FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS

A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

Abstract. We derive Verlinde’s formula from the fixed point formula for loop groups proved in the companion paper [3], and extend it to compact, connected groups that are not necessarily simply-connected.

1. Introduction

In this paper we give applications of the fixed point formula proved in the companion paper [3]. Our original motivation was to understand a formula of E. Verlinde [32] for the geometric quantization of the moduli space of flat connections on a Riemann surface. In particular A. Szenes suggested to us that the Verlinde formula should follow from an equivariant index theorem, much as the Weyl or Steinberg formulas can be interpreted as fixed point formulas for flag varieties. It turns out that our approach also applies to moduli spaces for compact, connected groups that are not necessarily simply connected. In the present paper we will consider the case of at most one marking. The main result is Theorem 5.1 below. The case G = SO(3) is due to Pantev [24], and G = PSU(p) with p prime to Beauville [8]. A formula for any number of markings was conjectured very recently by Fuchs and Schweigert [16]. The proof of this more general result, which involves so-called orbit Lie algebras, will appear in a later work.

Verlinde’s formula appears in the literature in various guises. Our version computes the index of the pre-quantum line bundle over the moduli space of flat connections. Verlinde’s original conjecture computes the dimension of the space of conformal blocks, for a wide range of two-dimensional conformal field theories. The cases we consider here arise from the Wess-Zumino-Witten model; see Felder, Gawedzki, and Kupiainen [14] for arbitrary simple groups. In the algebraic geometry literature, many authors refer to Verlinde’s formula as computing the dimension of the space of holomorphic sections (generalized theta-functions). In many cases, the higher cohomology of the pre-quantum line bundle is known to vanish (see recent work by Teleman [28]) so that our version and the algebraic geometry version are the same.

Mathematically rigorous approaches to Verlinde’s formula in algebraic geometry are due to Tsuchiya-Ueno-Yamada [31], Faltings [13], and Teleman [29, 30], to name a few. The comparison between conformal blocks and holomorphic sections can be found in

Date: May 21, 2002. 1

2 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

Kumar-Narasimhan-Ramanathan [20], Beauville-Laszlo [7], and Pauly [25]. A nice survey can be found in Sorger [26].

A proof of the Verlinde formula via the Riemann-Roch theorem was outlined by Szenes in [27], and carried out for SU(2) and SU(3). The proof was extended by Jeffrey- Kirwan [18] to SU(n), and Bismut-Labourie [9] to arbitrary compact, connected simplyconnected groups, for sufficiently high level. The idea of deriving the Verlinde formula from localization also appears in the physics papers by Gerasimov [17] and Blau and Thompson [10].

Notation.

This paper is designed to be read parallel to its companion A fixed point formula for loop group actions [FP]. Throughout this paper, G will denote a compact, connected, simply connected Lie group, and G = G_1 ×· · ·×G_s its decomposition into simple factors. Given a tuple k = (k_1, . . . , k_s) of positive numbers, B = B_k will denote the invariant bilinear form which restricts to k_j times the basic inner product on the jth factor ([FP], Section 2.4).

We use the following Sobolev norms. Fix a number f > 1. For any manifold X (possibly with boundary) and p ≤ dim X, we denote by Ω^p(X, g) the set of g-valued p-forms of Sobolev class f − p + dim X/2. Under this assumption, forms in Ω^0(X, g) are C^1 and those in Ω^1(X, g) are C^0. The space Ω^0(X, g) is the Lie algebra of the group G(X) = Map(X, G) of Sobolev class f + dim X/2.

Some other notations introduced in this paper are

M(Σ) moduli space of flat G-connections on surface Σ; 2.1 M(Σ) holonomy manifold of M(Σ); 2.3 L(Σ) pre-quantum line bundle over M(Σ); 2.2 h, r genus, number of boundary components of Σ; 2.1 ⊛ fusion product; Appendix B Γ, G^′ central subgroup of G, quotient G^′ = G/Γ; 3 F_γ fixed point component corresponding to γ ∈ Γ^{2h}; 3.3

2. The simply-connected case

2.1. The moduli space of flat connections. We begin with a brief review of the gauge theory construction of moduli spaces of flat connections. More details can be found in [4], [22], and [12]. Let Σ = Σ^r_h denote a compact, connected, oriented surface of genus h with r boundary components. Let A(Σ) = Ω^1(Σ, g) be the affine space of connections on the trivial G-bundle over Σ, equipped with the action of G(Σ) by gauge

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 3

transformations

(1) g · A = Ad_g(A) − g^∗θ,

where θ is the right-invariant Maurer-Cartan form. Let G_∂ (Σ) ⊂ G(Σ) be the kernel of the restriction map G(Σ) → G(∂Σ). Since G is simply connected, the restriction map is surjective, and therefore G(Σ)/G_∂(Σ) ∼= G(∂Σ). We define

(2) M(Σ) := A_{flat}(Σ)/G_∂(Σ),

the moduli space of flat G-connections under based gauge equivalence. If ∂Σ ≠ ∅, it is a smooth G(∂Σ)-equivariant Banach manifold. Pull-back of connections to the boundary induces a map, ^Φ : M(Σ) → Ω^1(∂Σ, g).

The map ^Φ is smooth and proper, and is equivariant for the gauge action of G(∂Σ). Let B = B_k be an invariant inner product on g. The symplectic form on A(Σ) is given by the integration pairing of 1-forms (a_1, a_2) → ∫ Σ B(a_1 ∧ a_2). As observed by Atiyah-Bott [4], the action of G_∂ (Σ) is Hamiltonian, with moment map the curvature. Hence (2) is a symplectic quotient and M(Σ) inherits a symplectic 2-form ^ω. Moreover, the residual action of G(∂Σ) on M(Σ) is Hamiltonian with moment map ^Φ, using the pairing of Ω^1(∂Σ, g) and Ω^0(∂Σ, g) given by the inner product and integration over ∂Σ. A choice of parametrization of the boundary ∂Σ = (S^1)^r induces isomorphisms

G(∂Σ) ∼= LG^r, Ω^1(∂Σ, g) ∼= Ω^1(S^1, g^r).

Thus (M(Σ), ^ω, ^Φ) is an example of a Hamiltonian LG^r-manifold with proper moment map. For any μ = (μ_1, . . . , μ_r) ∈ L(g^r)^∗, the symplectic quotient M(Σ)_μ is the moduli space of flat connections for which the holonomy around the jth boundary component is contained in the conjugacy class of Hol(μ_j ). This also covers the case without boundary, since M(Σ^0_h) = M(Σ^1_h)_0.

Occasionally we will also use the notation M(Σ, G), in order to indicate the structure group. The decomposition into simple factors G = G_1 ×· · ·×G_s defines a decomposition of the loop group LG = LG_1 × · · · × LG_s, and the moduli space is the direct product M(Σ, G) = M(Σ, G_1) × · · · × M(Σ, G_s). 2.2. Pre-quantization of the moduli space. The space M(Σ) is pre-quantizable at integer level, that is if all k_i are integers (see e.g. Section 3.3. of [22] or [15]). For later use, we recall the construction of the pre-quantum line bundle. The central extension ^G(Σ) of G(Σ) is defined by the cocycle

(3) c(g_1, g_2) = exp(iπ ∫ Σ B(g^∗_1θ, g^∗_2 θ)).

The group ^G(Σ) acts on the trivial line bundle over A(Σ) by (4) (g, z) · (A, w) = ( g · A, exp(−iπ ∫ Σ B(g^∗θ, A))zw ) .

4 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

The 1-form a →^1_2 ∫ Σ B(A, a) on A(Σ) defines an invariant pre-quantum connection. A trivialization of ^G(Σ) over the subgroup G_∂ (Σ) is given by the map

(5) α : G_∂ (Σ) → U(1), α(g) = exp(2πi ∫ Σ×[0,1] g^∗η). Here η is the canonical 3-form on G, and g ∈ G(Σ × [0, 1]) is any extension such that g = g on Σ × {0} and g = e on (Σ × {1}) ∪ (∂Σ × [0, 1]). The map α is well-defined and satisfies the coboundary condition α(g_1g_2) = α(g_1)α(g_2)c(g_1, g_2). One defines the pre-quantum line bundle as a quotient L(Σ) = (A_{flat}(Σ) × C )/G_∂ (Σ); it comes equipped with an action of ^LG = ^G(Σ)/G_∂(Σ).

We are thus in the setting of the fixed point formula ([FP], Theorem 4.3) which gives a formula for the Spin_c-index χ(M(Σ)_μ). To apply the fixed point formula we have to (i) describe the holonomy manifold M(Σ) := M(Σ)/ΩG^r, (ii) determine the fixed point manifolds for elements (t_{λ1} , . . . , t_{λr} ), and (iii) evaluate the fixed point data. These steps will be carried out in the subsequent sections.

2.3. Holonomy manifolds. The holonomy manifold M(Σ) := M(Σ)/ΩG^r can be interpreted as the moduli space of flat connections

M(Σ) = A_{flat}(Σ)/{g ∈ G(Σ)| g(p_1) = . . . = g(p_r) = e}

where p_1, . . . , p_r are the base points on the boundary circles. The group-valued moment map Φ : M(Σ) → G^r takes an equivalence class of flat connections to its holonomies around the boundary circles. The 2-form ω has the following explicit description (see [1, Section 9].) We begin with the case of a 2-holed sphere Σ^2_0. The surface Σ^2_0 is obtained from a 4-gon by identifying the sides according to the word D_1AD_2A^{−1}. Parallel transport along the paths A and A^{−1}D_1 defines a diffeomorphism

M(Σ^2_0) = G × G.

