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4 ECKHARD MEINRENKEN

1. LIE GROUPOIDS

Symmetries in mathematics, as well as in nature, are often defined to be invariance properties
under actions of groups. Lie groupoids are given by a manifold M of ‘objects’ together with
a type of symmetry of M that is more general than those provided by group actions. For
example, a foliation of M provides an example of such a generalized symmetry, but foliations
need not be obtained from group actions in any obvious way.

1.1. Definitions. The groupoid will assign to any two objects mg, m; € M a collection
(possibly empty) of arrows from mj to mg. These arrows are thought of as ‘symmetries’, but
in contrast to Lie group actions this symmetry need not be defined for all m € M — only
pointwise. On the other hand, we require that the collection of all such arrows (with arbitrary
end points) fit together smoothly to define a manifold, and that arrows can be composed
provided the end point (target) of one arrow is the starting point (source) of the next.

The formal definition of a Lie groupoid G = M involves a manifold G of arrows, a submanifold
i: M — G of units (or objects), and two surjective submersions s,t: G — M called source and
target such that

toi=so4=1idy.

One thinks of g as an arrow from its source s(g) to its target t(g), with M embedded as trivial
Arrows.

(1) t(g) s(g)

Using that s,t are submersion, one finds (cf. Exercise 1.1 below) that for all £ = 1,2,... the
set of k-arrows

6™ = {(g1,...,9x) € G"| s(g:) = t(gi1)}

91 g2 g3

N -

(2) mo mq mao

is a smooth submanifold of G¥, and the two maps G*¥) — M taking (g1,...,gx) to s(gk),
respectively to t(g;), are submersions. For k = 0 one puts G(©) = M.

The definition of a Lie groupoid also involves a smooth multiplication map, defined on
composable arrows (i.e., 2-arrows)

Multg : G - G, (91,92) = 910092,

such that s(g; 0 g2) = s(g2), t(g10g2) =t(g1). It is thought of as a concatenation of arrows.
Note that when picturing this composition rule, it is best to draw arrows from the right to the
left.

91 92 91092

TN v N VR

(3) mo mq meo mo mao
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Definition 1.1. The above data define a Lie groupoid G = M if the following axioms
are satisfied:
1. Associativity: (g1 o g2) 0 g3 = g1 0 (g2 0 g3) for all (g1,92,93) € G®.
2. Units: t(g)og =g =gos(g) for all g € G.
3. Inverses: For all g € G there exists h € G such that s(h) = t(g), t(h) =s(g),
and such that go h, h o g are units.

J

The inverse of an element is necessarily unique (cf. Exercise). Denoting this element by g1,

we have that gog~! =t(g), g 'og=-s(g). Inversion is pictured as reversing the direction of
arrows.
From now on, when we write g = g1 o go we implicitly assume that g1, go are composable,

i.e. s(g1) =t(g2). Let

Gr(Multg) = {(g,91,92) € G°| g = g1 0 go}.

be the graph of the multiplication map; we will think of Multg as a smooth relation from G x G
to G.

Remark 1.2. A groupoid structure on a manifold G is completely determined by Gr(Multg), i.e.
by declaring when g = g1 0 go. Indeed, the units are the elements m € G such that m = mom.
Given g € G, the source s(g) and target t(g) are the unique units for which g = gos(g) = t(g)og.
The inverse of ¢ is the unique element ¢~! such that g o ¢g~! is a unit.

Remark 1.3. In the definition above, our manifolds are always assumed to satisfy the Hausdorff
separation axiom. For a (possibly) non-Hausdorff Lie groupoid, we allow the space G to be a
non-Hausdorff manifold, but still require that the fibers of the source and target maps, as well
as the units M, are Hausdorff. ' Non-Hausdorff Lie groupoids are very common in the theory
of foliations; see below.

Remark 1.4. One may similarly consider ‘set-theoretic’ groupoids G = M, by taking s, t, and
Multg to be set maps (with s,t surjective). Such a set-theoretic groupoid is the same as a
category for which the objects M and arrows G are sets, and with the property that every
arrow is invertible.

Remark 1.5. Let Invg: G — G, ¢ + g~ ! be the inversion map. As an application of the
implicit function theorem, it is automatic that Invg is a diffeomorphism.

s ")

Definition 1.6. A morphism of Lie groupoids F: H — G is a smooth map such that
F(hl 9 hg) = F(hl) (©) F(hg)

for all (hy,he) € HP). If F is an inclusion as a submanifold, we say that # is a Lie
subgroupoid of G.

LOne of the consequences of the Hausdorff property is the uniqueness of flows of vector fields. But in the
theory to be developed below, the vector fields that we integrate are all tangent to source fibers, the target
fibers, or the units.
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By Remark 1.2, it is automatic that such a morphism takes units of H to units of G, and
that it intertwines the source, target, and inversion maps. We will often present Lie groupoid
homomorphisms by diagrams, as follows:

G—M

||

H—=N
If G = M is a Lie groupoid, and m € M, the intersection of the source and target fibers
Gm =t (m)Ns~(m)

is a Lie group, with group structure induced by the groupoid multiplication. (We will prove
later that it is a submanifold.) It is called the isotropy group of G at m.

1.2. Examples.

Ezample 1.7 (Lie groups). A Lie group G is the same as a Lie groupoid with a unique unit,
G = pt. For any Lie groupoid G = M, the inclusion of isotropy groups define Lie subgroupoids

g——=M
for all m € M.

Ezample 1.8 (Manifolds). At the opposite extreme, every manifold M can be regarded as a
trivial Lie groupoid M = M where all elements are units. The groupoid multiplication is
trivial: One has that m = mj o mg if and only of m = m; = my. Given any Lie groupoid
G = M, the units of M define a Lie subgroupoid

M—=M

L]

G——=M
Ezample 1.9 (Pair groupoid). For any manifold M, one has the pair groupoid
Pair(M) =M x M = M,

with a unique arrow between any two points m/, m (labeled by the pair itself). The composition
is necessarily

(m',m) = (m},m1) o (mh,ms) & m}=m, my=mj, mo=m.

The units are given by the diagonal embedding M < M x M, and the source and target
of (m/,m) are m and m/, respectively. Note that the isotropy groups Pair(M),, of the pair
groupoid are trivial.
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morphism
M
Pair(M) —= M

For any Lie groupoid G == M, the target and source map combine into a Lie groupoid
(4) g——=
(LS)l

This groupoid morphism (t,s) is sometimes called the (groupoid) anchor; it is related to the
anchor of Lie algebroids as we will see below.
Ezample 1.10 (Fundamental groupoid). Another natural Lie group associated to any manifold
M is the fundamental groupoid

(M) = M,
consisting of homotopy classes [y] of continuous paths 7: [0,1] — G, relative to fixed end
points. The source and target maps are s([y]) = v(0), t([y]) = v(1), and the groupoid mul-

tiplication is concatenation of paths. The groupoid anchor (t,s): II(M) — Pair(M) is a local
diffeomorphism; it is a global diffeomorphism if and only if M is 1-connected.

Ezample 1.11 (Lie group bundles). Suppose 7: Q — M is a Lie group bundle, i.e., a locally
trivial fiber bundle whose fibers have Lie group structure, in such a way that the local trivi-
alizations respect these group structures. (As a special case, any vector bundle is a Lie group
bundle, using the additive group structure on the fibers.) Then @ is a groupoid Q = M, with
s =t =, and with the groupoid multiplication g = g1 o go if and only if 7(g) = 7(g1) = 7(g2)
and g = g1g» using the group structure on the fiber.

In the opposite direction, any Lie groupoid G = M with s = t defines a family of Lie groups:
A surjective submersion with a fiberwise group structure such that the fiberwise multiplication
depends smoothly on the base point. In general, it is not a Lie group bundle since there need
not be local trivializations. In fact, the groups for different fibers need not even be isomorphic
as Lie groups, or even as manifolds.

Ezample 1.12 (Jet groupoids). Given points mg, m1 € M and a diffeomorphism ¢ from an open
neighborhood of m; to an open neighborhood mg, with ¢(my) = my, let ji(¢) denote its k-jet.
Thus, jx(¢) is the equivalence class of ¢ among such diffeomorphisms, where ji(¢) = jix(¢') if
the Taylor expansions of ¢, ¢’ in local coordinates centered mi, mg agree up to order k. The
set of such triples (mg, jx(¢), m1) is a manifold Ji (M, M), and with the obvious composition
of jets it becomes a Lie groupoid

J k(M , M ) = M.

For k = 0, this is just the pair groupoid; for k = 1, the elements of the groupoid Jy (M, M) = M
are pairs of elements mg, m; € M together with an isomorphism T},,, M — T,,,, M. The natural
maps

oo Jo(M, M) = Jpy (M, M) =« — Jo(M, M) = Pair(M)

2If M is connected, and M is a simply connected covering space, with covering map M — M , one has a Lie
groupoid homomorphism Pair(M) = II(M) — II(M). By homotopy lifting, this map is surjective. Let A be
the discrete group of deck transformations of M, i.e., diffeomorphisms covering the identity map on M. Then

M= M/l", and II(M) = H(M)/F = (]\7 X M)/F, a quotient by the diagonal action.
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are morphisms of Lie groupoids. (These groupoids may be regarded as finite-dimensional
approximations of the Haefliger groupoid of M, consisting of germs of local diffeomorphisms.
The latter is not a Lie groupoid since it is not a manifold.)

Ezample 1.13 (Action groupopids). Given an smooth action of a Lie group G on M, one has
the action groupoid or transformation groupoid G = M. It may be defined as the subgroupoid
of the direct product of groupoids G = pt and Pair(M) = M, consisting of all (g,m’,m) €
G x (M x M) such that m’ = g.m. Using the projection (g,m’,m) — (g,m) to identify
G = G x M, the product reads as

(g,m) = (g1,m1) o (g2,m2) & g = gi1g2, m = ma, M1 = ga2.Mma.

Note that the isotropy groups G,, of the action groupoid coincide with the stabilizer groups of
the G-action, Gy,.

Ezample 1.14 (Submersion groupoids). Given a surjective submersion 7: M =2 N, one has a
submersion groupoid

MxyM=M

given as the fiber product with itself over V. The groupoid structure is as a subgroupoid of the
pair groupoid Pair(M). For the special case of a principal G-bundle 7: P — N, the submersion
groupoid is identified with P x G; the groupoid structure is that of an action groupoid.

Ezample 1.15 (Atiyah groupoids). Let P — M be a principal G-bundle. Let G(P) be the set
of triples (m’,m, ¢) where m,m’ € M and ¢: P,, — P, is a G-equivariant map between the
fibers over m,m’ € M. Put s(m’,m, $) = m, t(m',m, ) = m’, and define the composition by

(mllamla ¢1) © (m/27m27 ¢2) = (mlv m, ¢)

whenever ¢ = ¢ 0 ¢2 and (m), m1) o (mh, ma) = (m/,m) (as for the pair groupoid). We will
call the resulting groupoid

GgP)=M

the Atiyah algebroid of P; it is also known as the gauge groupoid. Equivalently, we may regard
G(P) as the quotient

G(P) = Pair(P) /G,
of the pair groupoid by the diagonal action. We have the following sequence of groupoids and
groupoid morphisms,
1 — Gau(P) = G(P) — Pair(M) — 1,
where Gau(P) is the subgroupoid of elements having the same source and target. 3 As a special
case, for a vector bundle V — M one has an Atiyah algebroid G(V) of its frame bundle, given

more directly as the set of linear isomorphisms from one fiber of V to another fiber. Note that
the Atiyah algebroid of the tangent bundle T'M is the same as the first jet groupoid J; (M, M).

3Perhaps, a better notation for this groupoid G(P) is Aut(P) = M. The automorphism group of P is then
the group I'(Aut(P)) of bisections of Aut(P).
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1.3. Exercises.

Ezercise 1.1. Let ¢1: Q1 — My, ¢o: Q2 — My be two submersions. Given any smooth map
F: Q1 — M>, show that the fiber product

Q2 ¢.xF Q1 = {(q2,q1)| P2(q2) = F(q1)}

is a smooth submanifold of Q2 x @1, and the map Q2 ¢, xr @1 — M; induced by ¢1 is a
submersion. Use this to verify that for a Lie groupoid G, the spaces of k-arrows G*) are
smooth manifolds.

Ezercise 1.2. Using the definition, show that inverses of a (Lie) groupoid are unique. In fact,
show that if g € G is given, and hy, hy € G are such that g o h; and hg o g are units, then
hi = ho.

Exercise 1.3. Show that the inversion map Invg of a groupoid is a diffeomorphism.

Ezercise 1.4. a) Given two Lie groupoids G = M and H =% N, show that their direct product
becomes a Lie groupoid
GXH=MxN.

b) Show that a smooth map F': H — G between Lie groupoids is a Lie groupoid morphism if
and only if its graph
Gr(F) ={(g.h) € G x H| F(h) = g}

is a Lie subgroupoid of the direct product:
Gr(F) —=—=Gr(F|um)

L

GxH—=MxN

Ezercise 1.5. Show that any morphism of Lie groupoids Pair(N) — Pair(M) is induced by a
smooth map f: N — M.

Ezercise 1.6. Show that if J is an open interval around 0, and G = M is a Lie groupoid, then
a morphism of Lie groupoids
Pair(J) — G
is equivalent to a G-path: That is, a path 7: J — G such that 7(0) =: m € M and t(7(t)) =m
for all t € J. That is, any such morphism if of the form
(t',8) = (&) 713(1).
Show that the corresponding base path v(t) = s(7(¢)) lies in a fixed orbit O of G.

Ezxercise 1.7. Let G C R x Matg(3) be the 4-dimensional submanifold consisting of all (¢, B)
such that
B+B"+tB'B=0.
Show that
(t, B) = (t1, B1) o (t2, B2)
if and only if
t=t1=1ty, B=B1+By+t B1B>
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defines a Lie groupoid structure G = R, with s = t given by projection G — R. Identify the
Lie groups G; given as the fibers of this projection. (Hint: For ¢ # 0, consider A =tB + 1.)

Ezercise 1.8. Let d be a Lie algebra, and g,h C ? two Lie subalgebras such that 9 = g& b
as vector spaces. Let D, G, H be the corresponding simply connected Lie groups, and i: G —
D, j: H— D the group homomorphisms exponentiating the inclusions of g, b into 0. Let

I = {(h.g.g/, i) € H x G x G x H]| j(h)i(g) = i(g)j(h)}.

In other words, G is the fiber product of H x G with G x H over D, relative the natural maps
from these spaces to D. Put

(hagagl7 h,) = (hlvglagll, h’,l) o (h27927géa hl2)
if and only if
hy=hy, h=hy, h'=hy g=q9, ¢ =919

Show that this defines the structure of a Lie groupoid G = H. Exchanging the roles of G and
H the same space has a groupoid structure G = G, and the two structures are compatible in
the sense that they define a double Lie groupoid. Try to invent such a compatibility condition
of two groupoid structures, and verify that it is satisfied in this example. (See Lu-Weinstein
[28])

Ezercise 1.9. Let X be a vector field on a manifold M. If X is complete, then the flow ®;(m)
of any m € M is defined for all ¢, and one obtains a group action ®: R x M — M. For an
incomplete vector field, @ is defined on a suitable U C R x M. Show that U becomes a Lie
groupoid U = R.

