢° is given by (23). Moreover the
supremum is attained. In our study, since p°® is the second marginal corresponding to the optimal measure of
the complete minimization problem P¢, the Euler-Lagrange equation (20) for this problem is (see [1])

S*(y) —y = VT (V(EF (0" (1))

where S¢(y) is the optimal map associated to the potential ¢ by
S(y) —y = =V (VY (y)).

This means that up to a constant (that we can fix to be zero without loss of generality since / o (y)dy = 1),
Q
we have

VE(y) = —F'(p*(y)).

Lemma 3.2 Existence of a limiting measure
(i) Up to a subsequence, ¥° converges, as ¢ — 0, towards the probability v in C° ().
(ii) The support of the limiting measure v is included in Ay = {(z,y) such that |x — y| < 1}.
(iii) Identification of the limiting measure:
The limiting measure is the optimal measure for the initial problem, i.e.

0 — i ) = i E 7 .
v Yopt o I(y>) 7elggl(lsglm)( (v) + We(v))

Proof:

(i) Since +¢ is a sequence of probability measures, it is relatively compact and converges up to a subsequence
in C°(Q).

(ii) Let us define N5 = {(z,y) € Q x Q such that |z — y| > 1+ ¢}, we claim that v*(N5) — 0 when ¢ — 0.
Then we obtain that v°°(Ns) = 0 for any 6 > 0, hence spty>° C A;.

Note that,

C2 Blpn) 2 F(F) 2 [ o=y () = #(1+ 97 (V).
N

Since ¢#(1 + ) — oo when € — 0, the previous inequality implies that 4°(Ns) — 0 when € — 0 and then (ii)
holds.

(iii) First of all, we prove that I°(y¢) — I(y*°).

Let us first prove that

limsup(1(y) = I*(+°)) < 0 (24)

e—0

The lower semi-continuity of the entropy leads to the first part of the inequality

E(v*°) < lim iélf E(79).
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For the part involving the cost function, we use the fact that ¢® > 0 and that the support of the limiting measure
~*° is a subset of A;. Indeed, it leads to

/ c(r —y)dy>(z,y) — / (v —y)dy* (x,y)
QxQ QxQ

IN

/A ez — )dr™(@,y) — (@ — y)dr* (&)

/ (c(x —y) — c*(z —y))dy* (z,y) + / c(x —y)(dy> (2, y) — dy(2,y)).
Ay

Ay

Up to the introduction of a C°(Q) extension of the restriction of ¢ to the unit ball, since the sequence
7% — 4°° in the sense of measures (or in C°(Q2)’), the second term goes to zero.
To prove that the first term goes to zero, we will prove that

lle(2) = ¢ (2)||Loe ({1z1<1y) < M(e) (25)

where M(g) — 0 when € — 0.
Indeed, for any ¢ € [0,1] and ¢t > 6 > 0

&) — &t —0) < &(1) —e(1 —0)

since for 6 fixed, t — é(t) — ¢(t — 0) is a non-decreasing function. Note also that

c(z) =c(z) = sup (c(z) —c(|z —w|) — ——
weB(z,1) 2e weB(z,1) 2

Since for any w € B(z,1),

c(z) = &llz] = |wl) = 5 - < e(1) = e(1 = Jwl) = 5= < &(1) — (D),

we finally obtain

By taking M(e) = é(1) — ¢°(1), (25) holds.
Since v¢(Ay) < 1, we have

/A (el — ) — ¢ (& — 9)dr* (2, 9) < M(e)
and then (24) holds.

Let us now prove the other inequality

I(¥*°) > lim sup I(~°).

e—0

Recall that we have the following inequalities,

F(y) <IF(y) < I(9)
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for any ~ which has p° as first marginal, including v = v*°.
Thus, we obtain the expected inequality since

limsup I (v°) < I(7)

e—0

for any measure y which has pg as first marginal and in particular for v>°.
To conclude the proof of (iii), we use the last inequality to obtain that

E(v™) + /Q . (@ — y)dy>®(z,y) < igf[E(v) - /Q . c(x — y)dy(z,y)]

and then v is equal to 7Yop¢, the minimizer for the initial problem (P) and p™ = p;.

Lemma 3.3 The Kantorovich duality for the limiting problem
(i) There exist ¢>° € L>°(Q) and > € L>*(Q) N BV(Q) such that, up to a subsequence, the potentials

(¥, ¢%) from (26)-(27) satisfy
Y — > weak in BV(Q), strong in L' ()
p° = p> = p1 = (F*)(=>°) weak in BV(Y), strong in L'(52),
¢° — ¢>° weak inL>(Q) = L' (Q)'.
(ii) The Kantorovich duality holds for the limiting problem

/Q L clo = )il = /Q ¢ (@)dpolz) + /Q 6 (9)dp (1), (26)

Moreover,
c(z—y) = o= (x) —¢>=(y) 2 0 (27)

almost everywhere on Q) x Q and the equality holds ~y,pi-almost everywhere.

Proof:

(i) Since for all €, ¥°(y) = —F'(p°(y)) with m < p° < M, up to a subsequence, 1)° converges weak* in
L>(Q) towards > € L*(Q). Moreover, using (21) and (20), applied for ¢*, we obtain

V(F'(p*(y)) - p° )V (V(F'(p°(y))) +ep° () [V(F' (p° () [Pdy < /(F(po(y)) — F(p°(y)))dy

Q Q

which gives in particular
| P @V ) - 9 (T F (o )y < [ (Flla) = P )y (28)
and then, since m < p* < M (see [1]), Vp® is a bounded sequence in L!(€2). Indeed,

/ IV (y) | dy = / V% (y)ldy + / IV (y)ldy < 2] + / V0% ()| dy.
Q [Vps|<1 [Vpe|>1

[Vps|>1



3 OPTIMAL TRANSPORT THEORY: A TIME DISCRETE EQUATION 20

Since we can write |V (F'(p%))| = |[Vp°||F"(p)|, we have

e _ IV(E"(p*(y))|
/WLW W)y /.v,, Fr )

K/IV F'(p%(y)))|dy

IA

where K = infp,, p F”.

Recall that we have the relation |z||Vc*(2)| = |z - Vc*(2)| which implies |z| < % when |2] > s since
|[Vc*(2)] = w(]z|) is a nondecreasing function of |z|.

Moreover, when |Vp¢| > 1, |[V(F'(p?))| > K and then

. 1 ) o o
/Ifol>yp (Wldy < W Q,’) (WV(F' (p°(y))) - Ve (V(F' (p°(y))))
< € [iF(uta) - Pl )y
Q

and then
IVpllLyo < C (29)

where the constant C' does not depend on €.