The G^2-action is given by

(6) (g_1, g_2) · (a, b) = (g_1ag^{−1}_2 , g_2bg^{−1}_1 ).

The moment map is

(7) Φ(a, b) = (ab, a^{−1}b^{−1})

and the 2-form is given by

(8) ω =^1_2 ( B(a^∗θ, b^∗θ) + B(a^∗θ, b^∗θ) ) . The holonomy manifolds for the general case Σ = Σ^r_h are obtained from M(Σ^2_0) by fusion, which we recall in Appendix B. First, the moduli space M(Σ^1) for the 1-punctured torus is M(Σ^1) = M(Σ^2_0)_{fus} ∼= G^2.

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 5

The G-action is conjugation on each factor and the moment map is the Lie group commutator Φ(a, b) = [a, b] = aba^{−1}b^{−1}. The moduli space for the surface of genus h with 1 boundary component is an h-fold fusion product M(Σ^1_h) = M(Σ^1) ⊛ . . . ⊛ M(Σ^1) = G^{2h}.

G acts by conjugation on each factor, and the moment map is a product of Lie group commutators. The moduli space for the r-holed sphere Σ^r_0 is an (r − 1)-fold fusion product M(Σ^r_0) = M(Σ^2_0) ⊛ . . . ⊛ M(Σ^2_0) = G^{2(r−1)} where we fuse with respect to the first G-factor for each G^2-space M(Σ^2_0). Finally, the moduli space for Σ^r_h is M(Σ^r_h) = M(Σ^1_h) ⊛ M(Σ^r_0) = G^{2(h+r−1)}.

2.4. The fixed point sets. The fixed point sets for the action on the holonomy manifold are symplectic tori:

Proposition 2.1. The fixed point set for the action of (t_{λ1} , . . . , t_{λr} ) on M(Σ^r_h) = G^{2(h+r−1)} is empty unless λ_1 = . . . = λ_r =: λ, and M(Σ^r_h)^{(tλ,...,tλ)} = F := T^{2(h+r−1)}. Proof. Since M(Σ^r_h) is obtained from a direct product of h + r − 1 copies of M(Σ^2_0) by passing to diagonal actions for some of the G-factors, it suffices to prove Proposition 2.1 for Σ^2_0. By (6), an element (a, b) ∈ M(Σ^2_0) is fixed by (t_{λ1} , t_{λ2} ) if and only if (9) t_{λ1} = Ad_a t_{λ2} , t_{λ2} = Ad_b t_{λ1} .

Both t_{λ1} and t_{λ2} belong to the exponential of the alcove exp(A). Since each conjugacy class meet exp(A) only once, (9) holds if and only if λ_1 = λ_2. □ Notice that the fixed point set is independent of λ; in fact, F is fixed by the full diagonal torus T ⊂ G^r.

2.5. Evaluation of the fixed point contributions. Let Σ = Σ^r_h and μ = (μ_1, . . . , μ_r) with μ_j ∈ Λ^∗_k. By Theorem 4.3. of [FP], the Spin_c-index is given by the formula

(10) χ(M(Σ)_μ) = 1 (#T_{k+c})^r ∑ λ∈Λ^∗_k |J(t_λ)|^{2r} r∏ j=1 χ_{μj} (t_λ)^∗ζ_F (t_λ)^{1/2} ∫ F Â(F )e^1_2^c1^{(L}F^) D_R (ν_F , t_λ) . Here we abbreviated (t_λ, . . . , t_λ) to t_λ, viewing T as diagonally embedded into G^r. Since the normal bundle ν_F is T -equivariantly isomorphic to (g/t)^{2(h+r−1)}, we have (11) D_R (ν_F , t_λ) = J(t_λ)^{2(h+r−1)} = (−1)^{(h+r−1)#R}|J(t_λ)|^{2(h+r−1)}. Furthermore, since F is a product of tori we have (12) Â(F ) = 1.

6 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

It remains to work out the integral ∫ F exp(^1_2 c_1(L_F )) and to calculate the phase factor ζ_F (t_λ)^{1/2}.

Proposition 2.2. The integral of exp(^1_2 c_1(L_F )) over F equals (#T_{k+c})^{h+r−1}.

Proof. The line bundle L = L(Σ)^2⊗K^{−1} is ^LG^r-equivariant at levels 2(k+c), . . . , 2(k+c). Since M(Σ) carries up to isomorphism a unique line bundle at every level [21, 3.12], it follows that L is the pre-quantum line bundle for the symplectic structure defined by B_{2(k+c)}. Hence L_F is a pre-quantum line bundle for the corresponding symplectic structure on F (cf. [FP], Subsection 4.4.3), and ∫ F exp(^1_2 c_1(L_F )) is the symplectic volume Vol_{Bk+c} (F ) for the 2-form defined using B_{k+c}. We claim that the symplectic volume coincides with the Riemannian volume, which will complete the proof since Vol_{Bk+c} (T^2) = #T_{k+c} by Lemma A.1 from Appendix A. By our description of M(Σ^r_h) as a fusion product, the fixed point manifold F = F (Σ^r_h) is obtained from the fixed point manifold F (Σ^2_0) (viewed as a group valued Hamiltonian T^2-space) by fusion: F (Σ^1) = F (Σ^2_0)_{fus} and F (Σ^r_h) = F (Σ^1) ⊛ · · · ⊛ F (Σ^1) ⊛ F (Σ^2_0) ⊛ · · · ⊛ F (Σ^2_0), with h factors F (Σ^1) and (r − 1) factors F (Σ^2_0). Lemma B.2 from Appendix B says that the symplectic volume of group valued Hamiltonian torus spaces does not change under fusion. Hence Vol_{Bk+c} (F (Σ^r_h)) = Vol_{Bk+c} (F (Σ^2_0))^{h+r−1}. Finally, the expression (8) for the 2-form on M(Σ^2_0) shows that Vol_{Bk+c} (F (Σ^2_0)) coincides with the Riemannian volume of T^2 with respect to B_{k+c}. □

Proposition 2.3. The phase factor is given by ζ_F (t_λ)^{1/2} = (−1)^{(h+r−1) #R+} .

Proof. The point m = (e, . . . , e) ∈ F lies in identity level set of Φ, and its stabilizer in G^r is the image of the diagonal embedding of G. The 2-form ω restricts to a symplectic form on the tangent space E = T_mM(Σ). By Equations (27) and (29) of [FP], ζ_F (t_λ)^{1/2} can be computed in terms of the symplectomorphism A of E defined by t_λ: Choose an Ainvariant compatible complex structure on E to view A as a unitary transformation, and let A^{1/2} be the unique square root having all its eigenvalues in the set {e^{iϕ} | 0 ≤ ϕ < π}. Then ζ_F (t_λ)^{1/2} = det(A^{1/2}).

We first apply this recipe for the 2-holed sphere Σ^2_0, so that E = T_mM(Σ^2_0) = g ⊕ g. Formula (8) shows that ω_m is the standard 2-form on g⊕g, given by the inner product B. A compatible complex structure is given by the endomorphism (ξ, η) → (−η, ξ). Thus, as a complex G-representation E is just the complexification E = g^C . It follows that the eigenvalues of A (other than 1) come in complex conjugate pairs e^{iϕj} , e^{−iϕj} , 0 < ϕ_j ≤ π/2, and the corresponding eigenvalues of A^{1/2} are e^{iϕj /2} and e^{iπ−iϕj /2} = −e^{−iϕj /2}. Hence

ζ_F (t_λ)^{1/2} = (−1)^{#R+} .

Now consider the case r ≥ 1, h arbitrary. The tangent space is T_mM(Σ^r_h) = (g ⊕ g)^{h+r−1}, but because of the fusion terms the symplectic form is not the standard symplectic

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 7

form defined by the inner product on g. However, by Appendix B, Lemma B.3 it is equivariantly and symplectically isotopic to the standard symplectic form. Since the phase factor ζ_F (t_λ)^{1/2} is a root of unity, it is invariant under equivariant symplectic isotopies, and we conclude as before that ζ_F (t_λ)^{1/2} = (−1)^{(h+r−1) #R+} . □

2.6. Verlinde formula. From Equation (10) we obtain, using (11), (12) and Propositions 2.2 and 2.3,

Theorem 2.4 (Verlinde Formula). Let G be a simply connected Lie group and k a given integral level. The Spin_c-index of the moduli space of flat connections on Σ^r_h at level k, with markings μ = (μ_1, . . . , μ_r) ∈ (Λ^∗_k)^r is given by the formula

(13) χ(M(Σ^r_h)_μ) = (#T_{k+c})^{h−1} ∑ λ∈Λ^∗_k |J(t_λ)|^{2−2h}χ_{μ1} (t_λ)^∗ · · · χ_{μr} (t_λ)^∗.

Remarks 2.5. (a) Theorem (2.4) also covers the case without boundary, since M(Σ^0_h) = M(Σ^1_h, 0). One obtains

χ(M(Σ^0_h)) = (#T_{k+c})^{h−1} ∑ λ∈Λ^∗_k |J(t_λ)|^{2−2h}. (b) For the two-holed sphere Σ^2_0, formula (13) simplifies by the orthogonality relations for level k characters, and gives χ(M(Σ^2_0)_{μ1,μ2} ) = δ_{μ1,∗μ2} .