2. FOLIATION GROUPOIDS

2.1. Definition, examples. A foliation F of a manifold M may be defined to be a subbundle
E C T'M satisfying the Frobenius condition: for any two vector fields X, Y taking values in F,
their Lie bracket again takes values in £. Given such a subbundle, one obtains a decomposition
of M into leaves of the foliation, i.e., maximal connected injectively immersed submanifolds.
The quotient space M/ ~, where two points are considered equivalent if they lie in the same
leaf, is called the leaf space. Locally, a foliation looks very simple: For every m € M there
exists a chart (U, ¢) centered at m, with ¢: U — R™, such that the tangent map T'¢ takes
E|y to the tangent bundle of the projection prg,: R™ — R? to the last ¢ coordinates. Such an
adapted chart is called a foliation chart. For a foliation chart, every U, = ¢~1(R""7 x {a})
for a € RY is an open subset of a leaf. Globally, the situation can be much more complicated,
since U,, Uy for a # b might belong to the same leaf. Accordingly, the leaf space of a foliation
can be extremely complicated.

Ezample 2.1. For any surjective submersion 7: P — B, the bundle ker(T7) C TP defines a
foliation, with leaves the fibers 7=1(b). If the fibers are connected, then P/ ~ is just B itself.
If the fibers are disconnected, the leaf space can be a non-Hausdorff manifold. (E.g., take
P = R?\{0} with 7 projection to the first coordinate; here P/ ~ is the famous ‘line with two
origins’.)
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Ezample 2.2. Given a diffeomorphism ®: M — M of a manifold, one can form the mapping
torus as the associated bundle

M@:RXZM,

where R is regarded as a principal Z-bundle over R/Z, and the action of Z is generated by
®. That is, it is the quotient of R x M under the equivalence relation generated by (¢,m) ~
(t+1,®(m)). The 1-dimensional foliation of M x R, given as the fibers under projection to M,
is invariant under the Z-action, and so it descends to a 1-dimensional foliation of the mapping
torus. If some point m € M is fixed under some power ®V, then the corresponding leaf in the
mapping torus is a circle winding N times around the mapping torus. But if m is not a fixed
point, then the corresponding leaf is diffeomorphic to R.

Ezxample 2.3. Given a manifold M with a foliation F, and any proper action of a discrete
group A preserving this foliation, the quotient M /A inherits a foliation. For example, given
a connected manifold B, with base point by, and any action of the fundamental group A =
71(B, by) on another manifold @, the foliation of M = Bx @ given by the fibers of the projection
to @ is A-invariant for the diagonal action, and hence the associated bundle

M/A=Bx,Q

inherits a foliation. Note that the leaves of this foliations are coverings of B.

Ezample 2.4. Consider the foliation of the 2-torus 72 = R?/Z? induced by the vector field
X € X(R?) whose lift to R? is 8% + Ca%' If ¢ is a rational number, then the flow of X is
periodic, and space of leaves of the foliation is a manifold (a circle). If ¢ is irrational, then the
space T?/ ~ of leaves is quite pathological: its only open subsets are the empty set and the
entire space. (This example may also be regarded as a mapping torus, where ® is given by a

rotation of the standard circle by a fixed 2mc.)

Ezample 2.5. We next describe a 2-dimensional foliation of the 3-sphere, known as the Reeb
foliation. Consider S as the total space of the Hopf fibration

7 §% — 52

(realized for example as the quotient map from SU(2) = S2 to its homogeneous space CP(1) =
S?). The pre-image of the equator on S? is a 2-torus 72 C S3, and this will be one leaf of the
foliation. The pre-image of the closed upper hemisphere is a solid 2-torus bounded by 72, and
similarly for the closed lower hemisphere. Thus, S? is obtained by gluing two solid 2-tori along
their boundary. Note that this depends on the choice of gluing map: what is the ‘small circle’
with respect to one of the solid tori becomes the ‘large circle’ for the other, and vice versa.
Now, foliate the interiors of these solid 2-tori as in the following picture (from wikipedia):
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More specifically, this foliation of the interior of a solid torus is obtained from a translation
invariant foliation of the interior of a cylinder Z = {(z,y, )| 22 + y? < 1}, for example given
by the hypersurfaces

1

for a € R. The Reeb foliation has a unique compact leaf (the 2-torus), while all other leaves
are diffeomorphic to R2.

z:exp( )+a,a€R

2.2. Monodromy and holonomy. We will need the following notions.

7~

Definition 2.6. Let F be a foliation of M, of codimension q.

(a) A path (resp. loop) in M that is contained in a single leaf of the foliation F is
called a foliation path (resp., foliation loop).

(b) A g-dimensional submanifold N is called a transversal if N is transverse to all
leaves of the foliation. That is, for all m € N, the tangent space T,,N is a
complement to the tangent space of the foliation.

Given points m,m’ in the same leaf L, and transversals N, N’ through these points, then
any leaf path v from m to m’ determines the germ at m of a diffeomorphism

Oy N — N/,

taking m to m’. Indeed, given m; € N; sufficiently close to m, there exists a foliation path
1 close to 7, and with end point in N’. This end point m] is independent of the choice of
71, as long as it stays sufficiently close to «. This germ ¢, is unchanged under homotopies of
~. It is also independent of the choice of transversals, since we may regard a sufficiently small
neighborhood of m in N as the ‘local leaf space’ for M near m, and similarly for m’. One calls
¢~ the holonomy of the path ~. Intuitively, the holonomy of a path measures how the foliation
‘twists’ along . In the special case m = m/, we may take N = N’ and obtain a map from the
fundamental group of the leaf, w1 (L, m), to the group of germs of diffeomorphism of N fixing
m.

2.3. The monodromy and holonomy groupoids. .
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Definition 2.7. Let F be a foliation of M, and m € M.

(a) The monodromy group of F at m is the fundamental group of the leaf L C M
through m:

Mon(F, m) = m1(L,m).

(b) The holonomy group of F at m is the image of the homomorphism from
Mon(F,m) into germs of diffeomorphisms of a local transversal through m. It is
denoted

Hol(F,m).

J

In other words, Mon(F, m) consists of homotopy classes of foliation loops bases at m, while
Hol(F,m) consists of holonomy classes. Hol(F, m) is the quotient of Mon(F,m) by the classes
of foliation loops having trivial holonomy.

Definition 2.8. Let F be a foliation of M.
(a) The monodromy groupoid

Mon(F) = M,

consists of triples (m’,m,[y]), where m,m’ € M and [y] is the homotopy class
of a foliation path + from m = ~(0) to m’ = v(1). The groupoid structure is
induced by the concatenation of foliation paths.
(b) The holonomy groupoid
Hol(F) = M,
is defined similarly, but taking [v] to be the holonomy class of a foliation path ~.

Proposition 2.9. Mon(F) and Hol(F) are (possibly non-Hausdorff) manifolds.

J

Sketch. Here is a sketch of the construction of charts, first for the monodromy groupoid. Given
(m',m, [v]) € Mon(F), choose local transversals N, N’ through m, m': that is, g-dimensional
submanifolds transverse to the foliation, where ¢ is the codimension of F. Let ¢y: N — N’
be the diffeomorphism germ determined by [y]. Choosing a germ of a diffeomorphism N —
RY, which we may think of as transverse coordinates at m, we then also obtain transverse
coordinates near m/. These sets of transverse coordinates may be completed to local foliation
charts at m and m’. We hence obtain 2(n — ¢) + ¢ = 2n — ¢-dimensional charts for Mon(F). A
similar construction works for Hol(F). O

Remark 2.10. (a) To see why the groupoids Mon(F) or Hol(F) are sometimes non-
Hausdorff, suppose g € Mon(M,m) is a non-trivial element of the monodromy group.
It is represented by a non-contractible loop « in the leaf through m. Then it can happen
that v is approached through loops 7, in nearby leaves, but the -, are all contractible.
Then the elements g, € Mon(M,m,) (with m, = 7,(0)) satisfy ¢, — g, but since
gn = my, (constant loops) they also satisfy g, — m. This non-uniqueness of limits then
implies that Mon(M) is not Hausdorff. Similarly phenomena appear for the holonomy
groupoid.
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(b) There is no simple relationship, in general, between the Hausdorff properties of the
holonomy and monodromy groupoids of a foliation F. Indeed, it can happen that two
points of Mon(F) not admitting disjoint open neighborhoods get identified under the
quotient map to Hol(F). On the other hand, it can also happen that two distinct points
of Hol(F) do not admit disjoint open neighborhoods, even if they have pre-images in
Mon(F) have disjoint open neighborhoods. (The images of the latter under the quotient
map need no longer be disjoint.)

Exercise 2.1. (From Crainic-Fernandes [12].) Let M = R3\{0} be foliated by the fibers of the
projection (z,y,z) — z. Is the monodromy groupoid Hausdorff? What about the holonomy
groupoid?

Exercise 2.2. For the Reeb foliation of S2, show that the holonomy groupoid coincides with
the monodromy groupoid, and is non-Hausdorff.

Exercise 2.3. Think of S® has obtained by gluing two solid 2-tori as before, and let M C S® be
the open subset obtained by removing the central circle of each of the solid 2-tori. Show that
the monodromy groupoid is Hausdorff, but the holonomy groupoid is non-Hausdorff.

Exercise 2.4. Similar to S3, the product S? x S is obtained by gluing to solid 2-tori, given as
the pre-images of the closed upper/lower hemispheres under the projection to S2. Foliate these
solid 2-tori as for the Reeb foliation. Show that the monodromy groupoid is non-Hausdorff,
but the holonomy groupoid is Hausdorff.

2.4. Appendix: Haefliger’s approach. A cleaner definition of holonomy proceeds as follows
(following Haefliger [24]): Let F be a given codimension ¢ foliation of M. A foliated manifold
can be covered by foliation charts ¢: U — R"™9 x RY, i.e. the pre-images ¢~ 1(R"™7 x {yo})
for yo € R? are tangent to the leaves. There exists a topology on M, called the foliation
topology, generated by such pre-images. Put differently, the foliation charts become local
homeomorphisms if we give R"™? its standard topology and R? the discrete topology. The
connected components of M for the foliation topology are exactly the leaves of M, and the
continuous paths in M for the foliation topology are the foliation paths.

Let M be the set of all (m,[¢)]), where m € M, and where [¢] is the germ of a smooth
map ¢: U — R?, where U is an open neighborhood of m, and ¢ is a submersion whose fibers
are tangent to leaves. Given a foliation chart (U, ¢), one obtains a subset U of M consisting
of germs of [¢)] at points of U, where v is ¢ followed by projection. Give M the topology
generated by all U. Then the natural projection M — M is a local homeomorphism relative
to the foliation topology on M.

Let v: [0,1] — M be a continuous path for the foliation topology (a foliation path in M),
with end points m = v(0) and m’ = ~(1). Since M — M is a covering, 7 to paths in M,
defining a map 7—1(m) — 7~ 1(m') between fibers of M. Two such paths, with the same end
points, are said to define the same holonomy if they determine the same map.

3. PROPERTIES OF LIE GROUPOIDS

3.1. Orbits and isotropy groups. Let G = M be a Lie groupoid. Define a relation ~ on
M, where

m~m' < g€ G:s(g) =m, t(g) =m'.
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[ Lemma 3.1. The relation ~ is an equivalence relation. ]

Proof. Transitivity follows from the groupoid multiplication, symmetry follows from the exis-
tence of inverses, reflexivity follows since elements of M are units (so, m om = m) O

The equivalence classes of the relation ~ are called the orbits of the Lie groupoid. The
equivalence class of the element m € M is denoted

G-mC M.
Let us also recall the definition of isotropy groups
Gm =5 Hm)Nt ' (m).

Ezxample 3.2. For a Lie group G with a Lie group action on M, the orbits and isotropy groups
of the action groupoid G = G x M are just the usual ones for the G-action:

G-m=G-m, Gp=G,.

Ezample 3.3. For a foliation F of M, the orbits of both Mon(F) = M and Hol(F) = M are
the leaves of the foliation F, while the isotropy groups G,, are the monodromy groups and
holonomy groups, respectively.

We will show later in this section that the orbits are injectively immersed submanifolds of
M, while the isotropy groups are embedded submanifolds of G. Note that for any given m, the
orbit can be characterized as

G-m= t(S_l(m)),
(or also as s(t~!(m))). The isotropy group G,, is the fiber of m under the map s~'(m) —
G - m. Since is a submersion, the fibers s~!(m) are embedded submanifolds of G, of dimension
dim G —dim M. Hence, to show that the orbits and stabilizer group are submanifolds, it suffices

to show that the restriction of t to any source fiber s~!(m) has constant rank. This will be
proved as Proposition 3.7 below.

3.2. Bisections. A bisection of a Lie groupoid is a submanifold S C G such that both t,s
restrict to diffeomorphisms S — M. For example, M itself is a bisection. The name indicates
that S can be regarded as a section of both s and t. We will denote by

I'(9)
the set of all bisections. It has a group structure, with the multiplication given by
S1 085 = Multg((S; x S2) N GP).

That is, S1 0.5, consists of all products g1 o go of composable elements with g; € S; for i = 1, 2.
The identity element for this multiplication is the unit bisection M, and the inverse is given
by S~! = Invg(S). This group of bisections comes with a group homomorphism

I'G) — Diff (M), S — &g

where ®g = t|5 o (s|s)!.
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Remark 3.4. Alternatively, a bisection of G may be regarded as a section o: M — G of the
source map s such that its composition with the target map t is a diffeomorphism of ®. The
definition as a submanifold has the advantage of being more ‘symmetric’.

Ezamples 3.5. (a) For a Lie group G = pt, regarded as a Lie groupoid, a bisection is simply

an element of G, and I'(G) = G as a group.

(b) For a vector bundle V' — M, regarded as groupoid V' = M, a bisection is the same as
a section. More generally, this is true for any bundle of Lie groups.

(c) For the ‘trivial’ groupoid M = M the only bisection is M itself. The resulting group
I'(M) consists of only the identity element.

(d) For the pair groupoid Pair(M) = M, a bisection is the same as the graph of a diffeo-
morphism of M. This identifies I'(G) = Diff (M).

(e) Let P — M be a principal G-bundle. A bisection of Atiyah groupoid G(P) = M is the
same as a principal bundle automorphism ®p: P — P. That is,

I(G) = Aut(P).

(f) Given a G-action on M, a bisection of the action groupoid is a smooth map f: M — G
for which the map m — f(m).m is a diffeomorphism.

The group of bisections has three natural actions on G:
e Left multiplication:
A4(9) = hog,
with the unique element h € S such that s(h) = t(g). Namely, h = ((s|s) ' ot)(g). This
has the property
(5) sodk =5 toAL=dg50t.

e Right multiplication:
AS(g) =go (W),
with the unique element i’ € S such that s(h') = s(g). Namely, k' = (s|s) " *(s(g)). We
have that
(6) toAfl=t, so Al =dgo0s.

e Adjoint action:
Ads(g) =hogo ()7},

with h,h’ as above. Note that the adjoint action is by groupoid automorphisms, re-
stricting to the map ®g on units.