Then, p; € BV(Q) and consequently, 1>, the limit of ¥° belongs also to BV (2) and the convergence is
strong in L'(Q) (cf.[26], Theorem 4, section 5.2.3).

Finally, since ¢° is defined from ¢ by (23), ¢° is a bounded sequence in L>°(2). Indeed by (23)

Y5 (y) < ¢ (y) + (@ —y) = ¢°(2) < —¢(z) = Vo € Q, — sup F' < ¢°(x) < — inf F'.

[m, M) [m, M]

Then, up to the extraction of a subsequence ¢° converges in weak* in L>°(Q).
(i) In the previous Lemma, we proved that

i B0+ [ =iy @) = Bl + [ cla = pdon(an). (30)

On the other hand, (22) says that

B(v) + /Q =) (o) = BOr) + /Q 6 ()dpo + /Q ¥ (y)dp.

Since ¢° converges toward ¢>° in weak* in L>(Q) = L}(Q)’, we have

lin% ¢° (x)dpo(x /¢OO )dpo(z
E— Q
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Moreover p* — pp strongly in L'(£2) and pf is bounded in L®°(2), so the dominated convergence theorem yields

)+ / @)y = / F(p* (y)dy — / o W) F' (o () dy

- /Fpl )dy — / 1Y) F' (p1(y))dy

= E(vyopt) + /Q V= (y)dp1(y)-

Combined with (30), this gives

E(Yopt) + / c(x — y)dYopt (2, y) = E(Yopt) / > (x)dpo(z / Y= (y)dp1(y

QxQ

which leads to (26).
Finally, since for all ¢,

(2 —y) =% (x) =9°(y) 2 0
using the fact that ¢¢(z — y) < c¢(z — y) we have

c(x—y) = ¢ () =9 (y) = 0

which gives (27) at the limit.
Since (26) holds, the equality holds in the support of vops.

Lemma 3.4 Existence of an optimal map

(i) The support of Yop: is included, up to a negligible set, in the c-subdifferential of the potential function
Y, i.e. if (x,y) € st (Yopt), T € DY (y).

(i) The set {y € Q; 3Jz1,# x2 with |z1 — y| < 1 and (z1,y) € spt (Yops) and (z2,y) € spt (Yopt)} s a
negligible set.

(i) Let ~yopt be the optimal measure for the minimization problem (P),

Pt Yopt C {(z,y) with |x —y| < 1} U Zy with vopi(Zo) = 0.

More precisely, for each 6 €]0,1[, we obtain an estimate of the measure of the set Zs = {(x,y) € Spt Yops with |z—
y‘ >1- 6}7
E(po) — E(p1)

opt(Zs) < . 1
(iv) We define Lebesgue almost everywhere a one to one map by
S(y) =y — Ve (VY= (y)) =y + Ve (V(F'(p1(y))) satisfying yope = (S X id)sp1 (32)

where, when p € BV (), Vp € L1(Q) denotes the approzimate derivative (or Radon Nikodym derivative of Dp
with respect to the Lebesgue measure also called the absolute continuous part D*p).
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Remark 3.1 As we said before in the setting of the result, there is no ambiguity in the formulation of equation
(82) since the recession function associated to Vc* is zero and then, we could also write Vc*(Dpy).

Before proving this Lemma, let us recall the following result.

Lemma 3.5 If both 11(z) and 12(2) are approzimately differentiable at z =y, if ¥1(y) = ¥2(y) and ¥1(z) >
Y9(z) in a meighborhood of y, then

Vb1 (y) = Vha(y).

Proof:

Step 1 Let us first consider the case where ¢; = 0. Assume z/NJ(z) approximately differentiable at z = v,
¥(y) = 0 and (z) < 0 near z = y. Let us prove that Vi (y) = 0.

For a contradiction, suppose V1/~)(y) = \e, where e, is a given direction and A > 0.

For any a > 0, the definition of approximate differentiability [26] asserts that

5 — Ao —
D = {z € R" such that [9(2) = Azn = yn)|

has full Lebesgue density at z = y.
In particular, it must intersect the cone

C = {z € R" such that z, — y, > /|21 — 1>+ - + 201 — Un_1/?}

i}

)ND. Since 2* € C, 2|28 — y,|? > |2* — y|? and then we

inside each ball B(y, ) = {z € R™ such that |z — y|

Fix a < % and choose a sequence z* € C N B(y,
find

== A

—Az = ynl < —al2" —y| <9(2") = Mzl —yn)

n

which means that (%) > 0 which leads to a contradiction.
Step 2 Apply step 1 to 1(z) = 1a(2) — 91(2).

|
Proof of Lemma (3.4)
(i) On the support of vopt, we have almost everywhere
oz —y) = o> (x) +v™(y)
and then, since
¢ () = inf (c(z —v) = > (v)),
vEQ
we obtain for all (x,y) € spt (Yopt) and for all v € Q
Y2 (v) < ez —v) —clz —y) + 9= (y) (33)

which means that the support of v,pt is included in the c-subdifferential of the potential function >°.
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(ii) The proof of this point is based on the approximate differentiability of 1°°. Indeed, since > € BV (2),
by Theorem 4 of section 6.1.3 in [26], ¥*° is approximately differentiable almost everywhere. Let us denote
V> its approximate derivative which belongs to L!(Q). (As we said before, the absolute continuous part of
D1 coincides with the approximate derivative of 1°° so in this section, we will keep this notation to insist on
the fact that we talk about L!(Q) functions). We will prove that this avoids the two possible problems,

Case 1

J(zt, 2?) such that (z',y) € spt (Yopt); (2%, ¥) € spt (Yopt), |21 —y| <1 and |22 —y| < 1

Case 2

3(z!, 22) such that (z',y) € spt (Yopt), (2%,9) € spt (Yopt), |2t —y| < 1 and |2? — y| = 1.

To prove a contradiction in the first case, apply Lemma (3.5) to the functions 1! (v) = 9> (y) — c(z! —y) +
c(z! —v) and ¥?(v) = ¥*°(v) from (33) which leads to V> (y) = —Ve(z! — y), and then apply Lemma (3.5) a
second time to ¢! (v) = ¥ (y) — (2% —y) +c(2? —v) and 1?(v) = ¥°°(v) which leads to Vi)>(y) = —Vc(2? —y).
Which leads to a contradiction since Ve(2? — y) = Ve(z! — y) implies that 2! = 22.