(c) In Bismut-Labourie [9] the Spin_c-indices χ(M(Σ^r_h)_μ) are computed by direct application of the Kawasaki-Riemann-Roch formula to the reduced spaces. Their approach involves a description of all orbifold strata of the reduced space. The equality with the above sum over level k weights is non-trivial; it is established in [9] for sufficiently high level k.

(d) Theorem 2.4 gives a formula for a Spin_c-index rather than the dimension of a space of holomorphic sections. Vanishing results for higher cohomology groups have recently been proved by Teleman [28, Section 8].

3. Extension to non simply-connected groups

In this section we consider moduli spaces of flat connections for compact, connected semi-simple Lie groups that are not necessarily simply connected, for surfaces with one boundary component. The case of multiple boundary components will be considered elsewhere. Write G^′ = G/Γ, where G is simply connected and Γ ⊂ Z(G) is a subgroup of the center Z(G) of G. The covering G → G^′ identifies Γ with the fundamental group π_1(G^′).

The main problem in dealing with non-simply connected groups is that the corresponding gauge groups are disconnected. This happens already for the loop group LG^′ = Map(S^1, G^′): The kernel of the natural map LG^′ → π_1(G^′) = Γ is the identity component L_0G^′ of LG^′, identifying the group of components with Γ.

8 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

The disconnectedness of gauge groups causes a number of difficulties: For example integrality of the level does not always guarantee the existence of a pre-quantization of the moduli space. In this section we will obtain sufficient conditions for the existence of a pre-quantization, and calculate the Spin_c-index of moduli spaces with prescribed holonomies around the boundaries for these cases.

3.1. Gauge groups of surfaces for non-simply connected structure groups. If r ≥ 1, the surface Σ^r_h retracts onto a wedge of 2h+r−1 circles. Hence every principal G^′- bundle over Σ^r_h is trivial. On the other hand, principal G^′-bundles over Σ^0_h are classified by elements of Γ: The bundle corresponding to γ ∈ Γ is obtained by gluing the trivial bundles over Σ^1_h and over the disk Σ^1_0, using a loop g^′ ∈ LG^′ representing γ as a transition function.

Let Σ = Σ^1_h. As before we consider the gauge group G^′(Σ) = Map(Σ, G^′) and the subgroup G^′_∂ (Σ) of gauge transformation that are trivial on the boundary. To explain their relationship with the gauge groups G(Σ), G_∂ (Σ) we consider the homomorphism

(14) G^′(Σ) → Γ^{2h}

which takes every gauge transformation g^′ : Σ → G^′ to the map induced on fundamental groups, viewed as an element of Hom(π_1(Σ), π_1(G^′)) = Hom(Z^{2h} , Γ) = Γ^{2h}. Let G(Σ) → G^′(Σ) be the map induced by the covering G → G^′.

Proposition 3.1. The sequences

(15) 1 → Γ → G(Σ) → G^′(Σ) → Γ^{2h} → 1 and (16) 1 → G_∂ (Σ) → G^′_∂ (Σ) → Γ^{2h} → 1

are exact. Restriction to the boundary G^′(Σ) → G^′(∂Σ) ∼= LG^′ takes values in L_0G^′, giving rise to an exact sequence

(17) 1 → G^′_∂ (Σ) → G^′(Σ) → L_0G^′ → 1.

Proof. We first show that the map G^′_∂ (Σ) → Γ^{2h} is surjective. Present Σ^0_h as a quotient of a 4h-gon P , with sides identified according to the word

C_1C_2C^{−1}_1 C^{−1}_2 · · · C_{2h−1}C_{2h}C^{−1}_{2h−1}C^{−1}_{2h} .

Then Σ = Σ^1_h is obtained as a similar quotient of P minus a disk in int(P ). The sides C_j map to generators of π_1(Σ), which we also denote C_j. Given γ ∈ Γ^{2h}, choose continuous maps g^′_j : C_j → G such that g^′_j = e at the base point and such that the loop g^′_j represents γ_j . Since π_1(G^′) is abelian, the concatenation of loops h∏ j=1 [g^′_{2j−1}, g^′_{2j} ] : h∏ j=1 [C_{2j−1}, C_{2j} ] → G^′

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 9

is homotopically trivial. Hence the maps g^′_j extend to a continuous map g^′ : Σ → G^′ trivial on ∂Σ. By a C^0-small perturbation, g^′ can be changed to a smooth gauge transformation, which still vanishes on ∂Σ. We next show exactness of (16) at G^′_∂ (Σ). Since G is simply connected, a necessary and sufficient condition for an element g^′ ∈ G^′_∂ (Σ) to admit a lift g ∈ G_∂ (Σ) is that the induced maps on fundamental groups be trivial. Thus g^′ is in the image of the map G_∂ (Σ) → G^′_∂ (Σ) if and only if it is in the kernel of the map G^′_∂ (Σ) → Γ^{2h}. Injectivity of the map G_∂ (Σ) → G^′_∂ (Σ) is obvious. This proves (16) and the proof of (15) is similar.

Finally we prove (17). Let g^′ ∈ G^′(Σ). Since ∂Σ is homotopic to ∏_h j=1[C_{2j−1}, C_{2j}], the restriction of g^′ to the boundary defines a contractible loop in G^′. Hence g^′|_{∂Σ} ∈ L_0G^′. □

3.2. Moduli spaces of flat connections. View A(Σ) = Ω^1(Σ, g) as the space of G^′- connections, and consider the action of the gauge group G^′(Σ). As before, the action of the subgroup G^′_∂ (Σ) is Hamiltonian, with moment map the curvature. The symplectic quotient is the moduli space of flat G^′-connections up to based gauge equivalence,

M^′(Σ) = A_{flat}(Σ)/G^′_∂ (Σ).

It carries a residual Hamiltonian action of L_0G^′ = G^′(Σ)/G^′_∂(Σ), with moment map induced by the pullback of a connection to the boundary. Using the surjection LG → L_0G^′, we will view M^′(Σ) as a Hamiltonian LG-space where Γ ⊂ LG acts trivially. We will also use the notation M(Σ, G^′) = M^′(Σ) to indicate the structure group.

The moduli space M(Σ) of flat G-connections is a finite covering of M^′(Σ). Identify G_∂ (Σ) with the identity component of G^′_∂ (Σ)_0. By Proposition 3.1, there is an isomorphism

(18) G^′(Σ)/G^′_∂ (Σ)_0 = Γ^{2h} × G^′(∂Σ)_0 ∼= Γ^{2h} × L_0G^′.

This shows that the action of LG on M(Σ) = A_{flat}(Σ)/G_∂(Σ) extends to an action of the direct product Γ^{2h} × LG, and

M^′(Σ) = M(Σ)/Γ^{2h}.

Similarly, the holonomy manifold M^′(Σ) of M^′(Σ) is just

M^′(Σ) = M(Σ)/Γ^{2h} = G^{2h}/Γ^{2h} = (G^′)^{2h}.

The product of commutators, Φ : M(Σ) = G^{2h} → G is invariant under the action of Γ^{2h} and descends to the G-valued moment map Φ^′ : M^′(Σ) → G.

For any g^′ ∈ G^′, the moduli space of flat G^′-connections with holonomy conjugate to g^′ is a disjoint union of symplectic quotients M^′(Σ)_g where g varies over all pre-images of g^′ in G. The reduced spaces at central elements γ ∈ Γ ⊂ G may also be interpreted as moduli spaces of flat connections on the G^′-bundle over Σ^0_h, with topological type given by γ.

The moduli space M(Σ, G^′) for the semi-simple group G^′ is a finite cover of a product of moduli spaces for simple groups. For j = 1, . . . , s, let Γ_j ⊂ G_j be the image of Γ under

10 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

projection to the jth simple factor. Then G^′ covers the product of groups G^′_j = G_j /Γ_j, and since M(Σ, ∏_s j=1 G^′_j) = ∏_s j=1 M(Σ, G^′_j ), one obtains a finite covering,

(19) M(Σ, G^′) → M(Σ, G^′_1) × · · · × M(Σ, G^′_s).

3.3. Fixed point manifolds. Since the G-action on M^′(Σ) = (G^′)^{2h} is the conjugation action on each factor, the fixed point set for elements g ∈ G is the direct product of centralizers G^′_g′ where g^′ is the image of g. In contrast to the simply connected case, these centralizers may now be disconnected. For example, if G^′ = SO(3), the centralizer of the group element given by rotation by π about the z-axis is O(2) ⊂ SO(3).

Lemma 3.2. Let t^′ be the image of a regular element t ∈ T^{reg}, and G^′_t′ its centralizer in G^′. Then T^′ is a normal subgroup of G^′_t′ and G^′_t′ /T^′ = W_t′ , the stabilizer group of t^′ under the action of the Weyl group.

Proof. The image g^′ ∈ G^′ of an element g ∈ G is fixed under t^′ if and only if [t, g] ∈ Γ. In this case, Ad_t fixes the maximal torus Ad_g(T ) pointwise, hence Ad_g(T ) = T since t is a regular element. Therefore g ∈ N_G(T ) and g^′ ∈ N_G′ (T^′). □

The stabilizer group W_t′ can be re-interpreted as follows. Define an injective group homomorphism (20) φ : Z(G) → W, γ → w_γ where w_γ ∈ W is the unique element with γ exp(A) = w_γ (exp(A)). Since the action of Z(G) on T commutes with the Weyl group action, it induces an action on the alcove A = T/W . The following is well-known:

Lemma 3.3. For any ξ ∈ int(A), the homomorphism φ restricts to an isomorphism from the stabilizer group Γ_ξ onto W_t′ , where t^′ = exp_G′ (ξ). In particular, W_t′ is abelian.