Ezamples 3.6. Diffeomorphisms of a manifold give a natural action on the pair groupoid
Pair(M). For a principal G-bundle, the group Aut(P) of principal bundle automorphisms
naturally acts by automorphisms of the Atiyah groupoid. In both cases, the natural action is
the adjoint action.
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3.3. Local bisections. In general, there may not exist a global bisection passing through a
given point g € G. However, it is clear that one can always find a local bisection S C M, that
is, t,s restrict to local diffeomorphisms to open subsets t(S) = V, s(S) = U of M. Any local
bisection defines a diffeomorphism between these open subsets:

bg = t|S o (S|S)_1: U—YV,

with inverse defined by the local bisection S~ = Invg(S). We have the left, right, and adjoint
actions defined as diffeomorphisms

AL 7L (U) -t 4(V), g hoy,
Af:sTHU) = sH(V), grrgo (W),

where, for a given element g € G, we take h,h’ to be the unique elements in S such that
s(h) =t(g), s(h’) =s(g). These satisfy the relations (5), (6) as before, and hence we also have
an adjoint action defined as a diffeomorphism

Adg: s HU) Nt U) = s H V)Nt 1(V), g hogo(h),

extending the map ®g on units. As an application of local bisections, we can now prove

Proposition 3.7. For any Lie groupoid G = M and any m € M, the restriction of t to
the source fiber s~t(m) has constant rank.

Proof. To show that the ranks of
t’s—l(m)l S_l(m) — M

at given points g, ¢’ € s~!(m) coincide, let S be a local bisection containing the element g’og~!,

and let U =s(S), V =t(S). The diffeomorphism
AL 7Y U) - H(V)

takes g to ¢’. Since soAg = s, it restricts to a diffeomorphism on each s fiber. Since furthermore
to AL = &g o AL, we obtain a commutative diagram

A ‘rl(m)

=1 (U) Ns~(m) (V) Ns~(m)

t|s—1<m)l lts*(m)
U

Vv

bg

where the horizontal maps are diffeomorphisms, and the upper map takes g to ¢’. Hence, the
ranks of the vertical maps at g, ¢’ coincide. O
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Corollary 3.8. For every m € G, the orbit G-m is an injectively immersed submanifold
of M, while the isotropy group G, is an embedded submanifold of G, hence is a Lie
group. In fact, all fibers of the map

t,s: G — Pair(M)

are embedded submanifolds.

For the last part, we have that (t,s)~!(m’, m) is a submanifold because it coincides with the
fiber of m’ under the surjective submersion s~!(m) — G-m. (The fiber is empty if m’ & G-m.)
Note that (t,s) does not have constant rank, in general.

3.4. Transitive Lie groupoids. A G-action on a manifold is called transitive if it has only a
single orbit: G - m. The definition carries over to Lie groupoids:

Definition 3.9. A Lie groupoid is called transitive if it has only one orbit: G -m = M. ]

Here are some examples:

e The pair groupoid Pair(M) = M is transitive.

e The jet groupoids J*¥(M, M) = M are transitive.

e The homotopy groupoid II(M) = M is transitive if and only is M is connected.

e For an action of a Lie group G on M, the action groupoid G x M = M is transitive if
and only if the G-action on M is transitive.

e For any Lie groupoid G = M, and any orbit i: O < M, the restriction of G|p to O
is transitive. Here, the ‘restriction’ consists of all groupoid elements having source and
fiber in O. More precisely,

Glo ={(g,2",z) € G x Pair(0)| s(g) = =, t(g) = 2},
with the groupoid structure as a subgroupoid of G x Pair(O). Note that Go comes with
an injective immersion to G, and G is a disjoint union of all such immersions.
e For any principal G-bundle 7: P — M, the Atiyah groupoid G(P) is transitive.

It turns out that all these examples are special cases of the last one. For the following, see e.g.
[30].

Theorem 3.10. Suppose G = M is a transitive Lie groupoid. Then G is isomorphic to
an Atiyah groupoid G(P), for a suitable principal G-bundle P — M. The identification
depends on the choice of a base point mg € M.

Proof. Given my, let G = Gy, be the isotropy group at mg, and P = s71(myg) the source fiber.
The target map gives a surjective submersion

T =tls-1(mg): P = M, p—t(p).

The group G acts on P by
1

gp=pog ;
this is well-defined since s(p) = = s(g) and s(g.p) = s(¢g~') = t(g) = mg. This action
preserves fibers, since 7(g.p) = t(po g 1) =t(p) = 7(p). The action is free, since g.p = p means
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pog !t =p, hence g = mg as an element of G, which is the identity of G = G,,,,. Conversely,

given two points p’,p € P in the same fiber, i.e. t(p') = t(p), the element g = (p') "L op is
well-defined, lies in G,,, = G, and satisfies p’ = p o g~!. This shows that P is a principal
G-bundle.*

It remains to identify G with the Atiyah groupoid of P. Let ¢ € G be given. Left multipli-
cation by ¢ gives a map

Fyg) = Pyg)y, pr>9op,

which commutes with the principal G-action given by multiplication from the right. This defines
an injective smooth map F': G — G(P). It is clear that F' is a groupoid homomorphism. The
inverse map is constructed as follows: given ¢ € G(P), choose p € Py, then the element

¢ = (p) op~! € G is defined, and independent of the choice of p. Clearly, F/(¢) = ). O

Ezample 3.11. For a homotopy groupoid II(M) = M over a connected manifold M, the choice
of a base point mg defines the fundamental group G,,, = m1(M,mp). The bundle P is the

universal covering M of M (with respect to my), regarded as a principal (M, mg)-bundle,
and IT(M) gets identified as its Atiyah groupoid. In particular, we see that the group I'(TI(M))
of bisections is the group

Aut(M) = Diff(M)™ )
of automorphisms of the covering space M.
Ezxample 3.12. Let G x M = M be the action groupoid of a transitive G-action on M. The
choice of mg € M identifies M with the homogeneous space
M= G/K.

where K = G, is the stabilizer. The principal bundle P for this transitive Lie groupoid is
G itself, regarded as a principal K-bundle over M. The resulting identification of the action
groupoid and the Atiyah groupoid is the map

Gx(G/K) = (GxG)/K (g, aK) ~ (ga,a)K,
the inverse map is
(GxG)/K =G x (G/K), (b,a)K + (ba™',aK).

Ezercise 3.1. Let M be a connected manifold. Show (by giving a counter-example) that the

map Aut(M) — Diff (M) is not always surjective. Hint: You can take M = S*.

Ezercise 3.2. Show that a Lie groupoid is transitive if and only if the map (t,s) is surjective,
and that it must be a submersion in that case.

4. MORE CONSTRUCTIONS WITH GROUPOIDS

In this section, we will promote the viewpoint of describing groupoid structures in terms
of the graph of the groupoid multiplication. This will require some preliminary background
material in differential geometry.

4The local triviality is automatic: given a free Lie group action on a manifold, and a surjective submersion
onto another manifold such that the orbits are exactly the fibers of the action, the manifold is a principal bundle;
local trivializations are obtained from local sections of the submersion.
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4.1. Vector bundles in terms of scalar multiplication. It is a relatively recent observation
that vector bundles are uniquely determined by the underlying manifold structures together
with the scalar multiplications:

N

Proposition 4.1 (Grabowski-Rotkievicz). [22]

(a) A submanifold of the total space of a vector bundle E — M is a vector subbundle
if and only if it is invariant under scalar multiplication by all t € R.

(b) A smooth map E' — E between the total spaces of two vector bundles E —
M, E' — M’ is a vector bundle morphism if and only if it intertwines the scalar
multiplications by all t € R.

That is, the additive structure is uniquely determined by the scalar multiplication.

4.2. Relations. A linear relation from a vector space V) to a vector space V5 is a subspace
R C Vy x Vi. We will think of R as a generalized map from V; to V5, and will write

R: Vi —-s Vs
We define the kernel and range of R as
ker(R) = {v1 € V1: (0,v1) € R},
ran(R) = {ve € Va: Jv; € Vi, (ve,v1) € R}.
R is called surjective if ran(R) = Va, and injective if ker(R) = 0.
An actual linear map A: Vi — V5 can be viewed as a linear relation, by identifying A with its

graph Gr(A); the kernel and range of A as a linear map coincide withe the kernel and relation
as a relation. The identity map idy : V — V defines the relation

AV = Gr(idv): V-V
given by the diagonal in V' x V. Any subspace S C V can be regarded as a relation S: 0 --» V.
Given a relation R: V; — Vi, we define the transpose relation R': Vi --» Vi by setting
(v1,v2) € RT < (vg,v1) € R. Note that R is the graph of a linear map A: V; — V5 if and only
if dim R = dim V; and ker(R") = 0. We also define a relation
ann®(R): Vi = Vi

by declaring that (p2, 1) € ann?(R) if and only if (uo,vs) = lpy,v1) for all (ve,v1) € R;
equivalently, it is obtained from the annihilator of R by a sign change in one of the factors of
V5" x V. Note that

ann(Ay) = Ay
Also, if A: Vi — V3 is a linear map, and A*: V5" — V}* the dual map, then
ann”(Gr(A)) = Gr(A*)T.
The composition of relations R: Vi --» V5 and R': V5 --» V3 is the relation
R oR: Vi --» V3,

where (v3,v1) € R'oR if and only if there exists vy € V5 such that (vs,v2) € R and (vg,v1) € R.
This has the property
ann’(R’ o R) = ann”(R') o ann®(R)
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(see [27, Lemma A.2]). Note that in general, given smooth families of subspaces Ry, R, the
composition R; o R} need not have constant dimension, and even if it does it need not de-
pend smoothly on ¢ (as elements of the Grassmannian). For this reason, one often imposes
transversality assumptions on the composition.

Definition 4.2. We say that R’, R have transverse composition if
(a) ker(R') Nker(R") =0,
(b) ran(R) +ran((R")") = Va.

Notice that the first condition in (4.2) means that for (vs,v1) € R’ o R, the element vo € V5
such that (vs,v2) € R/, (v2,v1) € R is unique. The second condition is equivalent to the
condition that the sum (R’ x R) + (V3 x Ay, x V]) equals V3 x Vo x Vo x V4. The first
condition is automatic if ker(R') = 0 or ker(R") = 0, while the second condition is automatic
if ran(R) = V5 or ran((R)") = Va.

See e.g. [27, Appendix A] for further details, as well as the proof of the following dimension
formula:

N\

Proposition 4.3. If R: Vi --» V5 and R': V5 --» V3 have transverse composition, then
dim(R' o R) = dim(R') + dim(R) — dim V5.

Conversely, if this dimension formula holds, then the composition is transverse provided
that at least one of the conditions in Definition 4.2 holds.

Lemma 4.4. Let R: V; --+ V5 and R': Vo --» V3 be surjective relations, whose trans-
pose relations are injective. Then R', R have transverse composition, R' o R is surjective,
and (R' o R)T is injective.

Proof. Transversality of the composition is immediate from the definition 4.2: The first condi-
tion follows from injectivity of R', the second condition from surjectivity of R. On the other
hand, the composition of surjective relations is surjective, while the composition of injective
relations is injective. O

More generally, we can consider smooth relations between manifolds. A smooth relation
I': My --» Ms

from a manifold M; to a manifold Ms, is an (immersed) submanifold I' C My x M;. Any smooth
®: My — My defines such a relation Gr(®) C My x M, and we have Gr(®o¥) = Gr(P)oGr(¥)
(composition of relations). Given another such relation I'': My --» Ms, the set-theoretic
composition of relations

Mol = {(mg,ml)] dmeg € My: (M3,m2) S F/, (T)’LQ,ml) S F}

is a smooth relation if the composition is transverse:



22 ECKHARD MEINRENKEN

Definition 4.5. The composition of smooth relations I': M7 --+ My and I'': My --» M3
is transverse if for all points of IV o T' := (I x ') N (M3 x Apz, X M;) the composition
of tangent spaces is transverse.

This assumption implies that IV o I" is a submanifold of dimension dim I' + dim IV — dim My,
and the map to I'oI' is a (local) diffeomorphism. It also follows that

T(I'oT)=TroTT".

The manifold counterpart to Lemma 4.4 reads as:

Lemma 4.6. Let I': My --» My and T': My --» Ms be smooth relations, with the
property that the projections from T',T” to their targets is a surjective submersion, while
their projection to the source is an injective immersion. Then I'",T' have a transverse
composition, and the projections from I'' o' to the target and source are a surjective
submersion and injective immersion, respectively.

. 7

Finally, we can also consider relations in the category of vector bundles. A VB-relation
I': By --+ E5 between vector bundles is a vector subbundle of I' C Fy x E;. By Grabowski-
Rotkievicz, this is the same as a smooth relation that is invariant under scalar multiplication.
The definition of ann?(T") generalizes, and the property under compositions extends:

ann®(I” o T') = ann®(I") o ann®(T").

4.3. Groupoid structures as relations. The axioms of a Lie groupoid can be phrased in
terms of smooth relations, as follows. Let I' = Gr(Multg) € G x G --+ G be the graph of
the multiplication map. The projection of I' onto G given as (g; g1, 92) — ¢ is a surjective
submersion, while the map I' = G x G, (9;91,92) — (91, 92) is an embedding (its image is the
submanifold G()). By Lemma 4.6, it is automatic that the composition of I' with I x Ag and
also with Ag x I' are smooth, and the associativity of the groupoid multiplication is equivalent
to the equality

(7) Fo(I'xAg)=To(AgxT)

Similarly, regarding the submanifold of units as a relation M : pt — G, the condition for units
reads as

(8) Fo(M x Ag)=Ag=T0(Ag x M).

® In the next section, we will give a first application of this viewpoint.

4.4. Tangent groupoid, cotangent groupoid. For any Lie groupoid G = M, the tangent
bundle becomes a Lie groupoid

TG =TM,
by applying the tangent functor to all the structure maps. For example, the source map is
stg = T'sg, and similarly for the target map; and the multiplication map is Multrg = T Multg
as a map from (TG)? = T(G?) to TG. The associativity and unit axioms are obtained from
those of G, by applying the tangent functor.

5This last composition is not transverse, though -- FIX THIS
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In fact, TG is a so-called VB-groupoid: It is a vector bundle, and all structure maps are
vector bundle morphisms.

Definition 4.7. A VB-groupoid is a groupoid V = FE such that V — G is a vector
bundle, and Gr(Multy,) is a vector subbundle of V3.

Using this result, it follows that the units of a VB-groupoid are a vector bundle £ — M, and
that all groupoid structure maps are vector bundle morphisms. Furthermore, the zero sections
of V defines a subgroupoid G = M of V = E.