In the second case, we assume that 3z and 22 such that |2! —y| < 1 and |22 — y| = 1 with
2 (2) == (y) < e(a’ - 2) — ez’ —y) fori = 1,2,

Note that the previous point says that if 1/ is approximately differentiable at y, V¢ (y) = —Ve(x! — y).
The problem is that Ve(z? — y) cannot be defined since 2% — y| = 1.
To get a contradiction, denote B(y,r) = {|z — y| < r}, we will prove that exists a set S such that

|S N B(y,7)]
|B(y, )|

satisfying for any z € S, for any a > 0,

P=(2) =™ (y) = VY= (y) - (z —y) < —alz —y|

which contradicts the fact that > is approximately differentiable at the point y.
Without loss of generality, we assume that 22 =y + e,, (or 27 = y; + &;.,).
Take S = {z such that z, — yn > /|21 —¥1> + ... + [2n—1 — Yn—1]2}. SN B(y,r) satisfies (34).
For any z € S, we claim that
(a) Since z € S, then |z — y| < V2|2, — yn|
(b) [z —2? < 1
Indeed, we have

= C where C is a constant (34)

2|12

|z — = ‘Zl - yl|2 + oo+ lzno1 — yn—1|2 +[zn — (1 + yn)|2

= le—yP+1-2(z0 —yn)
S 1 + 2|Zn - yn|2 - 2(Zn - yn)

Then, if 0 < 2, — y, < 1 —which can be ensured by taking r < 1— we get |z — 22| < 1.
(c¢) The inequality

—alz =yl = VY= (y).(z —y) S¥7(2) == (y) < cla’ —2) —c(a’ — ) (35)
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is not possible.
Indeed, we can write

—alz —y| = VyY=(y) - (z—y) = —alz—yl-X-(2—-y)
> \[2[—& - nmzax“/\z')]lzn - yn| = C|Zn - yn|

and
c(z? —2) —c(@®> —y) = c(z?—2)—¢&(1)

< V1 =20z —yn) + 12— y?) = 2(1)

< VeV =200 —yn) + 12 —yP)(VI+ 2 =yl = 2(z0 —yn) — 1)
since ¢(1) — &(1 — ) > V&(1 — 0)0. And then since |z — y| < v/2|z, — Y|, we obtain

c@®—2)—ca® —y) < Va1 -2(zn —yn) + 2|20 — ¥nl?) (20 — Ynl* = (20 — ¥n) + (|20 — ynl))

So if (35) for ¢ = 2 holds, we would have for § = (2, — y,,) > 0

1
ez = ool
which is not possible for any C' since passing to the limit § — 0, it would give 0 < —1.
(iii) We will first prove (31) from where it is easy to deduce the first claim of (iii).
Define 1, (z,y) = (z,nz + (1 — n)y)#Yopt and p1_, its second marginal (the use of this interpolation map
has been introduced in McCann’s paper [33]).
We will use the fact that

I(po, p1) < I(po, p1—n)

for any 7 to obtain an estimate on yop(Zs).
On the first hand, we use the convexity of the entropy. Indeed, the entropy satisfies

E(p1—n) <nE(po) + (1 —n)E(p1)

The convexity of ¢t — E(p1_) is classical (see Agueh [1] and McCann [33]) for ¢t € [0, 1] and ¢ €]0, 1] then for
t € 0,1].

On the other hand, we compute the difference of both terms involving the cost.

Let us compute

We(po, p1) — Welpo, p1—y) = / c(z — y)dyops (,y) —/ c(z —y)dyi—n(z,y)
QxN QxN

v

] (ele =) = cl(1 = n)@ = 1)t (.9)
since ¢((1 —n)(z —y))) < c(x —y) yields

/ (el — ) — e((1 = m)(& — )))drope () > 0.
QxQ/z9
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And then, using the fundamental theorem of calculus, we obtain
We(po, p1) = Welpo, pr—y) 2 /Z Nz —ylVe((1 = 0)(x — y))|dvopt (z, )
5

where 6 € [0,7]. Since |Ve(z)| = Vé(|z|) is increasing with respect to |z| and

[1—0llx —y|=[1—n[ inf |o—yl

(z,y)€Z
it leads to ' ) .
Wc(pOa Pl) - Wc(p07 Pl—n) > n'yopt(Z(S) léléf(|x — y|)|Vc((1 — 77) 151; |;1; _ y|)|
> Yopt(Zs)(1 = 6)Ve((1 —n)(1 —4)).

Finally, since
We(po, p1) + E(p1) < Welpo, pi—n) + E(p1—y)
we have

We(po; p1) = Welpo, pr—n) < E(p1—n) = E(pr) < n(E(po) — E(p1))
and then, dividing by n and letting 7 — 0, we obtain

E(po) — E(m)
(1=29)[ve(l —9)|

’YOpt(Z5) S

which goes to zero when § — 0.
(iv) Point (ii) and (iii) imply that almost everywhere in the support of vopt, |2 — y| < 1 and —Ve(z —y) =
V> (y) which means that
z=5(y) =y — Ve (Vi (y)).
It means that since spty C Aj, it is in fact supported almost everywhere on the graph of a one to one
function which is the optimal map.
|

Remark 3.2 The optimal map in dimension 1 In dimension 1, the whole argument is much simpler since
the map is already known and does not depend on the cost function and then does not depend on h or ¢.

3.3 The optimal map for an arbitrary A

From now on, we deal with the complete minimization problem when h > 0 and for any problem P!. We use

the notation ¢ (x — y) = c(w —

Y
h )
Proposition 3.4 (i) Let 4 be the optimal measure for the minimization problem (P!),

|z -y
h

st € {(z,y) | <1}U Z} with 4, (Z]") = 0.
i) More precisely, we obtain an estimate of the measure of the set Z» = {(x,y) € sptyP eyl 5> 15 s
@6 i h

E(pi—1) — E(pl)
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(i4i) We define Lebesgue almost everywhere a one to one map SI(y) € L=(Q,Q) by
SH(y) =y = WV (Vi (y)) = y + hVe (V(EF (o} () satisfying 7! = (S x id)yp} (36)

where pl' and ! belong to BV (Q).

r—y

Proof: To prove (1) to (iii), apply the previous result replacing x — y by and FE(py) — E(p?) by
E(pi—1) — E(p}')
- .
Note also that since © is a bounded domain, S(y) € L>(Q, ).

Remark 3.3 The FEuler-Lagrange equations obtained here as the limit of the Euler-Lagrange equation for the
mollified problem could also have been deduced directly from the minimization problem PP.

Indeed, introduce a new perturbation of p¥, as in the paper of Martial Agueh [1], by defining the flow map
Do : 2 — Q by

9¢a

aa - ,(/) o ¢O¢

¢o = 1Id
but in our study, we restrict the choice of ¢ € C°(QU/IL,(Z%)) where I1,(Z}) is the projection with respect to
the second coordinate of the closed set Z!' defined as above, i.e. ZI' = {(x,y) € spty | @ >1-4}.