Proof. We describe the inverse map. Let t = exp_G(ξ). Given w ∈ W_t′ , the element γ = t^{−1} w(t) lies in Γ. The equation γt = w(t) means, by definition of the action of Γ on A, that γ ∈ Γ_ξ. □

From Lemmas 3.2 and 3.3 we obtain the following description of the fixed point sets. For any γ ∈ Γ^{2h}, let F_γ ⊂ M^′(Σ) = (G^′)^{2h} be the pre-image of φ(γ) ∈ W^{2h} under the homomorphism (N_G′ (T^′))^{2h} → (N_G′ (T^′)/T^′)^{2h} = W^{2h}.

Then the fixed point set M^′(Σ)^t for t = exp(ξ), ξ ∈ int(A) is the union,

(21) M^′(Σ)^t = ∐ γ∈Γ_ξ F_γ . Since the element B^♯_c(ρ) ∈ int(A) is fixed under the action of Γ (see [9, Theorem 1.22]), all of the sub-manifolds F_γ arise as fixed point manifolds of t = exp(B^♯_c(ρ)). In particular, ω pulls back to a symplectic form on each F_γ .

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 11

Proposition 3.4. For all γ ∈ Γ^{2h}, the symplectic volume of F_γ is equal to the Riemannian volume of (T^′)^{2h} with respect to the inner product B defining ω. Proof. We have M^′(Σ^1_h) = M^′(Σ^1) ⊛ . . . ⊛ M^′(Σ^1), and the fixed point set is just a fusion product of the fixed point sets of the factors. Because of Lemma B.2 it is enough to consider the case h = 1. Thus M^′(Σ^1) is the G-valued Hamiltonian G-space G^′ ×G^′ with G acting by conjugation, moment map (a^′, b^′) → aba^{−1}b^{−1}, and 2-form (22) ω_{(a}′_{,b}′_) =^1_2 ( B(a^∗θ, b^∗θ) + B(a^∗θ, b^∗θ) − B((ab)^∗θ, (a^{−1}b^{−1})^∗θ) ) Using left-trivialization of the tangent bundle to identify T_{(a}′_{,b}′_)M^′(Σ^1) ∼= g ⊕ g, and using the metric B to identify skew-symmetric 2-forms with skew-symmetric matrices, the 2-form ω is given at (a^′, b^′) by the block matrix,

(23) C = ( C_{11} C_{12} C_{21} C_{22} )

where C_{ij} are the following endomorphisms of g, C_{11} =^1_2 (Ad_b − Ad_b−1 ), C_{12} =^1_2 (−1 + Ad_b + Ad_a−1 + Ad_{ba}−1 ), C_{21} =^1_2 (1 − Ad_a − Ad_b−1 − Ad_{ab}−1 ), C_{22} =^1_2 (Ad_a−1 − Ad_a).

Suppose now that F ⊂ G^2 is the fixed point manifold labeled by (γ_1, γ_2) ∈ Γ^2. The 2-form ω_F on F is given at any point (a^′, b^′) ∈ F by the endomorphism C^T = C|_{t×t}, with Ad_a, Ad_b becoming the Weyl group action of w_1 = φ(γ_1), w_2 = φ(γ_2) on t. Using that w_1, w_2 commute one verifies that C^T_{11}C^T_{22} − C^T_{12}C^T_{21} = 1, showing det(C^T ) = 1. Since the top degree part of exp(ω_F ) is equal to the standard volume form on (T^′)^2, times the Pfaffian of C^T , this shows Vol(F ) = Vol(T^′)^2. □ Later we will need the following remarkable fact.

Lemma 3.5. The identity level set (Φ^′)^{−1}(e) intersects each of the sub-manifolds F_γ . Proof. It suffices to consider the case of the 1-punctured torus Σ = Σ^1. Let γ = (γ_1, γ_2) be given. By Proposition C.1 from Appendix C, it is possible to choose commuting lifts g_1, g_2 ∈ N_G(T ) of w_1 = φ(γ_1), w_2 = φ(γ_2). Then (g^′_1, g^′_2) ∈ F_γ and Φ^′(g^′_1, g^′_2) = [g_1, g_2] = e. □ 4. Pre-quantization of M^′(Σ) The purpose of this section is to prove the following theorem.

Theorem 4.1. (a) If L^′ → M^′(Σ) is an ^LG-equivariant line bundle at level l, then L^′ admits a connection whose curvature is the two-form defined by B_l.

12 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

(b) Any two ^LG-equivariant level l line bundles differ by the pull-back of a flat line bundle on (G^′)^{2h} defined by a character of Γ^{2h}.

(c) M^′(Σ) admits a level l = (l_1, . . . , l_s) line bundle if each l_j is a multiple of the greatest common divisor of 2c_j and #Γ^2_j .

(d) For each such l, there is a unique level l line bundle with the property that for all t ∈ T^{reg}, and all fixed points m̂^′ ∈ M^′(Σ)^t in the zero level set of the moment map, the action of t on the fiber at m̂^′ is trivial.

Example 4.2. We consider the adjoint groups G^′ = G/Z(G) for the simple groups. From the table in Appendix A we obtain the following smallest positive levels l_0 for which our criterion guarantees a level l_0 line bundle over M^′(Σ).

A^′_N : l_0 = N + 1 for N even, and l_0 = 2(N + 1) for N odd. B^′_N : l_0 = 2.

C^′_N : l_0 = 2 for N even, l_0 = 4 for N odd.

D^′_N : l_0 = 4 for N even, l_0 = 16 for N = 5, 9, . . ., l_0 = 8 for N = 7, 11, . . .. E^′_6 : l_0 = 3. E^′_7 : l_0 = 4.

The condition for the adjoint group of SU(n) = A_{n+1} coincides with the condition from Beauville-Laszlo-Sorger [6, 8]. Recent results of Fuchs–Schweigert [16] (also Teleman [28]) suggest that these conditions are not optimal.

Proof of Theorem 4.1. Recall that M(Σ) carries a unique equivariant line bundle L^{(l)}(Σ) at level l [21, Proposition 3.12]. Moreover, this line bundle carries a connection ∇^{(l)} whose curvature is the two-form defined by B_l. The pull-back of L^′ to M(Σ) is isomorphic to L^{(l)}(Σ). The average of ∇^{(l)} over Γ^{2h} descends to a connection on L^′.

For part (b), we may assume L^′ is a line bundle at level l = 0. The quotient L^′/ΩG is a G-equivariant line bundle over M^′(Σ) = (G^′)^{2h}. Since H^2((G^′)^{2h}, R ) = H^2_G((G^′)^{2h}, R ) = 0, every G-line bundle over M^′(Σ) is isomorphic to a flat line bundle defined by a character of Γ^{2h} (see e.g. [23]).

The discussion in Subsection 4.1 (resp. 4.2) shows that there exists a level l_j line bundle over M(Σ, G^′_j ) if l_j is a multiple of 2c_j (resp. #Γ^2_j ) with the property given in part (d) of the theorem. The theorem follows by taking tensor products and pull-backs under the map (19). □

4.1. Canonical bundles. The anti-canonical line bundles over each factor M(Σ, G^′_j ) in the decomposition (19) are at level 2c_j. It remains to show that for any t ∈ T^{reg} and all fixed points m̂^′ ∈ M^′(Σ, G_j )^t in the zero level set of the moment map , the eigenvalue κ(m̂^′, t) for the action of t on the fiber at m̂^′ is trivial. We will prove a stronger statement, which we will need later in the fixed point theorem. Recall from [FP], Section 4.4 the definition of the square root κ(m̂^′, t)^{1/2}.

Proposition 4.3. The square root for the eigenvalue of t on the fiber of the canonical line bundle at m̂^′ is given by κ(m̂^′, t)^{1/2} = (−1)^{h#R+} .

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 13

Proof. Let m^′ ∈ (Φ^′)^{−1}(e) be the image of m̂^′ in M^′(Σ)^t, and F_γ the connected component containing m^′. By (29) of [FP], the square root κ(m̂^′, t)^{1/2} coincides with the square root of the eigenvalue of the action of t on the symplectic vector space T_m′ M^′(Σ).

As in the simply connected case, it is enough to consider the case of the 1-punctured torus Σ = Σ^1. We adopt the notation and definitions (22),(23) from the proof of Proposition 3.4.

Suppose k ⊂ g is invariant under both of the commuting operators Ad_a and Ad_b. From the formula for ω_{(a}′_{,b}′_) it follows that

g ⊕ g = (k ⊕ k) ⊕ (k^⊥ ⊕ k^⊥)

as an ω-orthogonal direct sum. Take k to be the direct sum of joint eigenspaces for Ad_a, Ad_b with eigenvalues (−1, 1), (−1, −1) or (1, −1). Then

C_{11}|_k = C_{22}|_k = 0, C_{12}|_k = − Id = −C_{21}|_k.