Suppose that W = F' is a VB-subgroupoid of V = FE, with base H = N a subgroupoid of
G = M. Then we can form the quotient VB-groupoid,

Viy/W = E|n/F

For example, if H C G is a Lie subgroupoid with units N C M, then the normal bundle
v(G,H) = TG|3/TH becomes a Lie groupoid over v(M, N),

v(G,H) = v(M,N).
The dual of a VB-groupoid V = FE is also a VB-groupoid:

Theorem 4.8. For any VB-groupoid V = E, the dual bundle V* has a unique structure
of a VB-groupoid such that p = u1 o us if and only if

(p,v) = (p1,v1) + {p2, ve)
whenever v = vy ovg in V. (Here it is understood that v,vi,vy € V have the same base

points as p, i1, p2, respectively. In particular, these base points must satisfy g = g109ga.)
The units for this groupoid structure is the annihilator bundle ann(E).

We call
V* = ann(E)
the dual VB-groupoid to V = E.

Proof. Let I'y = Gr(Multy) be the graph of the groupoid multiplication of V. Then the graph
of the proposed groupoid multiplication of V* is

I+ = ann®(Gr(Multy)).

By applying ann’ the associativity and unit axioms of V, given by (7) and (8) (with G replaced
by V), one obtains the corresponding axioms of V*. In particular, we see that the elements of
ann(F) act as units. The inversion map for V* is just the dual of that of V; their graphs are
related by ann? . O

Remark 4.9. (Some details.) As usual, the units, as well as the source and target maps, are
uniquely determined by the groupoid multiplication: Suppose g € V* is a unit. Then its base
point must be a unit in G. Let v € E (with the same base point), so that v = vowv. The
multiplication rule tells us that (u,v) = (u,v) + (u,v), hence (u,v) = 0. This shows that
p € ann(E). Conversely, if v,v1,v9 € V|y with v = vy o v9 (in particular, all base points
coincide) then v = v; + v2 modulo E. (Exercise below.) Hence, for ;1 € ann(F) we obtain
(= po u, by definition of the multiplication.
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Remark 4.10. We might call a VB-groupoid V = E a VB-group if E is the zero vector bundle
over pt. For example, the tangent bundle of a Lie group is a VB-group. The dual bundle to a
VB-group need not be a group, in general, since ann(E) = (V|.)* with e the group unit of the
base G = pt is non-trivial unless V is the zero bundle over G. For the case that G = G is a Lie
group, and V = T'G, we find that ann(F) = g*.

Ezercise 4.1. Show that if V is a VB-groupoid, and v = v; o vo where the base points are in
M, then these base points are all the same, and v = v; + v9 — s(v1).

Ezercise 4.2. Using the preceding exercise, give explicit formulas for the source and target map
of V*. (Start with V*|5/.)

4.5. Prolongations of groupoids. Given a groupoid G = M, one can define new groupoids

the so-called k-th prolongation of G. The points of Ji(G) are k-jets of bisections of G. Thinking
of a bisection as a section o: M — G whose composition with the target map is a diffeomor-
phism, the source fiber of Ji(G) consists of all k-jets of such sections at m, with the property
that the composition with t is the k-jet of a diffeomorphism.

e For k = 0, one recovers Jy(G) = G itself.

e Elements of Ji(G) are pairs (g,W), where g € G is an arrow and W C T,G is a
subspace complementary to both the source and target fibers. In other words, W is the
tangent space to some bisection passing through ¢g. The composition is induced from
the composition of bisections, that is,

(9, W) = (g1, W1) o (g2, W2)
if and only if
W = T Multg((W; x Wa) N TG?)
(the linearized version for multiplication of bisections.)

The successive prolongations define a sequence of Lie groupoids

By applying this construction to the pair groupoid, one recovers the groupoids Ji(M, M)
discussed earlier. Prolongations of groupoids were introduced by Ehresmann [20]; recently
they have been used in the work of Crainic, Salazar, and Struchiner [13] on Pfaffian groupoids
and Spencer operators.

4.6. Pull-backs and restrictions of groupoids. Let G = M be a Lie groupoid. Given a
submanifold i: N < M such that the map (t,s): G =% Pair(M) is transverse to Pair(N) C
Pair(M), one obtains a new groupoid i'G = N by taking the pre-image

i'G = (t,5) 7! (Pair(N)).

The groupoid multiplication is simply the restriction of that of G. More generally, suppose
f: N = M is a smooth map such that the induced map Pair(f): Pair(N) — Pair(M) is
transverse to (t,s). Then we define a pull-back groupoid f'G = N by

£'G = {(g.7',n)| s(9) = f(n), t(g) = f(n')}.
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Its groupoid structure is that as a subgroupoid of G x Pair(N) over N = Gr(f) C M x N. Note
dim f'G = dim G + 2dim N — 2dim M,

and also that
f' Pair(M) = Pair(N).

By construction, the pull-back groupoid comes with a morphism of Lie groupoids

f'6==N

|

G——=M

Remark 4.11. In the definition of f'G, one can weaken the transversality assumption to clean
intersection assumptions. However, the dimension formula for f'G has to be modified in that
case, adding the excess of the clean intersection to the right hand side.

Ezercise 4.3. Show that under composition of maps,
(fro f2)'G = f5£iG-
provided that the clean intersection hypotheses are satisfied.

Ezercise 4.4. Let m: P — M be a principal bundle, f: N — M a smooth map, and f*P — N
the pull-back bundle (this is the subbundle of P x N — M x N along Gr(f) = N, consisting
of all (p,n) such that w(p) = f(n)). Show that

F'G(P) =G(f*P).
4.7. A result on subgroupoids. .

Theorem 4.12. Let G = M be a Lie groupoid, and H = N a set-theoretic subgroupoid.
If H is a submanifold of G, and the source fibers of H are connected, then H is a Lie
subgroupoid.

Our proof use the following Lemma from differential geometry (see e.g. [26])

Lemma 4.13 (Smooth retractions). Let Q be a manifold, and p: Q — @Q a smooth map
such that pop = p. Then p(Q) is a submanifold, and admits an open neighborhood in Q
on which the map p is s surjective submersion onto p(Q).

Remark 4.14. (a) If @ is connected, then p(Q) is connected. If @ is disconnected, then
p(Q) can have several connected components of different dimensions.
(b) In general, the smooth retraction p need not be a submersion globally, even when @ is
compact and connected.

Proof of Theorem 4.12. We denote by s,t: G — M the source and target map of G, by
i: M — G the inclusion of units, and by Mult: G& — G the groupoid multiplication. For
the corresponding notions of H, we will put a subscript H. We have to show:

(a) N is a submanifold of H,
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(b) sy, ty: H — N are submersions,

(¢) Multy,: H? — H is smooth.
The map iy o sy: H — H is a retraction to the subset N C H. It is smooth, since it is the
restriction of the smooth map ios: G — G. Hence, by the Lemma, N is a submanifold. For
the rest of this argument, we can and will assume that the H-orbit space of IV is connected;
hence N (which may be disconnected) has constant dimension.

The Lemma also tells us that there exists an open neighborhood of i(N) in H on which sy
is a submersions onto N. By using a similar argument for ty;, we see that the same is true for
ty. In particular, some neighborhood 2 of N in H becomes a ‘local Lie algebroid’. Define a
left-action of €2 on H, by the map

Q S'HXtH H? (khg) = kog

Note that 2, x¢,,H is a smooth submanifold of G (), due to the fact that sy is a submersion over
2, and that the action map is smooth since it is the restriction of Multg to this submanifold.

If sy is a surjective submersion at some point g € H, then it is also a submersion at k o g,
for any k € Q. Since H is assumed to be source connected, any g € H can be written as a
product ky o---o0ky with k; € Q. This shows that sy is a submersion, and similarly ty is a
submersion. O

If we drop the assumption that H is source-connected, it need no longer be true that sy is
a submersion everywhere:

Ezxample 4.15. Take G = RxR = R be the 1-dimensional trivial vector bundle over R, regarded
as a groupoid with s(z,y) = t(x,y) = z. Pick a function y = f(z), taking values in positive
real numbers, such that the graph of f is a smooth submanifold, but has a vertical tangent
at some point (xo,y0). Then H = {(z, kf(x))| z € R, k € Z} is a set-theoretic subgroupoid
which is not a Lie subgroupoid, since sy is not surjective at (o, yp).

Remark 4.16. If the submanifold H is a set-theoretic subgroupoid of the Lie groupoid G, with
possibly disconnected source fibers, the its ‘source component’ is still a Lie subgroupoid.

4.8. Clean intersection of submanifolds and maps. Some of the subsequent results will
depend on intersection properties of maps that are weaker than transversality. The following
notion of clean intersection goes back to Bott [5, Section 5].

Definition 4.17 (Clean intersections).  (a) Two submanifold S;, S of a manifold M
intersect cleanly if S1 N Ss is a submanifold, with

T(Sl N 52) =T51NTS,.

(b) A smooth map F: N — M between manifolds has clean intersection with a
submanifold S C M if F~1(S) is a submanifold of N, with

T, (F71(8)) = (TnF) " (Trw)S), n € N.
(¢) Two smooth maps Fy: Ny — M and Fy: No — M intersect cleanly if the map
Fi x Fy: Ny Xx Ng — M x M
is clean with respect to the diagonal Ay € M x M.
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Remarks 4.18. (a) One can show (see e.g. [25]) that at any point of a clean intersection of
submanifolds S1, S, there exist local coordinates in which the submanifolds are vector
subspaces. One consequence of this is that for any two functions f; € C*°(S;), with

filsins, = f2lsinSs

there exists a smooth function f € C*°(M) with

f’Sl :fl) f|52 :fZ'

More generally, given a vector bundle V' — M, and two sections of o; € I'(V|g,) with
018,08, = 02|5,ns,, there exists o € T'(V') with o|g, = 0;.

(b) Note that F': N — M is clean with respect to S C M if and only if its graph Gr(F') C
M x N has clean intersection with S x N.

(c) As a special case, if Sp,S2 have transverse intersection, in the sense that

T.,51 +T,,So = T,,M

for all m € S7; NSy, then the intersection is clean: it is automatic in this case that
the intersection is a submanifold. Similarly, transversality of a map F': N — M to a
submanifold S C M, in the sense that

ran(T, F) + TF(n)S = Tp(n)M

for all n € N) implies cleanness.
(d) For a clean intersection of submanifolds S7,.S2, one calls the quantity

e = dim(S1 N S2) + dim(M) — dim(S;) — dim(.S2)

the excess of the clean intersection. Thus, e = 0 if and only if the intersection is
transverse. Similarly, one defines the excess of a clean intersection of two maps, or of a
map with a submanifold.

Given a vector bundle V' — M, with a subbundle W — N, we denote by I'(V, W) C I'(V)
the sections of V' whose restriction to N takes values in W. As a special case, if Oy is the
zero bundle over N, then I'(V,0x) are the sections of V' vanishing along N. We have the exact
sequence,

0—=>T(V,0ny) > T(V,W) =T(W)—0.

For example, if N is a submanifold of M, then I'(T'M,TN) are the vector fields on M that ar
tangent to N. Later we will need the following fact:

Lemma 4.19. Suppose W; — N; are two vector subbundles of a vector bundle V. — M.
If W1, Wy intersect cleanly (as manifolds), then the zero sections intersect cleanly, and
W1 N Wy — Ny N Ny is a vector subbundle of V. Furthermore, the map

F(V, Wl) N F(V, Wg) — F(W1 N WQ)

18 surjective.
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Proof. The first part follows by using the Grabowski-Rotkievicz theorem, since the intersec-
tion is a submanifold by assumption, and since it is invariant under scalar multiplication. In
particular, its zero sections N1 N Ny is a submanifold, where the intersection is clean:

T(N1 N NQ) = T(W1 N Wg) NTM =TW1NTWyNTM =TN; NTN>.

For the second part, given a section o12 € I'(W; N Wa), extend to sections o7 € I'(W7) and
o9 € I'(W3), and use Remark 4.18a to extend to a section o of V. Then o € T'(V, W1 )NI'(V, Wa),
and o|n,nN, = T12. O

4.9. Intersections of Lie subgroupoids, fiber products. .

Theorem 4.20 (Clean intersection of Lie subgroupoids). Let G = M be a Lie groupoid,
and H; = N;, © = 1,2 two Lie subgroupoids with clean intersection. Then Hi NHso is a
Lie subgroupoid.

Proof. The cleanness assumption means that H = H; N Hs is a submanifold, with
TH=TH1NTH,.

Let s be the source map of G, and s’ its restriction to H. By Theorem 4.12, the source
components of H are Lie subgroupoids; in particular the space of units N = Ny N Ny is a
submanifold. Furthermore, s’ is a surjective submersion from some open neighborhood of N
inside H onto N. To see that it is a surjective submersion everywhere on H, we use right
translation. Given g € G, with s(g) = m, t(g) = m’, we have that

Af,l cs Hm) — s (m).
In particular, the tangent map preserves the source fibers, and hence
(9) Ty AL - ker(Tys) — ker(Tyys).
Given g € H, the map Tg,élf,1 restricts to isomorphisms
TgAf,l c TyHi Nker(Tys) — TygyHi Nker(Tyys)

for i = 1,2, since both |H1,Ha are Lie subgroupoids. Using the clean intersection condition,
we see that it restricts to an isomorphism

Ty Al s : Ty(Hy N H2) Nker(Tys) — Ty (H1 N Hz2) Nker(T,ys),

that is,
TgAf_l : ker(Tys') — ker(T,ys').

This shows that s’ has constant rank globally, and likewise for t’. (|

Corollary 4.21. Let G = M and H = N be Lie groupoids, and F: G — H a morphism
of Lie groupoids. Suppose that H' = N’ is a Lie subgroupoid of H, and let G = M’
be its pre-image. If F is clean with respect to H', then G’ is a Lie subgroupoid. In
particular, this is true if F is transverse to H'.
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Proof. We may regard the pre-image as the intersection of two Lie subgroupoids, Gr(F)N(H' x
G) CHxG. O

Corollary 4.22. Suppose G = M and H = N are Lie groupoids, and that F: G — H
1s a morphism of Lie groupoids. If F' is clean with respect to N, then the kernel

ker(F) = F~Y(N)

s a Lie subgroupoid. In particular, this is true if F' is transverse to N.

Corollary 4.23. Let G = M1,Go = My, H = N be Lie groupoids, and F;: G; —
H, i = 1,2 morphisms of Lie groupoids. Let
G =01 x4 G2 C G1 X Go.

be the fiber product. If G is a submanifold, and if, for all g = (g1,92) € G, the tangent
space of G is the fiber product of T, Gi and Ty,|Go under the tangent maps of the F;,
then G is a Lie groupoid. In particular, this is true if F1, Fo are transverse.

J

Proof. We may interpret the fiber product as the pre-image of the diagonal Ay under the map
Fy x Fy. The given assumption just means that I} x Fj is clean with respect to Ay. O

Remark 4.24. This result, in the strong version stated here, is due to Bursztyn-Cabrera-del
Hoyo [6]. Note that conversely, the result for fiber products implies Theorem ??. Indeed, our
proof of the Theorem ?? was motivated by the argument in [6].

Ezxample 4.25. The pull-back construction may be re-phrased in these terms: Given G = M
and f: N — M such that Pair(f) is transverse to (t,s), we have that

1'G = Pair(N) Xpair(ar) G-
More generally, this holds if the two maps are clean with respect to each other.