Then define p® = cb%p’f, satisfying p® o ¢ detV¢® = ph and the corresponding measure v~ = (Id x qba)#fygpt
satisfying then

/ £z, y)dy* (z,y) = / £z, 6% (4)) ().
QxQ

QxQ

Now the classical method to find the Euler-Lagrange equation can be performed.

4 From the discrete equation to the continuous equation

In this section, we have to pass to the limit when the time step goes to zero.
For this purpose, we use a monotonicity argument quoted in Evans [24], Lions [30] or in Otto [36] and since
we deal with BV functions, we use also very delicate concepts defined in Andreu Caselles Mazon [8], [12].

4.1 Construction, compactness and convergence of the measure p"

T
In the sequel, we will assume without loss of generality that h is chosen such that W is an integer.

Notation In the sequel, the gradient of p” will involve both its absolute continuous part and its singular
part and then, we will now use the notation D%p" instead of Vp" for the absolute continuous part of Dp". We
shall also need the following space of distributions u(¢,y) on [0,7] x

T
LY([0, T]; (W2=(Q))') = {u \ / / ug < C|[¢]|lw2.(q) for any test function § € CC°°(Q)} .
0 Jo
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Proposition 4.1 (Compactness and convergence of p" ) Let p" be the piecewise constant in time function
defined by (3). Then

(i) the sequence p" is bounded in L. ([0,T]; BV(Q)) and its time derivative O;p" is a bounded sequence in
L0, T); (W2*(2))').

(i) a subsequence of p* converges strongly in L'([0,T] x Q) and weakly in L. ([0,T], BV (Q)) to a limit
p e L>(0,T] x Q)N LL([0,T], BV2(2)) as h — 0.

Proof: (i) Recall that for a fixed h, pl'(y) is the L'(Q) strong and w*BV () limit of p5" solution of the

mollified problem P;. Then we have

ID(M(0.7] % 9) < Timinf [V 11 0.71x52) = limint 37 bl[Vpf| 11y < C

where the constant C depends neither on h nor on € (cf 29) and then p” is a bounded sequence in L} ([0, T], BV (Q)).
Concerning the time derivative, we have

T W h_ b
[ 1 [ astewadan — S in [ PP

< 3 /Q (& — ) - VE()dr (2, y)ldt + CHII D€ e (o
=1

< 3h / Ve (DU(F (o ()l () - VE(y)dydt + Ch| D€ | 1o
=1

< C||VE||pe(q) + Chl||D*¢]| L= (-

(ii) The sequence p” is bounded in L’ ([0, T], BV (Q)), and BV () is compactly imbedded in L'(£2). On the
other hand 9;p" is bounded in L'([0,T], (W2°°(Q))") and L*(Q) C (W?°>°(2))’. The Aubin Lemma (see [30]
[39] [40]) then implies that p" is relatively compact in L'([0,T] x ).

|

4.2 Properties of the sequence p°"

We first recall a result proved by Agueh in [1] presented here for C2(R?) cost functions but proved in fact for a
larger set of cost functions.

Proposition 4.2 (Displacement convexity of the L™ norm [1]) Let po, p1 € P(Q) be such that pg, p1 <
M a.e., and assume that 0 < ¢ € C?(RY) strictly conver satisfies c(0) = 0 with Legendre transform c* € C%(R?).
Denote by S the c-optimal map that pushes p1 forward pg, and define the interpolant map

Sy =(1—t)id+1S, fortel0,T).
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Then ||(S¢)#p1| L= () < M, meaning for nonnegative functions & € C.(R?) we have

/ £(S1 (1) (y)dy < M / £(a)de. (37)
Q Q

The proof of this proposition for regular cost function consists in introducing p;_; = (S¢)%p1 and prove that
pr1—t < M.

The next proposition establishes local and global inequalities (38) and (40) relating the generalized Fisher
information integrated along the curve t € [0,7] — p" to the net change in entropy. We hereafter refer to
such bounds as entropy-information inequalities.

Proposition 4.3 (Localized entropy-information inequality)
(i) At each instant in time, p°" belongs to W°(Q) and lies in a ball in L>=(Q) N W1(Q) whose radius is
independent of t € [0,T] and € > 0. Moreover the entropy-information inequality

r
h

T
| [ o eanvr e - v @E G ey < [ (P 0.5) = P Ty + 3o
1
is satisfied where o-(1) — 0 when € — 0. This integration in time yields

T
n

IV || o,r1x) + VEIVA " llz2(0, ) < C+ D 0e(1) (39)
1

where the constant C' is now independent of h > 0 as well as of € > 0.
(ii) Space compactness: p" satisfies

Z / L) — £ (S () dy = O(B) + 3 0.(1)

(iii) Time compactness: p°" satisfies

+
S h /Q 1) — o ()| dydt = 6(e, h)
1

with 0 = lim lim 6(5 h).

h—0&e—

(iv) The sequence P (t, ) satisfies a localized entropy-information inequality for any test function &(t,y) > 0

T
/O /Q§(t7y)psh(ty)VC*(V(F'(th(Ly)))) V(F'(pT(t,y)))dydt
T
- / /Q Ve ) (t,y) - Ve (V(F (0 (1, ) F' (07" (t, y))didy (40)

- / / (€(t,9)0: (F (o7 (t,)))didy + 5(c. h)

where 0 = lim lim (e, h)

—0e—0
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Proof:

(i) Each term p*" < M and equation (21) implies that [|hVps"||11(q) is bounded independently of € and by
summing

h/Qp?h(y)VF’(Pfh(y))‘VCE*(V(F'(p?h(y))))dyS/Q(F(Pﬁll(y))—F(p?h(y)))dy

on each time interval, we obtain (38) since liH(l) (F(ps"(y) — F(ph(y)))dy = 0.

E— 0
Then (39) holds. Moreover, for ¢ fixed, we can use an argument of [1] to prove that V" € L>°(2). Indeed
since

€ e € € € th Yy -y
Vo E ) = VP () = ot ) ve ()
we obtain for any test function &
Si"(y) —y
< - sh My \d) I
[ v memanl < gl [ e ey
1

Ve () )|

inf[m7M] F" QxQ

1 ]
inf, F"ngLl(Q)z,ység)xQ'VC( h )

and since ¢ € C'(R?) we deduce that pi" € W1 >°(Q).
(ii) Since ps" € WH>°(Q) (it may be approximated by a sequence of C''(f2) function) , the Fundamental
Theorem Of Calculus (FTOC) yields

% 10 (y) — P2 (SE" ()| dy

~
I
-

:Zh: / /Vpl Dy +s(S5"(y) —v)) - (55" (y) — y)ds|dy.