Hence ω restricts to minus the standard symplectic form on k ⊕ k. Therefore the square root for the action on the canonical bundle det^{−1}_C (k ⊕ k) is (−1)^{(dim k−dim(k)t)/2}.

Consider on the other hand the k^⊥ ⊂ g contribution. We claim that the symplectic

form C on k^⊥ ⊕ k^⊥ is homotopic to the standard symplectic form C_0 = ( 0 Id − Id 0 ) , by a homotopy of symplectic forms which are invariant under the action of t. This will imply that the square root for the action on det^{−1}_C (k^⊥ ⊕ k^⊥) is (−1)^{(dim k⊥−dim(k⊥)t)/2}, and finally κ(m̂^′, t)^{1/2} = (−1)^{(dim g−dim t)/2} = (−1)^{#R+} .

For the rest of this paragraph we consider the restriction C^⊥ of C to k^⊥ ⊕ k^⊥. For s ∈ [0, 1] let C^⊥_s = (1 − s)C^⊥_0 + sC^⊥. It suffices to show that det(C^⊥_s ) ≠ 0 for s ∈ [0, 1]. We calculate

det(C^⊥_s ) = det ( sC^⊥_{11} 1 + s(C^⊥_{12} − 1) −1 + s(C^⊥_{21} + 1) sC^⊥_{22} )

= det ( s^2(C^⊥_{11}C^⊥_{22} − C^⊥_{12}C^⊥_{21} − C^⊥_{12} + C^⊥_{21} + 1) − s(C^⊥_{21} − C^⊥_{12} + 2) + 1 ) = det ( (s^2 − s)(2 + (C^⊥_{21} − C^⊥_{12})) + 1 ) For s ∈ [0, 1] one has 0 ≥ s^2 − s ≥ −^1_4 . Hence it suffices to show that all eigenvalues of the symmetric operator C^⊥_{21} − C^⊥_{12} are strictly smaller than 2. But

C^⊥_{21} − C^⊥_{12} = 1 −^1_2 (Ad_a + Ad_a−1 + Ad_b + Ad_b−1 + Ad_{a b}−1 + Ad_{b a}−1 ).

On the joint eigenspace of Ad_a, Ad_b with eigenvalue (1, 1), this is strictly negative. On the orthogonal complement of the eigenspaces for eigenvalue pairs (−1, −1), (−1, 1), (1, −1) and (1, 1), the operators Ad_a, Ad_b are represented by 2-dimensional rotations by angles ψ_a, ψ_b not both of which are multiples of π. On any such 2-plane, the operator C^⊥_{21} − C^⊥_{12} becomes (1 − cos(ψ_a) − cos(ψ_b) − cos(ψ_a − ψ_b)) Id . The claim follows since 1 − cos(ψ_a) − cos(ψ_b) − cos(ψ_a − ψ_b) < 2. □

14 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

4.2. Central extension of the gauge group G^′(Σ). In order to define a pre-quantum bundle over M(Σ, G^′) at level #Γ^2, we imitate the construction from the simply-connected case. The definition (3) of the cocycle carries over to the non-simply connected case, and defines a central extension ^G^′(Σ) of the gauge group.

Proposition 4.4. Suppose each k_j is a multiple of #Γ^2. Then there is a canonical trivialization of the central extension ^G^′(Σ) over G^′_∂ (Σ).

Proof. Let Σ be the surface obtained from Σ by capping off the boundary component. Let G^′_c(Σ) ⊂ G^′_∂ (Σ) denote the kernel of the restriction map G^′(Σ) → G^′(Σ − Σ). As explained in [22, p. 431], it suffices to show that the cocycle is trivial over the subgroup G^′_c(Σ) of G^′_∂ (Σ). We would like to define a map α : G^′_c(Σ) → U(1) with coboundary condition

(24) α(g^′_1g^′_2) = α(g^′_1)α(g^′_2)c(g^′_1, g^′_2)

Given g^′ ∈ G^′_c(Σ), let γ ∈ Γ^{2h} ∼= Hom(π_1(Σ), Γ) be its image under the map (14). The element γ defines a covering Σ^γ of Σ by Γ, which is a possibly disconnected surface with #Γ boundary components. Choose a base point of Σ^γ mapping to the base point of Σ, and let π^γ : Σ^γ → Σ be the covering projection. The pull-back (π^γ )^∗g^′ admits a unique lift g ∈ G(Σ^γ), with g = e at the base point and g(λ · x) = λg(x) for all λ ∈ Γ, x ∈ Σ^γ. Note that g is constant along each of the boundary circles of Σ^γ .

The covering Σ^γ → Σ extends to a covering Σ^γ → Σ over the capped-off surface. Extend g ∈ G(Σ^γ) first to Σ^γ by the constant extension on the capping disks, and then further to a map g ∈ G(Σ^γ ×[0, 1]), in such a way that the extension is trivial on Σ^γ ×{1}. Define

(25) α(g^′) = exp(2πi 1 #Γ ∫ Σ^γ ×[0,1] g^∗η). Since

(26) 1 #Γ^2 [η] ∈ H^2(G, Z) by our assumption on the level, the definition (25) is independent of the choice of g. It remains to verify the coboundary condition. Let g^′_1, g^′_2 ∈ G^′_c(Σ) and γ_1, γ_2 ∈ Γ^{2h} their images. Define Σ^{γ1,γ2} as the fibered product of Σ^{γ1} and Σ^{γ2} . Let π_1, π_2, π_{12} denote the projections onto Σ^{γ1} , Σ^{γ2} , Σ^{γ1γ2} respectively. Let g^′_{12} = g^′_1g^′_2 ∈ G^′_c(Σ). We have canonical lifts g_1 ∈ G(Σ^{γ1} ), g_2 ∈ G(Σ^{γ2} ) and g_{12} ∈ G(Σ^{γ1γ2} ). Choose extensions g_1, g_2 and g_{12} as above. Then both π^∗_{12}g_{12} and π^∗_1g_1 π^∗_2g_2 are equal on Σ^{γ1,γ2} × {0}. Using (26), 1 #Γ ∫ Σ^{γ1γ2} ×[0,1]

g_{12}^∗η = 1 #Γ^2 ∫ Σ^γ1^{,γ}2 ×[0,1]

(π^∗_{12}g_{12})^∗η = 1 #Γ^2 ∫ Σ^γ1^{,γ}2 ×[0,1]

(π^∗_1g_1 π^∗_2g_2)^∗η mod Z

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 15

For the last term we compute, using the property of the 3-form η under group multiplication Mult_G : G × G → G,

Mult^∗_G η = pr^∗_1 η + pr^∗_2 η + d

(_1 2 B(pr^∗_1 θ, pr^∗_2 θ) ) (where pr_j : G × G → G are projections to the respective G-factor), 1 #Γ^2 ∫ Σ^{γ1,γ2} ×[0,1]

(π^∗_1g_1 π^∗_2g_2)^∗η = 1 #Γ^2 ∫ Σ^{γ1,γ2} ×[0,1] ( π^∗_1g_1^∗η + π^∗_2g_2^∗η +^1_2 dB(π^∗_1g_1^∗θ, π^∗_2g_2^∗θ) )

= 1 #Γ ∫ Σ^{γ1} ×[0,1]

π^∗_1g_1^∗η + 1 #Γ ∫ Σ^{γ2} ×[0,1]

π^∗_2g_2^∗η +^1_2 ∫ Σ B((g^′_1)^∗θ, (g^′_2)^∗θ).

This shows that the cocycle condition holds and completes the proof. □

As a consequence, if k is a multiple of #Γ^2 the moduli space M^′(Σ) carries a line bundle L^′(Σ) = (A_{flat}(Σ) × C )/G^′_∂ (Σ)

equipped with an action of ^G^′(Σ)/G^′_∂(Σ) where the central circle acts with weight 1. The map LG → L_0G^′ = G^′(Σ)/G^′_∂(Σ) induces a map from the central extension at level k, ^LG → ^G^′(Σ)/G^′_∂(Σ) which restricts to the identity map on the central circle and has kernel Γ. The upshot is that L^′(Σ) is a level k line bundle over M^′(Σ), where Γ ⊂ G ⊂ ^LG acts trivially. It remains to verify property (d) of Theorem 4.1.

Lemma 4.5. Let t ∈ T^{reg} ⊂ LG a regular element, and m̂^′ ∈ M^′(Σ) a fixed point for the action of t in the zero level set of the moment map. Then t acts trivially on the fiber L^′(Σ)_{m̂}′ .

Proof. If t is contained in the identity component of the stabilizer LG_{m̂}′ , then the formula follows from the pre-quantum condition.

Our strategy is to reduce to this case, using finite covers. Since t fixes m̂^′, there exists a flat connection A mapping to m̂^′ and a gauge transformation g^′ ∈ G^′(Σ) restricting to t^′ on the boundary such that g^′ ·A = A. The eigenvalue for the action of t on L^′(Σ) is equal to the eigenvalue for the action of g^′ on the fiber {A} × C of the level k pre-quantum line bundle over A(Σ).

Let γ ∈ Γ^{2h} be the image of g^′ under the map G^′(Σ) → Γ^{2h}. As in the proof of Proposition 4.4 let π^γ : Σ^γ → Σ the covering defined by γ, and g ∈ G(Σ^γ) be the lift of the pull-back (π^γ )^∗g^′. Clearly g fixes A^γ := (π^γ)^∗A.