4.10. The universal covering groupoid. Let G = M be a source connected Lie groupoid.
The source map s: G — M is a surjective submersion. Let G be obtained by replacing each
source fiber by its universal covering. That is,

G = {[y]| v: [0,1] = G is an s-foliation path with ~(0) € M?},

where [y] stands for homotopy classes of s-foliation paths, with fixed end points. (Put dif-
ferently, letting F be the s-foliation of G, we take the pre-image of M C G under the source
map of Mon(F) = G.) The space G has a natural structure of a (possibly non-Hausdorff)
manifold. The manifold structure is obtained from the inclusion as a submanifold of Mon(F).
We emphasize that G may be non-Hausdorff even if G is Hausdorff. Define source and target
maps of G by
s([v]) =~(0), t(lv]) =t(v(1)),
and define the groupoid multiplication of composable elements as

//]

YTolyl =1y
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where 7" is a concatenation of the path v with the Af(l)—translate of the path v/: Thus

T Y2t -1 oy(1)™t 1/2<t<1
Using these definitions, the space Gisa (possibly non-Hausdorff) Lie groupoid
G= M.
It comes with a local diffeomorphism

7 G =G, [y~ (),

which is a morphism of Lie groupoids.

5. GROUPOID ACTIONS, GROUPOID REPRESENTATIONS

5.1. Actions of Lie groupoids. Generalizing Lie group actions, one can also consider
groupoid actions of G = M on other manifolds.

Definition 5.1. An action of a Lie groupoid G = M on a manifold Q) is given by a map
®: ) - M together with an action map

A: Gxp @ = Q, (9:9) = Agla) =9 ¢
where Gx yr Q :={(g,9)| s(9) = ®(q)}. These are required to satisfy ®(g - q) = t(g), as
well as
(gr092)-a=91-(92-9), m-q=g¢
for g; € G, ¢ € Q, m € M, and whenever these are defined.

J

The map @ is sometimes called a moment map of the action (due to some relationship with
the moment map in symplectic geometry), sometimes it is called an anchor. We will say that
G = M acts on @ along M.

For any G-action, one can define its orbits in () as the equivalence classes under the relation

g~q¢ = 3g€G:qd=g-q
Also, for ¢ € Q) we can define its isotropy group
Go={9¢€9lg-a=4q}

Ezxample 5.2. For a group G, one always has the trivial action on point. The generalization to
groupoids is its action on the units M = G(©: here ® = id;, and the action is g - m = m’ for
s(g) = m, tz(g) = m’. Note that in general, there is no action of a groupoid on a point.

Example 5.3. Every Lie groupoid G = M acts on itself by left multiplication g-a = l4(a) = goa
(here ® = t), and by right multiplication g -a = ry-1(a) = ao g~! (here ® =s). These two
actions commute, and combine into an action of G x G = M x M on G (with (® = (t,s)).
On the other hand, there is no natural adjoint action of G on itself (although we do have an
‘adjoint action’ of the group I'(G) of bisections on G).
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Remark 5.4. Given an action of G = M on ®: Q — M, and a morphism of Lie groupoids from
‘H = N to G = M, there is no natural way, in general, of producing an H-action on @ (unless
the map on units N — M is a diffeomorphism). For example, in the case of the G x G-action
on G, there is no natural way of passing to a diagonal action, in general.

Remark 5.5. Note that any G-action on ) determines an action of the group of bisections I'(G)

on @), where the bisection S takes ¢ € @) to g x g, for the unique g € S such that this composition
is defined (i.e., s(g) = ®(q)). More generally, there is an action of the local bisections,

Ag: @71 (U) — o7 1(V)
where U = s(5), V = t(S).

Remark 5.6. A groupoid action is fully determined by its graph Gr(Ag) € @ x (G x Q); for
example, ®(q) € M is the unique unit such that ¢ = ®(q) - q.

Given a groupoid action of G = M on ) — M, one can again form an action groupoid
GxQR=3Q

as the subgroupoid of G x Pair(Q)) = M X @ counsisting of all (g, ¢’, q) such that ¢ = gog. The
action groupoid comes with a groupoid morphism

GxQ——Q

|

Gg——=M

where the left vertical map is (g, q) — ¢. The orbits and isotropy groups of the action groupoid
are the orbits and isotropy groups for the G-action on Q.

Remark 5.7. Suppose conversely that we are given a groupoid morphism ¢ from H = @ to
G = M such that the map (¢,s): H — G X @ is a diffeomorphism. Then H is the action
groupoid for a G-action on @, in such a way that the action map is identified with the target
map for H. The stabilizers for the action are the isotropy groups of H.

5.2. Principal actions. A special case of a groupoid action is a principal action. If G is a
Lie group, a principal bundle is a G-manifold P for which there exists a surjective submersion
k: P — B onto another manifold B, such that the fibers of x are exactly the G-orbits, and the
action is free. These condition may be restated as the assertion that the map

GxP—PxpP, (9,p) — (g-p,p)

is a diffeomorphism. (In other words, the action groupoid G x P = P is identified with the
foliation groupoid). This definition has a direct analogue for groupoids:
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Definition 5.8 (Moerdijk-Mcrun [31]). Let G = M be a Lie groupoid. A principal
G-bundle is given by a manifold P with a surjective submersion x: P — B, together
with a G-action on P along a map ®: P — M, such that

(a) £(g-p) = k(p) whenever s(g) = ®(p),

(b) the map

Gx P—PxpP, (g9.p) (g9-p,p)
is a diffeomorphism.

Morphisms of principal G-bundles x;P; — B; are G-equivariant maps P, — P>, inter-
twining the maps x; with respect to some base map B; — Bo.

As a consequence of (b), the isotropy groups for a principal action are trivial: G, = {e} for
allp e P.

Ezample 5.9. G itself is a principal G-bundle for
(h) = s(h), w(h) = t(h), g.h = hg".

Given a principal G-bundle k — B, with moment map ®: P — G(© and any smooth map
f: B" — B, the fiber product of P with B’ over B becomes a principal G-bundle, called the
pull-back:

K:f*P=B xgP — B.
Here «'(V/,p) =V, ®'(V',p) = ®(p), g.(t/,p) = (V,g9 - p).

Ezample 5.10. As a special case, every smooth map f: B — G© defines a trivial principal
G-bundle by pulling back G itself:

B xg0) G,
with
®(b,h) =t(h), k(bh)=b, g-(b,h)= (b hg™").
Principal bundles of this type are regarded as trivial.

As in the case of principal bundles for Lie groups, if a principal G-bundle admits a section
0: B — P, then P is identified with the trivial bundle relative to the map f = too. Explicitly,
this map is

B xgoy G — P, (b,h)— h™'-a(b).

For principal bundles of Lie groups, one has a notion of associated bundle P xS for any
G-manifold S on which G acts. It is the quotient of P x S under the diagonal action. For
general Lie groupoids G = M, there is no notion of diagonal action, in general. However,
given a G-manifold () with a G-equivariant submersion () — P, one has that () is a principal
G-bundle, and its space of orbits may be regarded as an analogue of the associated bundle
construction. See Moerdijk-Mcrun for more details.
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5.3. Representations of Lie groupoids. A (linear) representation of a Lie groupoid G = M
on a vector bundle 7: V' — M is a G-action on V along 7 such that the action map

gXMV_>V7 (g,’U)Hg'U
is a vector bundle map. Equivalently, the action groupoid
GxV=V

is a VB-groupoid. A representation of G on V gives a family of linear isomorphisms between
fibers

P91 Vsig) = Vilg)
with the property that ¢g,09, = ¢4, © ¢g,. Recall that for any vector bundle, we defined the
Atiyah groupoid G(V) = M to consist of triples (m’, m, ¢) with ¢: V,, — V,,,. We may hence
also regard a representation to be a Lie groupoid morphism

Gg—g\v).
Examples:

e A linear representation of the pair groupoid Pair(M) on V is the same as a trivialization
of V. Indeed, the action map gives consistent identifications of the fibers.

e A representation of the homotopy groupoid II(AM) on V is the same as a flat connection
on V: Any element of II(M) gives a ‘parallel transport’.

e Given a G-action on M, a representation of the action groupoid G x M is the same as
G-equivariant vector bundle V' — M (lifting the given action on the base).

e Given a foliation F of M, let v(M, F) be the normal bundle of the foliation. This normal
bundle comes with a natural representation of the holonomy groupoid Mon(F) = M:
Given g = (m/,m,[v]), and given transversals N, N’ at m,m/, the tangent map to the
holonomy gives an isomorphism 7,,N — T, N’; under the identification with normal
bundles this is the desired representation.

6. LIE ALGEBROIDS

The infinitesimal counterpart to Lie groupoids was introduced by Pradines in the 1960s.

6.1. Definitions. .

Definition 6.1. A Lie algebroid over M is a vector bundle A — M, together with a Lie
bracket [-, -] on its space of sections, such that there exists a vector bundle map

a: A—>TM
called the anchor map satisfying the Leibnitz rule
(0, 7] = flo, 7] + (a(0) ) 7
for all 0,7 € I'(A) and f € C®(M).

Remark 6.2. (a) If an anchor map satisfying the Leibnitz rule exists, it is unique. (Exer-
cise.)
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(b) In the original definition, it was also assumed that the anchor map a induces a Lie
algebra morphism
a: [(E) — X(M).
Later, it was noticed that this is automatic. (Exercise.)

6.2. Examples.
Ezample 6.3. A Lie algebroid over a point M = pt is the same as a Lie algebra.

Ezample 6.4. The tangent bundle, with its usual bracket on sections, is a Lie algebroid with a
the identity.

Ezxample 6.5. Suppose E is a Lie algebra bundle, that is, a vector bundle whose fibers have Lie
algebra structures, and with local trivializations respecting the Lie algebra structures. Then E
with the pointwise Lie bracket and zero anchor is a Lie algebroid. Conversely, if F is a Lie alge-
broid with zero anchor, then the fibers inherit Lie brackets such that [0, 7](m) = [o(m), 7(m)]
for all m € M. However, the Lie algebras for different fibers need not be isomorphic.

Example 6.6. Given a foliation F of a manifold M, one has the Lie algebroid T’zM given by
the tangent bundle of the foliation.

Ezample 6.7. An action of a Lie algebra € on M is, by definition, a vector bundle homomorphism
t - X(M), X — Xy such that the action map M x ¢ - TM, (m,X)+— Xp(m) is smooth.
It defines an action Lie algebroid
A=tx M,

where the anchor map is given by the action map, and the bracket is the unique extension of the
given Lie bracket on constant section determined by the Leibnitz rule. That is, if X, Y : M — ¢
(viewed as sections of A)

(X, Y] =[X,Y]e + Lox)Y — Loy X.
Here the subscript £ indicates the pointwise bracket [X,Y]¢(m) = [X (m),Y (m)].

Ezample 6.8. For any principal K-bundle x: P — M, the bundle
AP)=(TP)/K - M
is a Lie algebroid, called the Atiyah algebroid of P. The bracket on the space of sections I'(A)
is induced from its identification with K-invariant vector field on P, while the anchor map
is induced by the bundle projection Tk: TP — TM. This Lie algebroid fits into an exact
sequence of vector bundles (in fact, of Lie algebroids), called the Atiyah sequence
0 — gau(P) - A(P) = TM — 0

where gau(P) = (P x ¢)/K is the quotient of the vertical bundle T, P = P x ¢ by K; it is
the bundle of infinitesimal gauge transformations. A splitting j: TM — A(P) of the Atiyah
sequence is equivalent to a principal bundle connection. Given two vector fields X, Y, since
[7(X),j(Y)] is a lift of [X, Y], the difference [j(X),j(Y)] — j([X,Y]) is a section of the bundle
gau(P). The resulting 2-form

F e Q* (M, gau(P)), F(X,Y)=[j(X),j(Y)] - j(X,Y])

is the curvature form of the connection.
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A Lie algebroid whose anchor map is a surjection onto T'M is called a transitive Lie algebroid.
Thus, Atiyah algebroids are transitive. Not every transitive Lie algebroid corresponds to a
globally defined principal bundle, though.

Ezample 6.9. Let w € Q*(M) be a 2-form on M, and let A = TM x R with the following
bracket on sections I'(A) = X(M) & C> (M),

X+ 1Y +9l =X, Y]+ X(9) - V() + w(X,Y),

and with anchor the projection to TM. Then A is a Lie algebroid if and only if w is closed.
Note that it is a transitive Lie algebroid. As we will explain later, this Lie algebroid corresponds
to a principal R/A-bundle (for A a discrete subgroup of R) if and only if for all f: S — M,
the integral

fw
52

lies in A. Hence, if the set of all such integrals (for all maps f: S? — R) is dense in R, then no
such principal bundle, for any A, can exist.

Ezxample 6.10. Given a hypersurface N C M, there is a Lie algebroid A — M whose space
of sections I'(A) are the vector fields tangent to N. (In local coordinates !, ... 2", with N
corresponding to z™ = 0, the space of such vector fields is generated as a module over C*°(M)
by
0 0 n O
9l P T x ST

This Lie algebroid was considered by Melrose for manifolds with boundary, in his so-called
b-calculus.

Ezample 6.11 (Jet prolongations). For any vector bundle V' — M, one has its k-th jet prolon-
gation J¥(V) — M. The fiber of J¥(V) at m consists of k-jets of sections o € T'(V), that is,
equivalence classes of sections, where two sections are equivalent if their Taylor expansions up
to order k agree. The jet bundles come with a tower of bundle maps

TRV s LV = s TV =V
For any section o of V, one obtains a section j*(o) of J¥(V), and these generate J*(V) as a
C>(M)-module. Taking V to be a Lie algebroid (for example, A = T'M), one finds that J*(A)
has a unique Lie algebroid structure such that

[1%(0), 5% ()] = "o 7)), a(i*(0)) = a(0)
for all sections o, 7 € T'(A).
Remark 6.12. Suppose A — M is a vector bundle with an anchor map a: A — T M, and with
a skew-symmetric ‘bracket’ [-,:] on I'(A) satisfying the Leibnitz rule. Then the ‘Jacobiator’

Jac(o1, 02,03) = |01, [09, 03]] + [02, [03, 1] + 03, [o1, 02]]

is O°°(M)-linear in each entry. (Exercise.) That is, it defines a tensor Jac € I'(A3A*). In
particular, to verify whether Jac = 0 over some open subset U C M, it suffices to check on
generators for I'(A|y).
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6.3. Lie subalgebroids. We will make use of the following notation, for a vector bundle
V' — M with given subbundle W — N:

L(V,W)={c (V)| oy e T(W)}.

The map I'(V, W) — I'(W) is surjective, with kernel I'(V, 0y) the sections of V' whose restriction
to N vanishes.

's N

Definition 6.13. A subbundle B — N of a Lie algebroid A — M is called a Lie
subalgebroid if it has the following two properties:

(a) a(B) C TN,

(b) T'(A, B) CT'(A) is a Lie subalgebra.

Proposition 6.14. A Lie subalgebroid B of A inherits a unique Lie algebroid structure,
in such a way that the restriction map I'(A, B) — I'(B) preserves Lie brackets.