Since S (y) —y = hVe* (V(F' (ps"(y))) + heV (F'(p5"(y)), it leads to

/(/ V(05 ) + (S5 () — ) |dsdy

IA
»—‘M:H

~Mw

e [ [ 90t o5 0) DIV ) ) s
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and then

I <* Zh2/ Vit (y + s(S5" () — )| p5" (y)dyds

N

h / IV (05" (9) [2dy)  ds

I

+d2 sup |1 / (300 [ 906+ s(52" ) — u)Po )

[nL M)

which becomes using (37) ( by approaching |Vp",| by C°°(Q2) non negative function) in both terms

I M/ Zh/ V5", (y)|dyds

Mw
e

/ V() W)Pdy) (3R / eV (0" (y) dy) s
Q Q

h
+— su F"/
v A
%
< (C+) o())h
1

by the L'([0,T] x ©2) bound on the sequence Vp" and the L?([0,T] x Q) bound on /zVp" written in (38).

(iii) Once again, we adapt arguments involved in [1]. We will in fact prove that

/ / CF (ot~ b)) (0 () — " — huy))dyd

Il
IV

h/Q(F'(p?h(y))—F'(p?_l(y)))(pfh(y) pi1(y))dy < Ch

which means when ¢ < h — 0 by denoting p* the L([0,7] x Q) limit of p"(t,y) and p~ the L*([0,T] x Q)
limit of p"(t — h,y) that p™ = p~ since at the limit

0< (F'(p") = F'(p)(p* —p7) <0.
And then p™ =p~ or

T
lim / / P (1 y) — P (¢ — hyy)|dydt = 0.
Q

e<h—0 Jp
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But by denoting ®;(y) = F'(p5"(y)) — F'(ps"(y)) we can rewrite

~
Il
Mo

b [ ) = /o 0) (67 @) — Pl (w)dy
Q

_|_
HM;‘H

h/Q(F’(p?fl(y)) = F' (ol 1)) (05" (y) = Pl (1)) dy

h /Q (®i(y) — DS W) )y + 1S 0a(1).

I
e

And then by the FTOC, we obtain

T

£ 1 =
r= Y /Q / (ST 6) =) Vi + ()~ ) W) + Do)

< (CH+Xf 0.(1))h

using the same argument as above by applying (37) for both terms, the uniform L!([0,7] x ) bound on
the sequence V" and the L2([0,T] x ) bound of /eVp".

iv) We now want to prove the localized inequality (40) for the mollified problem. For a fixed test function
&(t,z) > 0, take h small enough such that spt& C [h,T] x Q.
We want an estimate for the following quantity

T
/0 /Q £t y)VE (67 ()0 (1, ) - Ve (V(F' (07 (1, 9))))dydt

Il
1

h/Q§(ti,y)VF'(p§h(y))p§h(y) Ve (V(E (p () dy + O(h) + hzh:og(l)

Indeed by inequality (21),

M

T
\/O /Qf(t,y)V(F’(th(tyy)))~VC*(V(F’(th(tvy))))dydt* h/f(ti,y)V(F’(pfh(y)))-VC*(V(F’(pfh(y))))dyl

Q

< lorelli= Db [ (FG(0.9)) - Fo™(T.9))dy)
— Jao
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Then by introducing Pr(\) = AF'(X) — F(\), we can write

-

h/ E(ti, y)VE (5" (1)) (y) - Ve (V(F (05" (9))))dy

Q

Il
e

h / £t )V (Pr(pS(4))) - Ve* (V(F' (05" (3)))dy.

Moreover since £ > 0,

HM:H

/ £t )V (P (05 (1)) - Ve (V(F (05 (1)) dy <

So we will consider the quantity

Iy = Y h / (e )V (Pr (05 (1)) - Ve (V(F (05" (4))))dy
1

h Qvi(t ) Pr(p5"(y) - Ve (V(F (05" () dy

I
M

=N

=37 [ et Pl ) Ve (V65 )

1

L+ 1
But since S{"(y) —y = hVe* (V(F'(p5"(y)))) we obtain

Z / €t 1) Pr (5" (9))div (S5 (y) — y)dy.

We now use the intermediate result proved by Agueh in [1]

—Pp(p{"(y))div(Se"(y) —y) = —Pr(ps" () tx(VS" (y) — 1d)

h / £t )V (Pr(pS (1)) - Ve (T (F (2"
Q

32

(¥)))

)dy.

iy L L (st
= ARGy P Gy G

. trVSsh(y) g, trVSSh(y) 1 _ 1 _
S RO G N~ Gy G

ch
= F(%)dew%) - F(o"w)
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eh
since AYF(A~%) (which derivative is —d\?~! Pr(A~%) ) is convex and non decreasing and detV S:" () < (w)d

(see the displacement convexity in [33]).
Since £(t;,y) > 0, we obtain

ch
I < / §(ti7y)(F(®tpViS%)detVth(y) — F(pf"()))dy

P

and then

eh
Boe 3 [ el S0 PRV ) — € ) P 1)

HM:H

pi"(y)

N detV 555 (y)

)detVSE" (y)dy.

-

| €t -t s R
The two right hand terms I3, + I52 can be treated as follow using the relation

pi 1 (ST (y))det VS (y) = pi™(y)

and we obtain

>N

pi" ()

(5 E(ti, y)F(pi" (y))dy

o= ) /Q (s, S (y) P (ol (S(1)))

3 / £t ) (F(p2 (1) — F(p2 () dy
1

0:(1)

M

3 / £t y) (F(p2y (1) — F(p2 () dy +

T *
- / /Q OF (7" (t, )€t y)dydt + 3 0.(1)

and

fon

[N~}

Il
M

/Q(é(ti,y) = &(ti, S ())F (pi-1 (S5 (9)))det VST () dy

VE(t,y)(S7" () — 9)F (o1 (S5 (4)))det VS (y)dy + O(h)

I

|
»—AM:‘H
S

S~

hVE(ti,y) - Ve (V(F (0" () F (i1 (S5 (9)))det VST (y)dy + O(h)

I
|
M

Q
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We will use that fact that

P pMy) = P (S ()
VSR = Gy T L)
which yields
Iy = -y / hVE(t:,y) - Ve (V(E (02 (9) F(p" () dy

+§1:/thf(ti,y)-VCE*(V(F’(ﬂ?h(y))))(F(p?h(y)) — F(pl1(S7" (1))

T ch N ch
-3 [ 1ttt - T O G N F Gl (57 0) B o)