The pull-back map G^′(Σ) → G^′(Σ^γ) lifts to the central extensions if one changes the level. Indeed, the cocycle for the central extension at level k pulls back to the cocycle for the extension at level k/#Γ. The map is compatible with the given trivializations

16 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

over G^′_∂ (Σ) and G^′_∂ (Σ^γ ), hence they define a commutative diagram

(27)

G^′_∂ (Σ) � � G^′_∂ (Σ^γ) � ^G′(Σ)(k) � ^G′(Σγ )^{( k}#Γ^)

It follows that the eigenvalue of g^′ on the fiber {A} × C is equal to that of g on the fiber {A^γ }×C . By Lemma 4.6 below, g is contained in the identity component of G(Σ^γ). Hence its action on the line-bundle is determined by the moment map (Kostant’s formula), and hence is trivial since A^γ pulls back to the zero connection on ∂Σ. □

In the proof we used the following Lemma.

Lemma 4.6. Let Σ^r_h be any oriented surface (possibly with boundary), and g ∈ G(Σ^r_h), A ∈ A_{flat}(Σ^r_h) with g · A = A. Suppose that for some point x ∈ Σ^r_h, g(x) is a regular element. Then g is contained in the identity component of the stabilizer G(Σ^r_h)_A.

Proof. It is well-known that evaluation at x, G(Σ^r_h) → G restricts to an injective map G(Σ^r_h)_A → G. The image G_A of this map is the centralizer of the image Hol_A of the homomorphism π_1(Σ^r_h, x) → G defined by parallel transport using A. Since Hol_A ⊂ G_{g(x)} and G_{g(x)} is a torus, G_{g(x)} ⊂ G_A. It follows that g is contained in the identity component of G(Σ^r_h)_A. □

4.3. The phase factor. Using Theorem 4.1 and Proposition 4.3 we compute the phase factor appearing in the fixed point formula.

Proposition 4.7. Let k = (k_1, . . . , k_s), where each k_j is a positive multiple of the greatest common divisor of c_j and #Γ^2_j . Let L^′(Σ) → M^′(Σ) be the pre-quantum line bundle at level k corresponding to a character ϕ : Γ^{2h} → U(1) (cf. Theorem 4.1). Let t ∈ T^{reg}, and F_γ ⊂ M^′(Σ) any fixed point component. The phase factor ζ_{Fγ} (t)^{1/2} for the action on the L_{Fγ} is given by ζ_{Fγ} (t)^{1/2} = ϕ(γ)(−1)^{h#R+} .

Proof. Let m^′ ∈ F_γ ∩ Φ^{−1}(e), and m̂^′ ∈ Φ^{−1}(0) the unique element projecting to m^′. By Theorem 4.1, the weight for the action of t on L^′(Σ)_{m̂}′ is ϕ(γ). On the other hand, by Proposition 4.3, κ(m̂^′, t)^{1/2} = (−1)^{h#R+} , which completes the proof. □

5. Verlinde formulas for non simply-connected groups

In this section we apply the fixed point formula to the Hamiltonian LG-manifold M^′(Σ) = M(Σ, G^′). The main result of the paper is

Theorem 5.1. Let k = (k_1, . . . , k_s), where each k_j is a positive multiple of the greatest common divisor of c_j and #Γ^2_j . Let L^′(Σ) → M^′(Σ) be the pre-quantum line bundle at

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 17

level k corresponding to a character ϕ ∈ Hom(Γ^{2h}, U(1)), as in Theorem 4.1. For any μ ∈ Λ^∗_k, the Spin_c-index of the symplectic quotient M^′(Σ)_μ at μ is given by the formula,

(28) χ(M^′(Σ)_μ) =

(#T_{k+c})^{h−1} #Γ^{2h} ∑ λ∈Λ^∗_k ϵ(ϕ, λ) #Γ^{2h}_λ |J(t_λ)|^{2h−2} χ_μ(t_λ)^∗.

Here ϵ(ϕ, λ) = 1 if ϕ restricts to the trivial homomorphism on Γ^{2h}_λ , and 0 otherwise.

Proof. Recall t_λ = exp(B^♯_{k+c}(λ+ρ)). Since B^♯_c(ρ) is fixed by Γ, the stabilizer of B^♯_{k+c}(λ+ρ) is equal to the stabilizer of λ, using the embedding Λ^∗_k → A induced by B_k. By (21), the fixed point components for the action of t_λ on M^′(Σ) are the sub-manifolds F_γ with γ ∈ Γ^{2h}_λ . Since F_γ is diffeomorphic to T^{2h}, we have Â(F_γ ) = 1. The normal bundle ν_{Fγ} is t_λ-equivariantly isomorphic to the constant bundle with fiber (g/t)^{2h}. Indeed, left translation by any m = (g^′_1, . . . , g^′_{2h}) ∈ F_γ on (G^′)^{2h} commutes with the action of t_λ, and induces a t_λ-equivariant isomorphism of ν_{Fγ} (m) with (g/t)^{2h}. Therefore,

(29) D_R (ν_{Fγ} , t_λ) = J(t_λ)^{2h} = (−1)^{h#R+} |J(t_λ)|^{2h}.

Since the line bundle L is pre-quantum at level 2(k + c), the integral ∫ F_γ exp( 1 2 c_1(L_F )) is equal to the symplectic volume with respect to the inner product B_{k+c}. By Proposition 3.4 the symplectic volume is equal to the Riemannian volume. Since T^′ = T/Γ, this shows

(30) ∫ F_γ exp(^1_2 c_1(L_{Fγ} )) =

Vol_{Bk+c} (T^{2h}) (#Γ)^{2h} = (#T_{k+c})^h (#Γ)^{2h} . Miraculously, the contribution is independent of γ. The fixed point formula hence gives the following expression for the Spin_c-index of a symplectic quotient M^′(Σ)_μ, for μ ∈ Λ^∗_k:

(31) χ(M^′(Σ)_μ) =

(#T_{k+c})^{h−1}

(#Γ)^{2h} ∑ λ∈Λ^∗_k χ_μ(t_λ)^∗ |J(t_λ)|^{2h−2} (−1)^{h#R+} ∑ γ∈Γ^{2h}_λ ζ_{Fγ} (t_λ)^{1/2}.

By the computation of the phase factor in Proposition 4.7, ∑ γ∈Γ^{2h}_λ ζ_{Fγ} (t_λ)^{1/2} = (−1)^{h#R+} ∑ γ∈Γ^{2h}_λ ϕ(γ) = (−1)^{h#R+} ϵ(ϕ, λ) #Γ^{2h}_λ

which completes the proof. □

It is remarkable that the right-hand side of (28) always produces an integer, under the given assumptions on k.

Remark 5.2 (Contribution from the exceptional element). Suppose G is simple. As mentioned above, the element ξ_0 = B^♯_c(ρ) is always a fixed point for the action of Γ. The

18 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

element λ_0 = B^♭_k(ξ_0) =^k_c ρ is a weight if and only if c|k. By [9, Proposition 1.10], we have |J(exp ξ_0)|^2 = #T_c = (1 +^k_c )^{− dim T} #T_{k+c}. Hence the contribution of λ_0 is

(1 + k c )^{(h−1) dim T} ϵ(ϕ, λ_0)χ_μ(t_{λ0} )^∗.

Since Γ_{λ0} = Γ, the factor ϵ(ϕ, λ_0) is 1 if ϕ is trivial and 0 if ϕ is non-trivial. A theorem of Kostant [19, Theorem 3.1] asserts that the character value χ_μ(t_{λ0} ) is either −1, 0, or 1. More precisely, Kostant proves [19, Lemma 3.6] that

χ_μ(t_{λ0} ) = { (−1)^{l(w)} if ∃w ∈ W : w(μ + ρ) − ρ ∈ R^′ 0 otherwise

where R^′ ⊂ R is the lattice generated by all cm_αα, where m_α = ||α_0||^2/||α||^2 ∈ {1, 2, 3}. In particular, for simply laced groups R^′ = cR.

5.1. The case G^′ = PSU(p). Let us specialize the above formulas to G = SU(p) and Γ = Z(G) = Z_p so that G^′ = PSU(p). In this case Theorem 5.1 reduces to the formulas of Pantev [24] (p = 2), and Beauville [6] (p ≥ 3 prime), as follows. Recall c = p and that for p odd, M^′(Σ) is pre-quantizable for k any multiple of p. The alcove A is a simplex with p vertices, and Γ = Z_p acts by rotation inducing a cyclic permutation of the vertices. If p is prime, the only point of A with non-trivial stabilizer is the center ξ_0 = B^♯_c(ρ) of the alcove. By Remark 5.2, the fixed point contribution for the exceptional element is (1 + k p )^{(p−1)(h−1)}ϵ(ϕ, λ_0) χ_μ(t_{λ0} )^∗.

Let χ(M(Σ)_μ) be the index for the moduli space of G-connections. Its fixed point contributions are exactly as for M^′(Σ)_μ, except for the overall factor (#Γ)^{−2h} = p^{−2h} and a different weight for the exceptional element t_{λ0} . This shows,

χ(M^′(Σ)_μ) = p^{−2h}χ(M(Σ)_μ) + (ϵ(ϕ, λ_0) − p^{−2h})(1 + k p )^{(p−1)(h−1)}χ_μ(t_{λ0} )^∗,

which (for μ = 0 and ϕ = 1) is exactly the formula given by Beauville.