7

Proof. We have to show that I'(A,0x) is an ideal in I'(A, B). Let o € I'(A, B). The space
I'(A,0y) is spanned by products fr, where 7 € I'(A) and where f € C°°(M) vanishes along
N. The Leibnitz rule

[0, f7] = flo, 7]+ (a(o)f) T
shows that the bracket lies in I'(A,0x), since both f and a(o)f vanish along N. This proves
the claim, and hence I'(B) = I'(4, B)/T'(A,Ox) inherits a Lie bracket. The Leibnitz rule for
I'(A) implies a Leibnitz rule for B, with anchor the restriction of a to B. O

Remark 6.15. A similar argument shows that for rank(B) < rank(A), the first condition in
Definition 6.13 is redundant. (On the other hand, for rank(B) = rank(A), the second condition
is redundant.)

Ezxample 6.16. If N C M is a submanifold, then TN C T'M is a sub-Lie algebroid.
Ezample 6.17. The tangent bundle to a foliation F is a Lie subalgebroid TrM C T M.

Ezample 6.18. Let A — M be a Lie algebroid, and N C M a submanifold. If B := a~}(TN)
is a submanifold, then it is a vector subbundle (by the GR Lemma), and is in fact a Lie
subalgebroid. Its sections are all restrictions |y of sections o € I'(A) such that a(o) is tangent
to N. That is, it is the pre-image of I'(T'M, T N) under a. Letting i: N — M be the inclusion,
we will also use the notation

i'A— N

for this Lie algebroid. The condition that a=!(T'N) be a subbundle holds true, for example, if
N is transverse to the anchor. (Le., a(4,,) + TN = T,,M for all m € N.) In this case, we
have that
rank(i' A) = rank(A) — dim M + dim N.
The transversality conditions is automatic if A is a transitive Lie algebroid. In the special case
A =TM, we obtain
i'TM = TN.
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More generally, for an Atiyah groupoid A = A(P) of a principal K-bundle,
i'A(P) = A(P|n).
Example 6.19. If A — M is any Lie algebroid, and m € M, the kernel of the anchor at m
Om = ker(a)|m,
is a Lie algebroid over {m}. As a Lie algebroid over a point, it is a Lie algebra. This is the

isotropy Lie algebra of A at m.

Ezample 6.20. More generally, if N C M is a submanifold such that ker(a)|y is a submanifold
of A, then this submanifold (the union of isotropy Lie algebras of points in NV) is a Lie subal-
gebroid. In particular, for any transitive Lie algebroid A — M the kernel of the anchor map is
a Lie subalgebroid ker(a) C A.

Suppose A — M is a Lie algebroid, and B C A is an anchored subbundle along N C M, that
is, a(B) C T'N. Then B is a Lie subalgebroid if and only if the bracket of any two sections of A
which restrict to sections of B, is again a section which restricts to a section of B. Fortunately,
it is not necessary to check this condition for all sections.

Lemma 6.21. Suppose A — M is a Lie algebroid, and B C A is an anchored subbundle
along N C M. Suppose that we are given a subset R C I'(A, B), whose image in I'(B)
generates T'(B) as a C*°(N)-module. Then B is a Lie subalgebroid if and only if

(10) [R,R] C I'(4, B).

Proof. By the Leibnitz rule, the condition (10) on R is equivalent to a similar property for the
C°(M)-submodule generated by R. We may hence assume that R is a C'°°(M)-submodule,
which hence surjects onto all of I'(B). Consequently,

I'(A,B) = R+ T(A,0y).

Since I'(A, B),I'(A,0n) C I'(A,On) (which holds regardless of whether I'(A, B) is a Lie subal-
gebra), we see that I'(A4, B) is a Lie subalgebra if and only if (10) holds. O

Example 6.22. If A is a Lie algebroid, and B is a subbundle of rank 1 along N C M, then
B is a Lie subalgebroid if and only if a(B) C T'N. Indeed, compatibility with the bracket is
automatic, since we may (locally) take R to consist of a single section.

6.4. Intersections of Lie subalgebroids. In general, the intersection of two Lie subalge-
broids need not be a Lie subalgebroid, even if the intersection is smooth:

Example 6.23. Consider two foliations F1 of R?, given by the curves y = a + 22 with a € R.
Let B+ C TR? be the tangent bundles of these foliations. Then

By NB_ =DBy|s=B_|s

where S C R? is the y-axis. However, this restriction is not a Lie subalgebroid, since a(B4|s) €
TS.
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However, a clean intersection assumption is all that is needed:

Theorem 6.24 (Clean intersection of Lie subalgebroids). Suppose A — M is a Lie
algebroid, and By — N1, By — No are two Lie subalgebroids. If By, By intersect cleanly,
then By N By is again a Lie subalgebroid of A.

Proof. As discussed in Section 4.8, as a clean intersection of two vector subbundles, B N By is
again a vector subbundle, and the map

['(A, B1) NT'(A, B2) — I'(B1 N By)
is surjective. Furthermore,
a(B1 N Bg) C a(Bl) N 3(32) CTNiNTNy = T(Nl N Ng)

Since both T'(A, B;) are Lie subalgebras, their intersection is a Lie subalgebra. Hence, Remark
6.21 applies, and shows that By N By is a Lie subalgebroid. O

6.5. Direct products of Lie algebroids. .

Lemma 6.25. Given two Lie algebroids A — M and B — N, their direct product
AxXxB—-MxN

has a unique Lie algebroid structure, with anchor the direct product of the anchors, in
such a way that the map

I'A)eT'(B) - T'(Ax B), (0,7) = pry, o +pry7
15 a Lie algebra homomorphism. Here prp;: M X N — M and pry: M X N — N are the
two projections, and pry,;: I'(A) — I'(pry; A) CT(AX B) and pry: I'(B) — I'(pry B) C
['(A x B) the pull-back maps.

Proof. Uniqueness is clear since I'(A) @T'(B) generates I'(A x B) as a module over C*°(M x N).

To show existence, we write the bracket locally: Let o1,...,0, be a local basis of sections
of A, 11,...,7 alocal basis of sections of B. Together, this form a local basis ¢; of sections of
A x B. Then all brackets [e;, €;] are determined, and the Leibnitz rule forces us to put

[Z fi€is Zgjﬁj] = Z (figs [ei €] + fi (a(ei)gy)ej — (ales) fi)gjei)

for all f;,g9; € C°°(M x N). By Remark 6.12, this is a Lie bracket. O

7. MORPHISMS OF LIE ALGEBROIDS

7.1. Definition of morphisms. The definition of a morphism of Lie algebroids is not entirely
obvious, due to the fact that a vector bundle map does not induce a map of sections, in general.
Instead, we will characterize Lie algebroid morphisms in terms of their graphs.



LIE GROUPOIDS AND LIE ALGEBROIDS 39

Definition 7.1. Let A — M and B — N be two Lie algebroids. A morphism of Lie
algebroids ¢: B — A is a vector bundle morphism whose graph,

Gr(¢) CAx B
is a Lie subalgebroid of the direct product.

J

Note that a Lie algebroid morphism is in particular a morphism of anchored vector bundles.
That is, the following diagram commutes:

BLA

|

TN ——TM
TF

where F': N — M is the base map of ¢.
Ezample 7.2. For any smooth map F': N — M of manifolds, the tangent map
TF: TN —-TM

is a morphism of Lie algebroids. To see this, it suffices to note that Gr(T'F') = T Gr(F'), under
the identification TM x TN =T (M x N). Conversely, if ¢: TN — T'M is a morphism of Lie
algebroids, then ¢ = T'F, just from the compatibility with anchor maps.

Ezample 7.3. If B — N is a Lie subalgebroid of A — M, the inclusion map ¢: B — A is a
morphism of Lie algebroids. To see that Gr(¢) is a Lie subalgebroid, note that

R ={o x o|n| 0 € T(A,B)} CT(A x B,Gr(¢))
surjects onto Gr(¢), and is closed under the Lie bracket. As a special case, the diagonal

inclusion A — A x A is a Lie algebroid morphism.

Example 7.4. Given two Lie algebroids A, B the two projections
pry: AxB— A, prg: AxB—B
are Lie algebroid morphisms. For pr, this follows because A4 x B is a Lie subalgebroid of

A x A x B; the argument for prg is similar.

Ezxample 7.5. Let A — M, B — N be Lie algebroids, and ¢: B — A a vector bundle morphism
intertwining anchors. If the base map F': N — M is a diffeomorphism, then we have an induced
map on sections

¢.: T(B) = T(A), ¢pu7=¢oToF L

¢ is a Lie algebroid morphism if and only if this map on sections intertwines the Lie brackets.
This follows from the criterion, by taking

R ={¢u(r) x 7| 7 €I'(B)} CT(A x B,Gr(¢))

Ezample 7.6. In particular, the anchor map a: A — T'M is a morphism of Lie algebroids. Also,
the natural maps between jet prolongations J*(A) — J*~1(A) are morphisms of Lie algebroids.
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Example 7.7. Let A — M be a Lie algebroid. If N is a 1-dimensional manifold, then a Lie
algebroid morphism ¢: TN — A is just a morphism of anchored vector bundles: Compatibility
with brackets is automatic. Indeed, since the graph of ¢ is a rank 1 subbundle, we may take
R in our criterion to consist of just one section.

Let us consider the case that N is an open interval J C R. Given a Lie algebroid morphism

o: TJ — A,

the base map defines a smooth curve v: J — M. Consider the coordinate vector field % as
a section of T'J. Compatibility with the anchor a: A — T'M means that a takes the section
along -,

(1) ST T 4)

to the vector field along -,

(12) (T9)(5) € P TM).

More intuitively, we may interpret (11) as a path 54: J — A, with base path v, and (12) as the
path

2]
y=—:J—=>TM.
T ot
The compatibility condition is simply that

(13) aoy =+.

Definition 7.8. A path 7: J — A in a Lie algebroid, with base path v: J — M, is
called a Lie algebroid path in A, or simply an A-path if it satisfies (13).

To summarize, the Lie algebra morphisms ¢: T'J — A are in 1-1 correspondence with Lie
algebroid paths in A.

Example 7.9. Let M be a manifold, and g a Lie algebra. A vector bundle morphism
0:TM — g,

may be regarded as a g-valued 1-form, § € Q'(M,g). One finds that 6 is a Lie algebroid
morphism if and only if is a solution of the Maurer-Cartan equation,

1
do + 5[9,9] =0.
Indeed, the graph of 6 is spanned by sections ox = 0(X)+ X € I'(g x TM) =g ® X(M), and

the condition that the bracket of two such sections ox, oy is again tangent to the graph gives
the desired identity.
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7.2. Morphisms and sections. Let A — M and B — N be two Lie algebroids, and ¢: B —
A a morphism of Lie algebroids. Sections o € T'(A) and 7 € I'(B) are called ¢-related,

TN¢0'

if ¢(r(n)) = o(po(n)) for all n € N. In particular, the vector fields a(7), a(c) are then
¢o-related. Observe that

TN¢O'<:>O-XT€F(A><B7 Gr(d)))

Hence, the following is immediate:

Proposition 7.10. Let A — M and B — N be two Lie algebroids, and ¢: B — A a
morphism of Lie algebroids. Given 0,0’ € T'(A) and 7,7 € I'(B) we have that

T ~g O, T’ ~e o =7 ~g [o, a'].

Our definition of Lie algebroid morphisms circumvents the problem that, in general, a vector
bundle map does not induce a map on sections, unless the vector bundles have the same base.
However, the bundle map ¢: B — A, with base map F': N — M, does give a map

¢: T'(B) > T(F*A), 7+ ¢(1),

to sections of the pull-back vector bundle. The space I'(F* A) is generated, as a C°°(M )-module,
by pull-backs F*o of sections o € I'(A). Its general sections are thus of the form ), fiF*o;
where f; € C°°(N) and 0; € I'(A4).

Proposition 7.11. Let A — M, B — N be Lie algebroids, and ¢: B — A a vector

bundle morphism intertwining the anchor maps, with base map F': N — M. Then ¢ is

a Lie algebroid morphism if and only if for all T,7" € T'(B), with

(14) $(r)=>_ fi Froi, ¢(r')=>_ fj F*a),
( J

we have that

(15) ([, 7)) = Z fifiF*loi,of] + > _a(r)(f}) F*ol = > a(r)(fi) Fou.

7 %

Proof. Given f; € C*°(N) and o; € I'(A), the first formula in (14) is equivalent to stating that
Fi=(0x7)+ Y (priy fi)(oi x 0)

)

lies in I'(A x B, Gr(¢)). Define 7’ similarly in terms of f},0}. Then

771 =0 [r7]) + Zpr%(a(T)f]’-)(U} x 0) - Zpr*M(a<T/)fi)<ai x 0)

)

J
+ 3 ok (if}) (o, 05] x 0),
ij
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¢ is a Lie algebroid morphism if and only if, for all 7,7/ € T'(B), this section again lies
['(A x B,Gr(¢)). But this says precisely that ¢([r,7']) is given by the right hand side of
(15). O

Remark 7.12. In [29], the formula (15) is used as the definition of Lie algebroid morphism.
However, in this approach one has to check that the bracket is well-defined, i.e. independent
of the choice of the expressions (14) for ¢(7), (/).

7.3. Fibered products, pre-images. .

Proposition 7.13. Let ¢: B — A be a morphism of Lie algebroids A — M, B — N,
with base map F: N — M, and let A’ C A be a Lie subalgebroid. If ¢p: B — A is clean
with respect to A', then B' = ¢~1(A’) is a Lie subalgebroid.

Proof. This follows from the identification
B' = Gr(¢)n (B x A)

where the intersection is clean. O

Proposition 7.14. Let ¢;: B; — A be two Lie algebroid morphisms. If ¢1, ¢o intersect
cleanly, then the fiber product By X o By is a Lie subalgebroid of By X Bs.

Proof. This follows by interpreting the fiber product as the clean intersection of two Lie alge-
broids

Gr(¢1ng)g)ﬂ(AAXBlXBQ)gAXAXBlXBQ.
Il

7.4. Pull-backs. Suppose A — M is a Lie algebroid, and that F' € C*°(N, M) is a smooth
map. Suppose that the anchor a: A — T'M has clean intersection with TF: TN — TM. Then
the fiber product

(16) F'A:= Axpp TN,

has a natural structure as a Lie algebroid over N, with anchor induced by the natural projection
A X TN — TN. To define the Lie bracket on sections, note that under the identification of
N with Gr(F) € M x N, the fiber product F'A is just the pre-image of T Gr(F) = Gr(TF)
under the anchor AX TN — TM x TN =T(M x N). The pull-back Lie algebroid comes with
a Lie algebroid morphism

(17) F'A— A
with base map F. Under composition of maps we have that
(FioFy)'A=(F) (F)'A,

provided that all the pullbacks are clean. If F' is transverse to a, then the dimension count
gives

rank(F'A) = rank(A) — dim M + dim N.
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Ezample 7.15. For the tangent bundle, we find that
FTM)=TN.

Ezample 7.16. If F: N — M is a submersion, the transversality is automatic, hence F'A
is defined. For the case of product N = M x @Q, with F: N — M projection to M, then
F'A = A x TQ. For an arbitrary submersion F, this describes F'A in local trivializations.