Finally, we write that

L3 . . p5"(y) — P} 1 (S5 (y))
=3 [ nettn ) e (TGN Pt (5T ) P et

< ClIVEl o | Flli=( mMDZ / 12 (82 () — p2 (1)l dy

and

. g o P (y) Pl (S5 ()
| hVet ) S )P ) P L

SNEs
HM:H

£ £ £ £ 1
< CVEl|VEl oo @) | F I o (fmaaa) | [ oo (prm,aa [VEV 07 || L2 (001 ( h/lefl(Sih(y)) — ps"(y)|dy)>

Moreover, since

[F (i1 (S5 ())) = F (o™ (w))] < I1F'|| o (v I0E1 (S5 (9)) = 55" ()],

we have

1

/thf(ti, y) - Ve (VE (o ) (F (05" (y) = F(pi-1 (S5 ()

e

< C|IVE] Lo, mx) |1 F' || Lo (jm, a1 h/Q 10571 (S5 (9) = P () |dy
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and

Z/Qhevf(ti,y)'V(F’(P?h(y)))(F(pfh(y)) = F(pi1 (57" ()

1
< CVEVE oo () 1| oo (tmaa) [ F” | oo (pmnap) [ VEV 07 || L2 (62 h/le (S5 () = P (y)ldy) 2

-

where Qp = [0,7] x Q.
And then, since

=N

Sob IS0 = Wldn < SR (S w) = o S @I+ [ 16 (55 ) = it )l
1

1

+/Q|pffl(y)—pfil(y)\der/QIpﬁil(y)—pfh(y)ldy]

S 0.(1) + O(h) + 6(e, h)

IN

we obtain (40) using (ii) and (iii).
|

Proposition 4.4 ( Approximate equation and Entropy information) The piecewise constant in time func-
tion p* satisfies
(i) The approzimate heat equation

T
[ [ wetpan=om+ [ [ e w=w i wmt o Vet ()
0
for any test function &, where D(F'(p"(y))) = Dp"(y)F"(p"(y)) and D*p" denotes the Radon-Nikodym

derivative of the measure Dp" with respect to the Lebesgue measure.
(i) The entropy-information inequality

G(E'(p"); D(F'(p"))) < /Q[F(po(y))—F(ph(T,y))]dy (42)

where the left hand side represents the integral (46) of a function generalizing g(z,£) = (F*)' o (F(2))¢Vce*(€)).

Remark 4.1 Note however that the same kind of localized inequality as (40) is also valid for p".

Proof:

(i) We will first prove the following discrete in time equation localized in time

hiy) — ph
[ A=Ay = [ e D () ) Vewdy + O (43)
Q Q
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holds for any test function ¢ € C*°(Q). Multiplying (36) by p? V¢, we obtain for any test function & € C2°(Q)

h
[ =09ty = [ e D E )l )Ty
Q Q

To obtain properly the discrete in time equation, we have to compute for any test function &

P (y) — pi—1(y) 1
/Qflf(y)dy— E/QXQ@(‘”) — &(@))dy} (. y).

By using the FTOC applied to the test function £, we have

[ 3160) @) = 0 = ) Vel )] < s D) [ 2= yParl() < €5

St(y) —y Ry — x
/Q E =96 )pi(y) = /Q By

we obtain the expected discrete in time equation

and since

(y)dy) (z,y),

[P ety [ e D )k VW] < g supIDEC) [ ol e

(44)
and then we have (43). Let us write (43) on each interval ]ih, (i + 1)h] and sum it with respect to . Since for
any test function £ € C*°(]0,T] x Q)

’l; h i _ h’i T
D [ RIS qy payar — [ [ e 0 6 ) )V ]

nl o D2 / & — g2 ()

[0,T]1xQ

S| =

IA
»—AM:‘H

T

we obtain (41) because |z — y| < h and Z h =T and
1

-

/VC D(F" (p"(y)))p" (y) VE(ti, y)dydt— / /VC D(F' (p"(y)))p" (y)VE(t y)dydt| < C|0,VE|| <.

(if) We want to prove that

A

T T
[ ] #9e @@ ) - D) < it [ ] #0e@E ) - TEE)
0 Q 0 Q

IN

timinf | [Plpo(u) = P (T.)lds

but since p” is in BV, we have to give a sense to the left hand side.
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Remark 4.2 In the above expression, we define p"*(t,y) the same way we defined p"(t,y) from pl(y) through

(3).

Using the same notation as in Andreu Caselles Mazon [12], let us denote

9(F'(p), D(F'(p))) = (F")" o F'(p) D(F"(p)) - V" (D(F'(p))).

We can then define the generalized version of the Fisher information for BV functions by defining

ac p C
G(p, Dp) // (p, D dtd:c+/ (p,|D‘)I Pl

(46)
P+(I)
/ / (s, v,(x))ds)dH ™ (x)
J/’
where ¢° is the recession function equal to lim;_.q tg(z, 2, ) |€] cf (11).
To get the entropy-information inequality, we want to prove a lower semicontinuity for G:
G(F' ("), D(F'(p" <M@//’Pfh V(F (). (47)
e—

For this purpose, let us decompose this quantity in two parts, which will be semicontinuity. Indeed, we write
when p € WH1(Q)

9(F'(p),V(F'(p))) = (F) o F'(p)V(F'(p))Ve" (VF'(p)))

= (F") o F'(p)(c(Vc (V(F'(p) + ¢ (V(F'(p))))

Using the result of De Cicco, Fusco and Verde on lower semi-continuity for BV functions [22], since ¢* is
convex and (F*) is continuous, we obtain

T
/ (F*Y o (F'(s"))e" (D(F' (o ﬂmm//i” o (F(p))c (V(F' (o).
0 Q Q

e—0

In another hand, since Ve*(V(F’(p")) is bounded in L>([0,T] x ), it converges in w*L>([0,T] x Q). Tt
still remains to identify this limit. For any test function £ € D(2), we have, for a fixed ¢

2 EW)VEV(EF (0" (t,y))p™ (¢, y)dy
=LawWﬁWF@memﬂmw@—;Aamvwmﬂmwmww@my

= /Q . Ey) (@ — y)dy}* (2,y) + O(VE) — Ey)(z — y)dy) (z,y)

QxQ

=/Qf(y)VC*(D‘“(F’(ph(t,y))))ph(t,y)dy
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and then the uniqueness of the limit says that Vc*(V(F'(p")) — Vet (D(F'(p")) w*L>([0,T] x Q) and
then
Ve (DU (F (" (t,9))))| < liminf [Ve* (V(E' (5)].