5.2. The sum over components. Let μ ∈ A, and C^′_μ ⊂ G^′ the conjugacy class of exp_G′ (μ). The moduli space M^′(Σ, C^′_μ) of flat G^′-connections on Σ = Σ^1_h, with holonomy around the boundary in C^′_μ is a disjoint union

M^′(Σ, C^′_μ) = ∐ γ∈Γ/Γ_μ M^′(Σ)_{γμ}.

(For μ = 0, the components may be identified with flat G^′-bundles over the closed surface Σ^0_h.) The action of Γ on A preserves the set Λ^∗_k ⊂ A of level k weights. If μ ∈ Λ^∗_k, the Spin_c-indices for the space M^′((Σ)_{γμ}) can be computed using Theorem 5.1. The sum

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 19

over Γ/Γ_μ can be carried out using the following transformation property of level k characters (see Bismut-Labourie [9, Theorem 1.33])

(32) χ_{γμ}(t_λ) = γ^λχ_μ(t_λ) μ, λ ∈ Λ^∗_k, γ ∈ Γ

where γ^λ is defined via the embedding Γ → T . We find, ∑ γ∈Γ/Γ_μ χ_{γμ}(t_λ)^∗ = 1 #Γ_μ χ_μ(t_λ)^∗ ∑ γ∈Γ γ^λ. The sum ∑ γ∈Γ γ^λ is equal to #Γ if λ is a weight of T^′ = T/Γ, and 0 otherwise. Let Λ^{′∗}_k ⊂ Λ^∗_k denote those level k weights which are weights for T^′. For any λ ∈ Λ^{′∗}_k , the character χ_λ descends to T^′. Therefore

χ(M^′(Σ, C^′_μ)) = #T^{h−1}_{k+c} #Γ_μ#Γ^{2h−1} ∑ λ∈Λ^{′∗}_k ϵ(ϕ, λ) #Γ^{2h}_λ |J(t_λ)|^{2h−2} χ_μ(t_λ)^∗.

Finally, since χ_μ(t_λ) = χ_μ(w_γ (t_λ)) = χ_μ(γt_λ), and using that the factor ϵ(ϕ, λ) ∈ {0, 1} is invariant under the action of Γ, we can re-write the result as a sum over Λ^{′∗}_k /Γ:

Theorem 5.3. Let μ ∈ Λ^∗_k and M^′(Σ, C^′_μ) the moduli space of flat G^′-connections on Σ^h_1 , with holonomy around the boundary in the conjugacy class C^′_μ ⊂ G^′. The Spin_c-index of M^′(Σ, C^′_μ) is given by

χ(M^′(Σ, C^′_μ)) = #T^{h−1}_{k+c} #Γ_μ#Γ^{2h−2} ∑ λ∈Λ^{′∗}_k /Γ ϵ(ϕ, λ) #Γ^{2h−1}_λ |J(t_λ)|^{2h−2} χ_μ(t_λ)^∗.

Appendix A. The cardinality of T_l Suppose G is simple and simply connected. For a proof of the following fact, see e.g.

Beauville [5, Remark 9.9], Bismut-Labourie [9, Prop. 1.2, 1.3].

Lemma A.1. For any l > 0 the number of elements in T_l is given by

#T_l = l^{rank(G)} Vol(T )^2 = l^{rank(G)} #Z(G) #(R/R_{long}).

Here Vol(T ) is the Riemannian volume of T computed with respect to the basic inner product, R is the root lattice and R_{long} the sub-lattice generated by the long roots.

The table below gives the centers Z(G), dual Coxeter numbers c, and the index of the long-root lattice R_{long} inside the root lattice R for all simple, simply connected compact

20 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

Lie groups G. All of this information can be read off from tables in Bourbaki [11].

G A_N B_N C_N D_N E_6 E_7 E_8 F_4 G_2

c N + 1 2N − 1 N + 1 2N − 2 12 18 30 9 4 Z_4 (N odd) Z(G) Z_{N+1} Z_2 Z_2 Z_2 × Z_2 (N even)

Z_3 Z_2 0 0 0

#(R/R_{long}) 1 2 2^{N−1} 1 1 1 1 4 3

Appendix B. Fusion of group valued Hamiltonian G-spaces

In this appendix we collect some facts about fusion of Hamiltonian G-spaces with group-valued moment maps.

Theorem B.1. [1, Theorem 6.1] Let G, H be compact Lie groups, and (M, ω, (Φ_1, Φ_2, Ψ)) a group valued Hamiltonian G×G×H-manifold. Let M_{fus} be the same manifold with diagonal G×H-action, Φ_{fus} = Φ_1Φ_2, and ω_{fus} = ω−^1_2 B(Φ^∗_1θ, Φ^∗_2θ). Then (M_{fus}, ω_{fus}, (Φ_{fus}, Ψ)) is a group valued Hamiltonian G × H-manifold.

The correction term^1_2 B(Φ^∗_1θ, Φ^∗_2θ) will be loosely referred to as the “fusion term”. If M = M_1 × M_2 is a product of two G × H_i-valued Hamiltonian spaces, we also write M_1 ⊛ M_2 := (M_1 × M_2)_{fus}.

Recall that if G is a torus, a space with G-valued moment map is just a symplectic manifold with a multi-valued moment map in the usual sense. Fusion of such spaces changes the symplectic form, but not the volume:

Lemma B.2. Suppose T is a torus, that (M, ω, (Φ_1, Φ_2)) a compact group valued Hamiltonian T × T -space, and (M_{fus}, ω_{fus}, (Φ_{fus})) is the group valued Hamiltonian T -space obtained by fusion. Then the symplectic volumes of M and M_{fus} are the same.

Proof. This is a special case of a result for non-abelian groups proved in [2]. In the abelian case, the following much simpler argument is available. Notice that M with diagonal T -action has moment map Φ_{fus} = Φ_1Φ_2 not only for the fusion form ω_{fus} but also for the original symplectic 2-form ω. Suppose t ∈ T is a (weakly) regular value of Φ_{fus}, so that (Φ_{fus})^{−1}(t) is a smooth sub-manifold and M_t = (Φ_{fus})^{−1}(t)/T is an orbifold. Since the pull-back of the 2-form^1_2 B(Φ^∗_1θ, Φ^∗_2θ) to (Φ_{fus})^{−1}(t) vanishes, the reduced symplectic forms are the same: ω_t = (ω_{fus})_t. It follows that the two Duistermaat-Heckman measures m =^1_{n!} (Φ_{fus})_∗(|ω^n|) and m_{fus} =^1_{n!} (Φ_{fus})_∗(|ω^n_{fus}|) coincide. Since the symplectic volume is the integral of the Duistermaat-Heckman measure, the proof is complete. □

For any group-valued Hamiltonian G-space, the 2-form ω is non-degenerate on the tangent space at any point in the identity level set. The following Lemma shows that fusion does not change the isotopy class of this symplectic structure. Its proof relies on the notion of exponential of a Hamiltonian space [1]: Let ϖ ∈ Ω^2(g) be the image of exp^∗ η under the homotopy operator Ω^⋆(g) → Ω^{⋆−1}(g). Then if (M, ω_0, Φ_0) is a

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 21

Hamiltonian G-space in the usual sense, with Φ_0(M) contained in a sufficiently small neighborhood of 0, then (M, ω, Φ) with ω = ω_0 +Φ^∗_0ϖ and Φ = exp(Φ_0) is a group valued Hamiltonian G-space. Conversely, if (M, ω, Φ) is a group-valued Hamiltonian G-space, any small neighborhood of Φ^{−1}(e) is obtained in this way. The 2-form ϖ vanishes at 0, so that ω_m = (ω_0)_m for points in the zero level set.

Lemma B.3. Let (M, ω, (Φ_1, Φ_2, Ψ)) be a group valued Hamiltonian G × G × H-space, and (M_{fus}, ω_{fus}, (Φ_{fus}, Ψ)) its fusion. Let m ∈ M be a point in the identity level set of (Φ_1, Φ_2, Ψ). The symplectic 2-forms ω|_m and ω_{fus}|_m on T_mM are isotopic through a path of symplectic forms, invariant under the stabilizer group (G × H)_m.

Proof. We may assume that M is the exponential of a Hamiltonian G × G × H-space (M, ω_0, (Φ_{0,1}, Φ_{0,2}, Ψ_0)). Rescaling by s > 0, we obtain a family of Hamiltonian spaces (M, sω_0, (sΦ_{0,1}, sΦ_{0,2}, sΨ_0)), together with their exponentials. Let ω^s_{fus} be the corresponding fusion forms. We claim that s^{−1}ω^s_{fus}|_m give the required isotopy of symplectic forms. Indeed, each ω^s_{fus}|_m is symplectic, and for s → 0,

ω^s_{fus}|_m = sω_0|_m −^1_2 B(exp(sΦ_{0,1})^∗θ, exp(sΦ_{0,2})^∗θ)|_m = sω_0|_m + O(s^2)

showing that lim_{s→0} s^{−1}ω^s_{fus}|_m = ω_0|_m. □

Appendix C. Lifts of Weyl group elements

In this section we prove the following result about the embedding φ : Z(G) → W introduced earlier:

Proposition C.1. For any simply connected Lie group G and any two elements γ_1, γ_2 ∈ Z(G) of the center, the Weyl group elements w_j = φ(γ_j ) ∈ W = N_G(T )/T lift to commuting elements g_1, g_2 ∈ N_G(T ).