Ezxample 7.17. Likewise, if A — M is a transitive Lie algebroid, the transversality is automatic,
and F'A — N is again transitive. In particular, if A = A(P) is the Atiyah algebroid of a
principal G-bundle, then

F'A(P) = A(F*P),
the Atiyah algebroid of the pullback bundle.

Ezample 7.18. Suppose F is a foliation of M. If F': N — M has clean intersection with all
leaves of the foliation, then by taking pre-images of leaves we obtain a foliation F'F of N. We
have

F'T¥M = T #N.

Ezample 7.19. If F: N — M is an injective immersion, then F'A = a~'(T'N). In particular,
is a(A)|ny € TN everywhere, then F'A is the usual pull-back as a vector bundle; the bracket
on sections of F'A is given by ‘restriction’.

7.5. Further Constructions.

7.5.1. Homotopy. Using pull-backs, we can define a notion of homotopy between two Lie alge-
broids morphisms. Recall that a homotopy between two maps of manifolds Fy, F1: N — M is
a smooth map F': N x [0,1] — M such that

Fo=Fojo, Fi=Foj
where j;: N — N x [0,1] is the map n — (n,t). To get avoid smoothness problems under

composition, one sometimes imposes the extra condition of sitting end points, that is, F' being
t-independent for t close to the end points. ©

N\

Definition 7.20. Let B —+ N, A — M be two Lie algebroids. A homotopy between
two LA morphisms ¢g, p1: B — A (with base maps Fp, F}) to be an LA morphism

v: BxT[0,1] - A
whose composition with the £A4 morphisms B — B x T'[0, 1] is the identity. We say that
¢ has sitting end points if the base map has sitting end points, and |, 4 ( %) =0 for ¢
close 0 or close to 1.

Write o1 ~ g for the relation of homotopy of £A morphisms.

Lemma 7.21. If 1 ~ g, then there exists a homotopy ¢ between g, p1 with sitting
end points.

J

6A slightly different version of this condition is to assume ‘flatness at the end points’, in the sense that the
extension of F' to all of R X N, by extending as a constant map on (—o0,0] x M and on [1,00), be smooth.
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Proof. Let x: [0,1] — [0,1] be a smooth function with x(0) = 0, x(1) = 1, and such that x
is constant near the end points. Given an arbitrary homotopy between g, (1, its composition
with id 4 XxT'x has sitting end points. O

Since LA homotopies with sitting end points can be composed, the Lemma implies that £A
homotopy is an equivalence relation.

Given a Lie subalgebroid By C B along a submanifold Ny € N, we can define a notion
of relative homotopy, where we require that the homotopy ¢ is constant when restricted to
B x T[O, 1]

7.5.2. A-connections. Let A — M be a Lie algebroid. An A-connection on a vector bundle
V — M is a bilinear map
V:T(A) xT'(V) =>T(V), (o,7)+ Ve,
with the property that
Vie = fVoT, Vo(fT)=fVo(T)+ La)(f) T

The notion of A-connections generalizes that of ordinary connections. to which it reduced for
A =TM. On the other hand, every T'M-connection V determines an A-connection by setting
VU = Va(o).

Ezxample 7.22. Suppose A is a regular Lie algebroid, so that a has constant rank, and defines
a foliation F with TF = ran(a). One obtains an A-connection on the vector bundle ker(a) by

Vor = [o,7],
as well as a Bott A-connection on ann(7T'F), the conormal bundle to the leaves:
Vo8 = Ea(a)ﬁ'

(Sections of the conormal bundle are 1-forms on M that vanish on tangent vectors to the
leaves.) More generally, if A is not necessarily regular, and O C M is any leaf, one has natural
Ap-connections on ker(a)|p as well as on ann(7°0).

The curvature of an A-connection is a tensor field
FY € T(A?A* @ End(V)),
defined on sections 01,09 € I'(A) by
F¥(01,02) = [Voy; Vo] — Vio1,00]-

Thus, FV = 0 if and only if the map o — V, preserves brackets. For the special case V = A,
one can also introduce a torsion of an A-connection on A, as the tensor field TV € T'(A2A*® A)
given on sections by

TV (01,09) = Vg,00 — Vg, — 01, 03).

7.5.3. Prolongations, VB-algebroids, tangent algebroids.
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7.6. Lie algebroid actions, representations of Lie algebroids. Recall that an action of a
Lie algebra g on a manifold @ is a Lie algebra homomorphism g — X(Q) such that the action
map g x Q@ = TQ, (§,q) — £o(¢) is smooth. Given such an action, one can then form the
action Lie algebroid g x Q = @ as discussed in section 77. Note that the projection gx — g is
a morphism of Lie algebroids, due to the fact that the bracket on constant sections is the given
one on g. In fact, Lie algebra actions can be defined in these terms, as Lie algebroid structures
on the trivial bundle @) x g, such that the projection to g is a Lie algebroid morphism.
This suggests the following generalization to actions of arbitrary Lie algebroids.

Definition 7.23. An action of a Lie algebroid A — M on a manifold () is given by a
smooth map

P Q> M
called the moment map (or anchor) of the action, together with a Lie algebroid structure
on the pull-back bundle ®* A, such that the natural bundle map

P*A— A
is a morphism of Lie algebroids. We define the generating vector fields of the action to
be
og =a(®"0), oeTl(A).

. 7

Remarks 7.24. (a) In this context, ®* A becomes the action Lie algebroid; it is also denoted
AxX Q.
(b) Every section o € I'(A) defines a generating vector field
oQ = aq>*A(<I>*a).

The map o + o is a Lie algebra morphism.
(c) The assumption that ®*A — A is a Lie algebroid morphism means in particular that
the following diagram commutes:

P*A—— A

a@*AJ{ laA

TQ —»TM

(d) We may equivalently define a Lie algebroid action of A — M on ®: @@ — M to be a Lie
algebra homomorphism
I'A) = X(Q), o—o0g

such that (fo)g = (®*f)og for all sections o € I'(A) and functions f € C°°(M), and
such that the resulting map ®*A — T'Q defined by o¢(y) + (0q)q is smooth.

Ezxamples 7.25. Every Lie algebroid A — M as a natural action on its base M, with generating
vector fields oy = a(o).

We will encounter more interesting examples of Lie algebroid actions later on, as derivatives
of Lie groupoid actions. At this point, we are mainly interested in linear actions on vector
bundles.
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Definition 7.26. A representation of a Lie algebroid A — M on a vector bundle
m:V — M is a Lie algebroid action of A on V, with moment map 7, such that the
generating vector fields oy € X(V') are linear, i.e., homogeneous of degree 0.

At this point it is useful to recall the following fact.

Proposition 7.27. Let m: V — M be a vector bundle. There is a 1-1 correspondence
between:
(a) Linear vector fields on V- — M.
(b) Linear operators D: T'(V)) — I'(V') such that there exists a vector field X € X(M)
such that

D(fr)=fD(r)+X(f)7, [fe€C™(M), el (V).
(Thus, D is a first order linear differential operator on V with scalar principal
symbol. )

The correspondence takes a linear vector field X on V', with restriction X = )Z'|M, to
the differential operator on T'(V') defined by the infinitesimal flow of X.

\ 7

Using this result, one can rephrase the definition of a Lie algebroid representation as follows.

Proposition 7.28. A representation of a Lie algebroid A on a vector bundle V is
equivalent to a flat A-connection on V.

\ 7

Ezxample 7.29. Given a Lie algebroid A — M, and a Lie subalgebroid B C A, with base
manifold N = M, one obtains a representation of B on A/B by

V.G =1, 0]

where @ € I'(A/B) is the equivalence class of a section o € I'(A).

8. THE GENERALIZED FOLIATION OF A LIE ALGEBROID

8.1. Integral submanifolds. Let A — M be a Lie algebroid. If the Lie algebroid A is regular,
in the sense that the anchor map has constant rank, then a(A) C T'M is a subbundle, with
sections I'(a(A)) = a(I'(A)). Since a induces a Lie algebra morphism on sections, it hence
follows by Frobenius’ theorem that a(A) is the tangent bundle of a foliation F on M.

For a non-regular Lie algebroid, a(A) C T'M is not a subbundle since it does not have
constant rank. One still has a notion of integral submanifolds:

Definition 8.1. An integral submanifold of A is an injectively immersed submanifold
i: N < M with the property that
T’i(TnN) = a(AZ(n))

for all n» € N. A connected integral submanifold is called a leaf of A if it is not properly
contained in any larger connected integral submanifold.
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Note that since the notion of integral submanifolds does not involve the bracket on I'(A),
it is defined more generally for anchored vector bundles A — M. But we will use the Lie
algebroid structure to prove the following result:

Theorem 8.2. Given a Lie algebroid A — M, there is a unique leaf passing through
any given point m € M. That is, M acquires a unique decomposition into leaves of A.

The decomposition of M into leaves of A gives a ‘generalized foliation’ in the sense of
Stefan-Sussmann. One can prove the result above by referring to an appropriate version of the
Stefan-Sussmann theorem, as for example in [2]. Instead, we will follow a different approach,
due to [7] where we first prove a splitting theorem for Lie algebroids. This will require some
background information on normal bundles and tubular neighborhood embeddings.

8.2. Normal bundles and tubular neighborhoods. Let M be a manifold, and N C M an

embedded submanifold. The normal bundle of N in M is the vector bundle
v(M,N):=TM|n/TN — N.

We will denote by i: N — M the inclusion map and by p: v(M, N) — N the projection:

(18) v(M,N)

gl

NﬁM.

Given a smooth map of pairs ¢: (M', N') — (M, N) (that is, ¢: M’ — M is a smooth map
with p(N') € N), one obtains a vector bundle morphism
(19) v(p): v(M',N") = v(M,N)

over ¢|y/: N’ — N, with the obvious functorial property under composition of such maps. If
¢ is transverse to N, and N’ = ¢~ 1(N), then v(y) is a fiberwise isomorphism.

Remarks 8.3. (a) The conormal bundle of i: N — M is the subbundle ann(T'N) C T*M|y.
It is canonically isomorphic to the dual of v(M, N).
(b) Of course, normal bundles are defined more generally for immersions i: N — M, as
v(M,N)=14TM/TN.
(¢) The normal bundle functor is compatible with the tangent functor: There is a canonical
isomorphism

(20) v(TM,TN) = Tv(M,N)
identifying the structures as vector bundles over v(M, N) and also as vector bundles

over TN. See Appendix ?? in [?] for a detailed discussion.

For a vector bundle n: £ — M, the restriction of TE — E to M C E has a canonical
decomposition
TE\qM=E®TM,
where E C T'E|)y is identified with the vectors tangent to fibers, and TM C T E|;; with vectors
tangent to the base. Taking a quotient by T'M, this gives a canonical isomorphism

(21) v(E, M)~ E.
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As a special case, for any submanifold N C M, we have
v(iv(M,N),N)=v(M,N).

Using this identification, we define:

Definition 8.4. Let i: N — M be a submanifold. A tubular neighborhood embedding
of (M, N) is an embedding ¢: v(M,N) — M, taking N C v(M,N) to N C M, such
that the map v(¢) induced by

¢: (W(M,N),N) = (M, N)
is the identity map on v(M, N).

. 7

Thus, a tubular neighborhood embedding induces the identity map on the base N, as well as
in directions normal to N. It is well-known that every submanifold N C M admits a tubular
neighborhood embedding of its normal bundle. (The standard construction uses a Riemannian
metric on M.) One may think of v(M,N) as a ‘model’ for a neighborhood of N insider M:
For instance, it follows that if i1: Ny — M; and i9: N; — My are two embeddings, then a
diffeomorphism N; — Ns extends to a diffeomorphism of open neighborhoods if and only if
v(My, N1) — Ny is isomorphic to the pullback of v(Ma, No) — Na.

Remark 8.5. One might call the above a ‘complete’ tubular neighborhood embedding. One
could also consider ‘incomplete’ tubular neighborhood embeddings, where ¢ is only defined on
some open neighborhood of the zero section N C v(M, N).

Note that a tubular neighborhood embedding ¢ specifies a complement to T'N in TM|y,
namely the image of v(M,N) C Tv(M,N)|ny under T'¢. Much more than that, the image
U = ¢(v(M, N)) acquires the structure of a vector bundle over N.

Remark 8.6. A closely related construction for pairs (M, N) is the deformation to the normal
cone D(M,N). This is a manifold of dimension dim(M) + 1, together with a surjective sub-
mersion D(M, N) — R such that the fibers D(M, N); at ¢t € R are given by M itself for ¢ # 0,
and by v(M, N) for t = 0. That is,

D(M,N)=v(M,N)II (M x R*)
where v(M, N) is embedded as a codimension 1 submanifold, with complement the open subset
M xR*. The smooth structure on D(M, N) is defined in such a way that (i) the map to M xR,
given by the obvious inclusion on M xR* and by bundle projection to N on v(M, N), is smooth,
(ii) for any f € Z(M, N) (the ideal of smooth functions on M that vanish on N), the function
f: D(M,N) — R given on the two pieces by

M xR* - R, (m,t)—t"1f(m)
and

v(M,N) =R, [v] = v(f)

(where [v] is represented by v € T'M|y), is smooth. Intuitively, as one approaches t = 0 the
normal directions get ‘magnified’. 7 Again, this construction is functorial; for example the map

"For details on why this defines a smooth structure, see e.g. [?], or the appendix.
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described in (i) above is the map
D(M,N) — D(M,M) =M xR,
induced by (M,N) — (M,M), while f is the first component of the map induced by
D(f): (M,N) — (R,{0}).
8.3. Euler-like vector fields. The Euler vector field on R¥ is the vector field

)

_ Jj_~

(22) £= Z Va5
7j=1

It has the property that £(f) = f whenever f € C°°(R¥) is linear (i.e., homogeneous of degree
1), and is in fact uniquely determined by this property. For any vector bundle 7: V' — M we
may define the Euler vector field £ € X(V') uniquely by its property that £(f) = f for all linear
functions f € C°°(M). Indeed, this property implies that & must be tangent to the fibers of
V, and is given fiberwise by (22).

Definition 8.7. Let N C M be a submanifold, and Z(M, N) C C°°(M) the ideal of
functions vanishing along N. A vector field X € X(M) is called Euler-like along N if it
is complete, and has the property

X(f)=f mod Z(M,N)?
for all f € Z(M,N).

. v

The condition means that whenever f vanishes along N, then X (f) — f vanishes to second
order along N. (In particular, X itself must vanish along N.)

The definition may be expressed in several equivalent ways. Note that since X vanishes along
N, it is in particular tangent to N, and so it defines a map of pairs X: (M, N) — (T'M,TN).
Applying the normal functor, we obtain

v(X):v(M,N) - v(TM,TN)=Tv(M,N),

which we may think of as a vector field on v(M, N). The Euler-like property of a complete
vector field X is then equivalent to stating that v(X) is the Euler vector field on v(M, N).
That is, X is Euler-like if it vanishes along N and its linear approximation is Euler-like.

We may also express the FEuler-like condition in local coordinates. Suppose
', ... 2"yl ..., y* are local coordinates on M such that N is given by the vanishing of
the y-coordinates. A vector field in these local coordinates is Euler-like if and only if it has the

form
(23) X =Y i g) o+ S+ B () e
- "7 Ot - 77 Oy

where the a’ vanish for y = 0, and ¥/ vanishes to second order for y = 0.
Ezercise 8.1. Verify that this condition in local coordinates is equivalent to Definition 8.7.