Since ¢ is non decreasing on Rt we have

(Ve (|D(F'(p")]) < e(|Ve (V(F' (o))
and then

/O / pre(Ve (D(F (o)) < liminf / (T (T (F (5))-

e—0

Moreover — using that p" converges strongly in L' ([0, 7] x Q) towards p"— we have

e—0

T
lim / /Q (0" — o™V (V(F (o)) = 0.

Hence we recover the expected lower-semi-continuity property (47).

Remark 4.3 In our case ¢°(x,2,£) = || and then

0 & c p+(=) 0 d—1 _ c ) — T d—1 T
Lo e papeas [ ([ s t@ = [0+ [ (o) - ot @ 20

p—(z) Jp

so the singular terms are positive and we can write the fisher information for the absolute continuous part
of D(F'(p")), i.e.
T
| [ o enve @@ ) D E ) < [ 1Fnw) - P )

4.3 Limiting equation

The following proposition represents the keystone which enables us to apply the Minty-Browder technique to
complete the construction.

Proposition 4.5 (The continuous time limit) (i) The time derivative 9;p belongs to L'([0,T], BV (Q))*
(

and is the time derivative of p in L*([0,T], BV (Q))*, i.e. for any test function p € L*([0,T], BV2(2)) admitting
a weak derivative © in L. ([0,T], BV (Q)) U L>([0,T] x Q) as defined in [10], meaning

p(t,y) = /O O(s,y)ds

we have

T T
/ / 0,7t y)plt, y)didy = — / / P(t, )01, y)didy. (48)
0 Q 0 Q
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(ii) For any p € L'([0,T], BV2(Q)), we have

T T -
/ Oyppdtdy = / / pdiv Adydt
0 Jo 0 Jo

where A € L=([0,T] x Q) is the weak* limit of A(p") = p"Vc* (D(F'(p")).

(i) for any test function & > 0, we have then the corresponding localized inequality

_ / OF(p(t,y))E(t, y)dtdy — / Vet y) ' (p(t,y)) At y)dedy
Q Q

, B (49)
< / / £(ty) (At y); D*(F' (5(t, y))))dydt + (T°:£(t, )
0 Q

where T® is a purely singular measure. We shall use (49) in liew of integration by parts.

Remark 4.4 Note that we would originally expect instead of inequality (49) an equality obtained by integration
by part from the equation

8:p = div (A)

multiplied by EF'(p). The problem is that F'(p) is not regular enough — since it belongs to LL ([0,T], BV5(Q))
and not in L*([0,T], BV2(2))- to be used as a test function. Therefore we need to do a regularization in time
which implies an inequality in the computation.

Proof:

Let us prove (i) which is fundamental to obtain (ii) and (iii). We want to prove that 0;p belongs to
LY([0,T], BV(£2))*. Remark that

T T
/ Op(t,y)E(t y)didy = lim / Do (1, y)E (¢, y)dtdy
o Ja h—0Jo Ja

E ot hiy) — b
_ hm;/tm/g(pl (v) hpzfl(y))f(uy)dtdy.

h—0

t; h _ ,h % t; h _ ,h
/v /(pl () hpzfl(y))@(t?y)_g(tl_?y))dtdy| QPLI/Q(m () hplfl(y))atf(tvy)(ti_t)dtdy‘+0(h)

= 0]l (j0,1x ) lime 0 0 (g, h) 4 o(h).
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We therefore consider

e ) - ) o CRORAD)
z1:/tz‘—1 /ﬂ h E(t’y)dtdy i%;/tz—l Qﬁ(t,y) h dy

A (05" () = pi1 (y) u
= g%;lillzg(t,y) ; - dy+;os(1)
oy [ [ ) €S W)
= Lo;/t“/g : P (y)dy

e—0

* t; 1 ch _
= i [ [ [ vttt - R s

Then since S5 (y) —y = hVc* (V(F'(p"(y)))) + eV (F' (p*"(y))) we can write

1 % t;
tim [ 37 [ [ Vet + s(55" ) = )l () s
0 ;-1 Jti—1

e—0

e
S
—
he)
Db
—~
Ned
S
|
s}
>
i
—~
Ned
S—
S
7Y
—
\.PF
Neyd
S—
Q.
~
Q,
Nad
A

+el|VE Lo, 11x ) IV | L1 (0, 71x )

IN

ClI&l L1 o,y w1 ()

where C' does not depend on h. Moreover this integral may also be defined for any £ € BV,(Q) since for h fixed,
h h

Pi — Pia

— o0

. n [(i — 1)h,ih] belongs to L>°(]0,T] x ). Then,

the piecewise constant function dy,p" =

sup < Opp;& >< C V€ € BVa(Q)
t€[0,T]

and the sequence 9y, p" is bounded in L'([0, T], BV5(2))*. This implies that 0;p is the w* limit of d;,p" and then
belong to the dual of L!([0,T], BV2(Q)).

Moreover, we have equality (48).
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Indeed,

T T
/ /Q Oip(t,y)p(t,y)dtdy = lim / /Q np" (t,y)p(t, y)dtdy
0 0

h—0

ot (o) - ()
= 1 ! = t,y)dtd
hlg});/t“/ﬂ ; p(t,y)dtdy

e T (et = hyy) = p(ty)
= —lim hm/o /Q Y P (t,y)dtdy

h—06—0

T t
- 1 h
= *g%}grgjfo /QE/H O (s, y)dsp” (t, y)dtdy

T
= - / O(t,y)p(t,y)dtdy.
0 Q

t

1
Indeed, p”* converges strongly in L!([0, 7] x Q) and A O(s,y)ds is bounded in L> ([0, 7] x ) — since O is
t—h

bounded in L*°(]0,T] x £2) — and converges toward ©.

(ii) First of all, A(p") is a bounded sequence in L>([0, 7] x ) and then, up to a subsequence, converges in
the sense of distribution toward a distribution called A.

Passing to the limit in the discrete equation (41), we obtain the limiting equation in the sense of distributions.
Since 9;p and divA belong to the dual of L([0,T], BV2(f2)), equality (50) is true against any function in
LI(0,T], BV2(2).

(iii) This point is an adaptation of the argument of [10]. Since d;p = divA in the dual of L'([0,T], BV2(f2)),
for any p € L1([0,T], BV2(f2)), we can define (A, Dp)(t,-) as a distribution on 2 and by integrating the localized
in time relation (43), we obtain for any test function ((y)

T
| [ Dt
0JQ T .
== / / At y)p(t, y)VE(y)dydt — / / divA(t, y)p(t, y)¢ (y)dydt.
0JQ 0 Ja

and

T B T
- / /divA(t,wp(t,y)qy)dydt:— / / 9B(t, y)o(t, ) (y)dydt,
0 Q 0 Q

because p satisfies the limiting equation against any function in L'([0,T], BV5(Q2)).
As we noticed, F’(p) does not belong to L ([0, T], BV2(f2)), so we need to introduce a regularization. In this
step, we follow the proposition of [10].