Proof. Decomposing into irreducible factors we may assume G is simple. For any simple group other than G = D_N with N even, the center Z(G) is a cyclic group and the claim follows by choosing a lift of the generator. It remains to consider the case G = D_N = Spin(2N), N even which has center Z_2 ×Z_2 . We use the usual presentation [11] of the root system of D_N as the set of vectors ±ϵ_i ± ϵ_j, i ≠ j in t^∗ ∼= R^N , where ϵ_i are the standard basis vectors of R^N . The basic inner product on D_N is the standard inner product on R^N , and will be used to identify t^∗ ∼= t. We choose simple roots α_j = ϵ_j −ϵ_{j+1}, j = 1, . . . , N−1, and α_N = ϵ_{N−1} + ϵ_N . Then α_{max} = ϵ_1 + ϵ_2 is the highest root, and the fundamental alcove A is the polytope defined by ξ_1 ≥ ξ_2 ≥ . . . ≥ ξ_{N−1} ≥ |ξ_N | and ξ_1 + ξ_2 ≤ 1. The following four vertices of A exponentiate to the central elements of G:

ζ_0 = (0, . . . , 0), ζ_1 = (1, 0, . . . , 0), ζ_2 =^1_2 (1, . . . , 1), ζ_3 =^1_2 (1, . . . , 1, −1).

To describe the homomorphism (20), consider the exceptional element ρ/c = 1 2N − 2 (N − 1, N − 2, N − 3, . . . , 1, 0).

22 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

We have

ρ/c + ζ_1 = 1 2N − 2 (3N − 3, N − 2, N − 3, . . . , 1, 0) = w_1ρ/c + λ_1, where λ_1 = 2ϵ_1 ∈ R = Λ, and w_1 = φ(exp(ζ_1)) ∈ W is the Weyl group element,

w_1(ξ_1, . . . , ξ_N ) = (−ξ_1, ξ_2, . . . , ξ_{N−1}, −ξ_N ).

Similarly

ρ/c + ζ_2 = 1 2N − 2 (2N − 2, 2N − 3, . . . , N − 2, N − 1) = w_2ρ/c + λ_2, with λ_2 = ∑_N j=1 ϵ_j ∈ Λ (since N is even) and w_2 = φ(exp ζ_2) given as w_2(ξ_1, . . . , ξ_N ) = (−ξ_N , −ξ_{N−1}, . . . , −ξ_2, −ξ_1). We construct lifts g_1, g_2 of w_1, w_2 in two stages. First we lift to commuting elements g^′_1, g^′_2 ∈ SO(2N) given in terms of their action on R^{2N} as follows,

g^′_1(x_1, . . . , x_{2N} ) = (x_1, −x_2, x_3, x_4, . . . , x_{2N−3}, x_{2N−2}, x_{2N−1}, −x_{2N} ), g^′_2(x_1, . . . , x_{2N} ) = (x_{2N−1}, −x_{2N} , x_{2N−3}, −x_{2N−2}, . . . , x_3, −x_4, −x_1, x_2).

We claim that any two lifts g_1, g_2 to Spin(2N) still commute. The transformations g^′_1, g^′_2 restrict to rotations on the 2N − 2-dimensional subspace E = {x| x_2 = x_{2N} = 0} and on its orthogonal complement. The restrictions of g^′_j to the subspace E lift to commuting transformations of Spin(E) since g^′_1|E is the identity. The restrictions to E^⊥ lift to commuting transformations of Spin(E^⊥) since E^⊥ is two-dimensional and Spin(2) = U(1) is abelian. □

References

[1] A. Alekseev, A. Malkin, and E. Meinrenken. Lie group valued moment maps. J. Differential Geom., 48(3):445–495, 1998.

[2] A. Alekseev, E. Meinrenken, and C. Woodward. Duistermaat-Heckman distributions for Lie group valued moment maps. Preprint, 1999.

[3] A. Alekseev, E. Meinrenken, and C. Woodward. A fixed point formula for loop group actions.

preprint, Uppsala, Toronto, Rutgers, 2000.

[4] M. F. Atiyah. The geometry and physics of knots. Cambridge University Press, Cambridge, 1990. [5] A. Beauville. Conformal blocks, fusion rules and the Verlinde formula. In Proceedings of the Hirzebruch 65 Conference on Algebraic Geometry (Ramat Gan, 1993), number 9 in Israel Math. Conf. Proc., pages 75–96. Bar-Ilan Univ., Ramat Gan, 1996.

[6] A. Beauville. The Verlinde formula for PGL(p). In The mathematical beauty of physics (Saclay, 1996), volume 24 of Adv. Ser. Math. Phys., pages 141–151. World Sci. Publishing, 1997.

[7] A. Beauville and Y. Laszlo. Conformal blocks and generalized theta functions. Comm. Math. Phys., 164(2):385–419, 1994.

[8] A. Beauville, Y. Laszlo, and Ch. Sorger. The Picard group of the moduli of G-bundles on a curve.

Compositio Math., 112(2):183–216, 1998.

[9] J.M. Bismut and F. Labourie. Symplectic geometry and the Verlinde formulas. Preprint, Université de Paris-Sud, 1998.

FORMULAS OF VERLINDE TYPE FOR NON-SIMPLY CONNECTED GROUPS 23

[10] M. Blau and G. Thompson. Equivariant Kähler geometry and localization in the G/G model.

Nuclear Phys. B, 439(1-2):367–394, 1995.

[11] N. Bourbaki. Éléments de mathématique. Fasc. XXXIV. Groupes et algèbres de Lie. Chapitre IV – VI. Hermann, Paris, 1968.

[12] S. K. Donaldson. Boundary value problems for Yang-Mills fields. J. Geom. Phys., 8:89–122, 1992. [13] G. Faltings. A proof for the Verlinde formula. Jour. of Algebraic Geometry, 3:347–374, 1990. [14] G. Felder, K. Gawedzki, and A. Kupiainen. Spectra of Wess-Zumino-Witten models with arbitrary simple groups. Comm. Math. Phys., 117(1):127–158, 1988.

[15] D. S. Freed. Classical Chern-Simons theory. I. Adv. Math., 113(2):237–303, 1995. [16] J. Fuchs and C. Schweigert. The action of outer automorphisms on bundles of chiral blocks. Comm.

Math. Phys., 206:691–736, 1999.

[17] A. Geramisov. Localization in GWZW and Verlinde formula. Preprint, Uppsala, 1993. hepth/9305090.

[18] L. C. Jeffrey and F. C. Kirwan. Intersection pairings in moduli spaces of holomorphic bundles on a Riemann surface. Electron. Res. Announc. Amer. Math. Soc., 1(2):57–71 (electronic), 1995.

[19] B. Kostant. On Macdonald’s η-function formula, the Laplacian and generalized exponents. Advances in Math., 20(2):179–212, 1976.

[20] S. Kumar, M.S. Narasimhan, and A. Ramanathan. Infinite Grassmannians and moduli spaces of G-bundles. Math. Ann., 300:41–75, 1994.

[21] E. Meinrenken and C. Woodward. Cobordism for Hamiltonian loop group actions and flat connections on the punctured two-sphere. Math. Z., 231(1):133–168, 1999.

[22] E. Meinrenken and C. Woodward. Hamiltonian loop group actions and Verlinde factorization. J.

Differential Geom., 50:417–470, 1999.

[23] I. Mundet i Riera. Lifts of smooth group actions to line bundles. math.DG/0002123. [24] T. Pantev. Comparison of generalized theta functions. Duke Math. J., 76(2):509–539, 1994. [25] C. Pauly. Espaces de modules de fibrès paraboliques et blocs conformes. Duke Math. J., 84:217–235, 1996.

[26] C. Sorger. La formule de Verlinde. Asterisque, 237:87–114, 1996. Bourbaki, Vol. 1994/95, Exp. No.

794.

[27] A. Szenes. The combinatorics of the Verlinde formulas. In Vector bundles in algebraic geometry (Durham, 1993), number 208 in London Math. Soc. Lecture Note Ser., pages 241–253. Cambridge Univ. Press, 1995.

[28] C. Teleman. The quantization conjecture revisited. e-print available as math.AG/9808029. [29] C. Teleman. Lie algebra cohomology and the fusion rules. Comm. Math. Phys., 173:265–311, 1995. [30] C. Teleman. Verlinde factorization and Lie algebra cohomology. Invent. Math., 126:249–263, 1996. [31] A. Tsuchiya, K. Ueno, and Y. Yamada. Conformal field theory on universal family of stable curves with gauge symmetries. In Integrable systems in quantum field theory and statistical mechanics, volume 19 of Adv. Stud. Pure Math., pages 459–566. Academic Press, 1989.

[32] E. Verlinde. Fusion rules and modular transformations in 2d conformal field theory. Nuclear Phys.

B, 300:360–376, 1988.

24 A. ALEKSEEV, E. MEINRENKEN, AND C. WOODWARD

Institute for Theoretical Physics, Uppsala University, Box 803, S-75108 Uppsala, Sweden

E-mail address: alekseev@teorfys.uu.se

University of Toronto, Department of Mathematics, 100 St George Street, Toronto, Ontario M5R3G3, Canada E-mail address: mein@math.toronto.edu

Mathematics-Hill Center, Rutgers University, 110 Frelinghuysen Road, Piscataway NJ 08854-8019, USA

E-mail address: ctw@math.rutgers.edu