1 t
Let the test function £(¢,y) = n(¢)¢(y) > 0 and introduce F7 (t,y) = f/ n(s)F'(p(s,y))ds. For T fixed,
T Jt—1

small enough such that sptn C [r, 7 —7] , since F'(p) is integrated in time, F7 (¢, -) belongs to C*([0, T], BV2(Q))
(see [7]) and then belong to L'([0,T], BV5(12)).
Let us now precise the argument of [10] by the following computation. First of all, equation (48) implies
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T T -
| [ reewasepady = [ [ TEDZ0 p )i
o Ja o Ja T

T—0
[T [ F(p(t+1) — F(p(t))
= [ ). H()C(y)dydt
and then since F' is a convex function
o Ja T T
) / / () FE e =) = PR

F(p(t =, y))n(t __:) =GN 10,7, BYa(9)) A L ([0, T] x Q) is the time derivative of 7

as defined in [10], i.e.

Since

S

Friey) = [ PR mne = D) PG,

-7

and since F'™ € L([0,T], BV2(f)) we obtain

/ / (t,9)C(9) D, F (t, y)dydt

T
- /0 < 0B, CY)F7(ty) > db
T
= —/ < div A, ((y)F7 (t,y) > dt

//FTtyA Vely dydt+/ /g (A: D(F™(t,)))dtdy

by definition of the distribution (A, DFT)

And then
T T
/ /F(ﬁ(t,y))@f(ty)dtdy < lin})/ /FT(t,y)Z-VC(y)dydt
0o JQ ™—YJo Ja
+l%T/ / A - D*(F'(p(s, y))dtdyds
+lim / / $)A- D*(F'(p(s, ) dtdyds

First by (12) we write

// (s)A - D*(F'(p(s,y))dtdyds < M~ /_T//g n(t + 5)|D*(F'(p(t + s, v))|dtdyds
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1 O
and then we use that for any 0 < p € L([0,T]), lin}) - / p(t + s)ds = p(t) in the sense of measure.
T—0 T —r

This yields the result since it gives

/ / At 9)) 0kt y)dtdy < / / OF (3(t,y)) A - VC(y)dydt

/ A Do (F (p(t y)dtdy

T
A oz / /Qn<t><<y>|DS<F’<p<t,y>>|dtdy

T
We denote < T%;¢ > the singular term ||Z|\Lx([0)T]XQ)/ /f(t, y)| D (F' (p(t,y))|dtdy.
0o Ja

4.4 Identification of the limiting equation: a monotonicity argument

By a monotonicity argument, we achieve the Proof of Theorem (1.5) by proving the Proposition

Proposition 4.6 The limiting measure p of the discrete in time measure p" satisfying equation ({1) is solution
in the sense of distributions to the following equation

Oyp = div(pVe" (D(F'(p))))- (50)

Proof:

We want to prove that A = pVc*(D(F'(p))). For that purpose, we want to use the Minty-Browder’s
argument which means that we have to prove that for any z € IR",

(A — A(p, 2))(D*(F'(p)) — 2) 2 0

and in fact, we want to prove for any test function £(¢,z) > 0 and ((t, ) € O (R? R?)

[e@- Aoy -0 =0
Indeed, this yields the expected equality since by taking ¢ = D*(F’(p)) + dw, we obtain
(A — A(p: D*(F' (7)) + dw))dw > 0
and then by passing successively to the limit 0 > § — 0 and 0 < § — 0, we obtain the equality A =
A(p, D(F'(7))-

To prove this inequality, we want to pass to the limit when € and h go to zero in the following inequality
that comes from the convexity of ¢*

T
- / /Q S ) (T (T(F (0™ (1,9))) — Ve () - (VE (5t 1)) — C(t,y))dydt > 0.
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Let us develop this quantity as follows
Ak = / / £(t,y) ™ (1,9) Y (F (67 () Ve (V(F' (01 (1)) dyt

0JQ

T

ch Avis

4 / / E(t,y)p* (1, 9)C(E y)) - Ve (C(t ) dydt

T
- / / E(t, )™ (6,9) Ve (L y)) - V(F (5 (2, y))dydt

0JQ

T
- / /Q £t ) (1,4) Ve (V(E (67 (1)) - C (8, y)dydt

Term 1

Proposition (4.3) gives us at the limit

T
timing [ €(6.0)0™ (4 0) V(P (" (0.9)) Ve (9 (P (67 (0,) s
0JQ

eh—0
< [etvarauia- [ [ vew.r 7
T
— /O /Qﬁ(t,y)Z(t, y) - V(F'(p(t,y))dydt + (T*;€)
by (49).

Term 2

Since p=" converges in w*L>(2) towards p, we have

/0 /Q £t 2)o™ (1, y)C(t ) - Ve (C(t, ) dydt

. / / E(t, 2)(t,y)C(ty) - Ve (C(t,y)dydt

when ¢ < h — 0.

Term 3 Using Theorem 1.4 of De Cicco, Fusco and Verde [22] on the L! semicontinuity of functionals .J[p, Dp]
on BV which are convex with respect to the gradient variable and continuous with respect to p = F'(p"), we
obtain
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e—0

timipt [ [ ¢(t0)Ve (C(80) - VE G 1) (B (F (0 (1. 0)dyi
0JQ
T
>timint [ [ €(t0)Ve (€t DE (" (4.0)o (b 0) e
- 0 Q

T
Z/o /Qg(t’y)vc*(c(t’y))’D(F,(p(tyy))ﬁ(t,y)dydt,

In fact, since J[p, Dp| depends linearly on Dp in this case, we have that both liminfs can be replace by limits
which converge, and the inequality above becomes an equality.
Term 4

/ / £(t, 2)p™ () Ve (0 (1, y)) - C(t ) dydt — / / £(t, 2)A(t,y) - C(ty))dydt
0 Q 0 Q

when € < h — 0.
Then the inequality A" > 0 becomes

(A(V(F'(p) = O) = pV (O(D(F'(p) — O) + T%:€) = 0.

By Corollary 1 p.53 of [26], we know that (A(V(F'(p)—¢)—pVc*(¢)(D*(F'(p))—¢)+T* is a Radon measure
and then by the Lebesgue decomposition of Radon measure, we can conclude that it’s absolute continuous part
is positive which means that

(A= Ap,Q))(D*(F'(p)) = ¢) = 0.

for all test function ¢ which concludes the proof.
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