Remark 8.8. The interpretation in terms of the deformation space D(M, N) is as follows. Given
a vector field X that is tangent to N, the resulting map X: (M, N) — (T'M,TN) gives, by
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functoriality, a vertical vector field D(X) on D(M, N), such that D(X) is given by X on fibers
D(M,N); for t # 0, and by v(X) on D(M,N)o =v(M,N).

A tubular neighborhood embedding ¢: v(M, N) — U C M gives rise to an Euler-like vector
field on U, by taking the image of the Euler vector field £ on v(M, N). Somewhat surprisingly,
the converse is true:

N

Theorem 8.9. [7] Suppose N C M is a submanifold, and X is Euler-like along N.
Then there is a unique tubular neighborhood embedding ¢: v(M,N) — M such that

Erng X
where € is the Euler vector field on v(M,N).

J

Proof. The key step is to show that X is linearizable along N. Choose an initial tubular
neighborhood embedding to identify M with a neighborhood of N inside v(M, N). Let £ be
the Euler vector field on v(M, N), and write

X=E+7
where £ = Zyj% is the standard Euler vector field. Our goal is to modify the tubular
neighborhood embedding to arrange that Z = 0. In local coordinates, we have that

? J

where @' vanish to first order for y = 0, while the &/ vanish to second order for y = 0. Let
ki: v(M,N) — v(M,N) be scalar multiplication by ¢. For ¢ # 0, this is a diffeomorphism.
Observe that the family of vector fields

Zy =tk Z,

which a priori is defined only for ¢ # 0, extends smoothly to a family of vector fields defined
for all ¢t € R. To see this, note that in local coordinates

fo 3 i) 0 SVt O

t  Oxt 2 Oy’

(2
which has good limits, as claimed. We see furthermore that Zy vanishes along NV, since all Z;
do. (In coordinates, the coefficients in front of aii become linear in y, while those in front of
% become quadratic in y.) It follows that on a sufficiently small open neighborhood of N
inside v(M, N), the flow ¢; of the time dependent vector field Z;, with initial condition pg = id,
is defined for all |[¢t| < 1. By the scaling property k}Z; = aZy for 0 < a < 1, this neighborhood
is invariant under x; for 0 < ¢ < 1. Using that x;& = &, and t%/{f Y = k}[€,Y] for all vector
fields Y, we obtain

* d * *
%@t(s —tZ;) = %@t(s — K Z)

= ot (- 206 ~ w1 2] - 1w11E, 7))
= @i (=12, €1 = [€,24]) = 0.
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Hence ¢} (€ —tZ;) does not depend on t. Equality of the values at ¢ = 1 and ¢t = 0 gives ¢ (X) =
€. Hence, any tubular neighborhood embedding that agrees with ¢ near N will give the
desired linearization. This shows the existence of a possibly incomplete tubular neighborhood
embedding taking £ to X. Using the flows of £ and of X, it extends to a complete tubular
neighborhood embedding ¢: v(M,N) - U C M.

This proves the existence part. For the uniqueness part, let ®; be the flow of X, and
At = ®_j5()- Then the image U C M of the tubular neighborhood embedding constructed
above is characterized as the set of all m € M such that lim_,o A\;(m) exists and lies in N. The
inverse map ¢ ~1: U — v(M, N) is explicitly given as

d
Y~ H(m) = ah:o)\t(m) mod T'N.

(The element %\tzo)\t(m) is a tangent vector at A\g(m), and we take its image in v(M, N).) O

Remark 8.10. The question of linearizability of vector fields is subtle, and has been extensively
studied. (See e.g. [3] for a quick overview and recent results.) The classical result of Sternberg
[38, 39] gives C'°°-linearizability of vector fields at critical points m, provided the endomor-
phism of T;, M describing this linear approximation has non-resonant eigenvalues. If the linear
approximation is the Euler vector field, then this endomorphism is — id, and the non-resonance
condition is satisfied. Thus, for N = {m}, Theorem 8.9 is essentially a very special case of
Sternberg’s theorem. (Note however that the theorem gives more information than only the
existence of a linearization.) To give some concrete examples, the vector field

0 9, O
x%+(y+:ﬂ )87/

is linearizable at 0. One can show ® that the vector field

0 9, 0
x%+(2y+x )a—y

is not linearizable at 0, while on the other hand®

0 9 O
O —— -
x8$+(y—|—x )By

is linearizable at 0.

Remark 8.11. In [36], the authors give the following nice explanation of Theorem 8.9 in terms
of the deformation to the normal cone. We will explain this proof in the appendix.

8.4. Some applications of Theorem 8.9. Before using this result to prove the splitting
theorem for Lie algebroids, let us very quickly sketch some other applications of the theorem.

(a) Many ‘normal form’ results can be phrased in terms of Euler-like vector fields:

8The solution curves of this vector field are z = 0 and curves of the form y = (c+log(|z|)z?, ¢ € R. These are
not smooth at the origin, unlike the solution curves of the linearized vector field. See Robert Bryant’s explanation
on https://mathoverflow.net/questions/76971 /nice-metrics-for-a-morse-gradient-field-counterexample-request
9An argument similar to the proof of Theorem 8.9 applies.
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(i) The linearizability of a vector field Y € X(M) with critical point at 0 € M is
equivalent to the existence of an Euler-like vector field X with respect to {m}
with [X,Y] = 0. Indeed, any such X determines coordinates in which it becomes
the Euler vector field. But then [X,Y] = 0 tells us that in these coordinates, ¥
is homogeneous of degree 0, i.e. linear. This remark was already made (in the
analytic context) by Guillemin-Sternberg in [23, Proposition 1.1].

(ii) Darboux’s theorem for symplectic 2-forms amounts to the fact that for every
m € M, there exists an Euler-like vector field X with respect to {m} such that
Lxw = 2w near X. Indeed, any such X determines coordinates in which it
becomes the Euler vector field. But then £(X)w = 2w tells us that in these
coordinates, w is homogeneous of degree 2, i.e. is a constant 2-form.

(iii) The Morse lemma for a function f € C°°(M) with non-degenerate critical point
at m € M amounts to the existence of an Euler-like vector field X with respect to
{m} such that L(X)f = 2(f— f(m)). Indeed, any such X determines coordinates
in which it becomes the Euler vector field. But then £(X)f = 2(f — f(m)) tells
us that in these coordinates, f — f(m) is quadratic.

(iv) Recall that the normal form theorem for cleanly intersecting manifolds Nj, Ny C
M states that around any point m € Nj N Na, one can choose local coordinates in
which N7, Ny become subspaces. This is equivalent to the existence of an Euler-
like vector field X with respect to {m} such that X is tangent to both N; and
Ns.

One advantage of these coordinate-free formulations is that the equivariant versions,
given a compact Lie group G acting on M and preserving the given structures, are
automatic: Given an Euler-like vector field solving the non-equivariant problem, one
simply takes its G-average to obtain an Euler-like vector field solving the equivariant
problem.

As remarked in [36], we may use this perspective to give a quick proof of Darboux’s
theorem in the version stated above. Given a symplectic manifold (M,w) and any
m € M, choose local coordinates centered at m to write

1 i y .
= Z A;jda’da? + higher order ,

with a non-degenerate skew-symmetric matrix A;;, where the higher order terms are of
order > 3 in z. '° Applying the standard homotopy operator, we w = deo, with

1 o
a=3 Z Ajjx'da’ + higher order ,
ij

where the higher order are again of order > 3 in x, or higher. Define a vector field X
by

U(X)w = 2a.

10Here our notion of order includes the dz*, not only the coefficients. Thus, a k-form whose coefficients are

homogeneous of degree [ is homogeneous of degree k + [.
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Then £(X)w = do(X)w = 2da = 2w. But

0
X = Z :m% + higher order ,

where the higher order term are of order > 1 in . Thus X is Euler-like. As stated
above, L(X)w = 2w for an Euler-like vector field is equivalent to Darboux.

(c) Consider similarly the Morse Lemma: Suppose f € C°°(M) has a nondegenerate critical
point at m, with f(m) = 0. We would like to construct an Euler-like X with £(X) = 2f.
After choice of local coordinates, Taylor’s theorem allows us to write

1 . o
f=35 3 Su@aisl, df =3 Ry(@)ride?
ij ij
where S;j(x) = Sji(z), and S;;(0) = R;;(0). In matrix notation,

f= %a: ~(S(x)z), df =z (R(z)dx).

Since the matrix R(0) is invertible, it remains invertible for small x. Put

X =) (Rx) 'S(z)-x)- %

Then X is Euler-like, and satisfies £(X)f = «(X)df = 2f as desired.

(d) The Grabowski-Rotkievicz theorem is itself a consequence of Theorem 8.9. To recover
the additive structure on a vector bundle V' — M from the scalar multiplication, note
that the scalar multiplication determines the Euler vector field of V. The latter (being
Euler-like) gives an isomorphism v(V, M) — V which allows us to recover the additive
structure on V' from that on the normal bundle v(V, M).

8.5. The splitting theorem for Lie algebroids. Let A — M be a Lie algebroid, and
i: N < M an embedded submanifold, with normal bundle p: v(M, N) — N. We assume that
N is transverse to the anchor, so that i'A is a well-defined Lie algebroid.

Lemma 8.12. Let A — M be an anchored vector bundle over M. If a submanifold
N C M is transverse to the anchor a: A — T M, then there exists a section o € I'(A)
such that the vector field X = a(o) is Euler-like along N.

Proof. Suppose that in local coordinates z!,...,z",y', ...,y the submanifold N is given by

the vanishing of y-coordinates. Since a is transverse to IV, it induces a surjective bundle map
Aly = v(M,N). Hence, there exist sections o; such that a(o;) = Biyj modulo TN. Then
the vector field a(}_; y/o;) is an (incomplete) Euler-like vector field. We may patch the local
definitions by using partitions of unity, to obtain a section whose image under the anchor is
an (incomplete) Euler-like vector field on M. Multiplying by a bump function, supported near
N and equal to 1 on a smaller neighborhood of N, we can achieve that the vector field is

complete. O
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We will use in the discussion below that for any section ¢ of a Lie algebroid, the operator
[0, -] is an infinitesimal Lie algebroid automorphism. Indeed, it is an infinitesimal vector bundle
automorphism due to the Leibnitz rule, it is preserves the anchor ! due to ao[s, -] = [a(0), -] oa,
and it preserves the bracket itself due to the Jacobi identity. Put differently, [0, -] defines a
vector field Y on A, homogeneous of degree 0, and restricting to Y on M, such that the local
flow of Y on A is by Lie algebroid automorphisms. The compatibility with the anchor is the
fact that

Y ~, Yo
where Y7 € X(T'M) is the tangent lift of Y.
Theorem 8.13 (Splitting theorem for Lie algebroids). Suppose A — M is a Lie al-
gebroid, and let N C M be a transversal. Choose o € I'(A) with o|ny = 0, such that
X = a(o) is Euler-like. Then the choice of o determines an isomorphism of Lie alge-
broids

pitA—Y s Aly

| ]

v(M,N)—— U
P

where the base map is the tubular neighborhood embedding defined by X.

\ 7

Proof. Let X € X(A) be the vector field on A defined by the Lie algebroid derivation [o, . It
is homogeneous of degree 0, and restricts to X = a(o) along M. We claim that X is Euler-like
with respect to the submanifold i'A = a=!(TN) C A. To see this, observe that under the
anchor map,
X ~ Xr,

where X7 € X(T'M) is the tangent lift of X. This tangent lift is Euler-like with respect to
TN C TM, as one checks in local coordinates. (E.g., if k; is scalar multiplication by ¢ for a
vector bundle V' — M, then Tk; is scalar multiplication for TV — T'M. Hence, the Euler
vector field for TV is the tangent lift of that of V.) On the other hand, a gives a map of pairs

a: (A,i'A) = (TM,TN).

By transversality, the resulting map v(a): v(4, i'A) — v(I'M,TN) =Tv(M,N) is a fiberwise
isomorphism. Together with X ~ a X7, this implies that X is Euler-like, as claimed.

Let &g, ®, be the flow of X, X respectively. (The flow of X is complete, since X is homo-
geneous of degree 0, and the flow of X is complete.) As explained above, ®, are Lie algebroid
automorphisms. Let

At = P 16515 Xt = Q_1og()-

LA vector bundle automorphism ® of A, with base map ®, preserves the anchor if and only if ao ® =Tdoa.
In other words, ® is a-related to the tangent lift of ®. Similarly, an infinitesimal automorphism Y preserves
the anchor if it is a-related to the tangent lift of Y. For the corresponding operator D on sections, this means
aoD=JY,]oa.
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(In terms of the tubular neighborhood embeddings defined by X, X , these correspond to mul-

tiplication by t. Since Xt covers the flow of \;, it is defined over A|y even for ¢ = 0. Consider
the following diagram, defined for all 0 < ¢ < 1,

Al — M(Aly) — ' A\i(Alv)

Lol

U , U v(M,N)
id Pt

Here the first upper horizontal arrow is given by the Lie algebroid morphism
Aly = M(A|y) CTU x Aly, v (a(v), A(v)).

This map is an isomorphism for all ¢: If ¢ > 0, this is clear since Xt is an isomorphism then. If
t = 0 we note that it is an isomorphism along N C U (using that XO: Alny — Ap is a projection
to i), hence also on some neighborhood of N, and using e.g. A\g = Ag o Ay we conclude that it
is an isomorphism over all of U. We hence obtain a family of Lie algebroid isomorphisms

YIA(Aly) — Aly

|

V(M,N)—— U
%

all with the base map . For t = 0, we have that A\go ¢ = ¥ o kg = 7 o p, so we obtain the
desired Lie algebroid isomorphism

¥ p'i'(Aly) — Alv,
with base map . (]

Remark 8.14. One can show that p'i'A is canonically isomorphic to I/(A,i!A), and that J is
the tubular neighborhood embedding defined by X.

If the normal bundle is trivial, vy = N x S, then we obtain the simpler model
PitA=iAxTS

as Lie algebroids. In particular, we obtain:

Corollary 8.15 (Local splitting of Lie algebroids). Let (A,a,[-,]) be a Lie algebroid
over M, and m € M. Leti: N — M be a submanifold containing m, such that T,,IN is
a complement to S = ap(Ap) in T,,M. Then Lie algebroid A is isomorphic, near m,
to the direct product of Lie algebroids i'A x T'S. If a compact Lie group G acts on A by
Lie algebroid automorphisms, such that the action on M fires m and preserves N, this
isomorphism can be chosen G-equivariant.

For G = {1} this result is due to Weinstein [40], Fernandes [21], and Dufour [18].

Remark 8.16. There is a more elegant proof of Theorem 8.13, using the deformation to the
normal cone D(M, N). We will explain this proof in the appendix.
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8.6. The generalized foliation. An important consequence of the local splitting theorem is:

Proposition 8.17. Let A — M be a Lie algebroid. Through every m € M there passes
a unique mazximal connected integral submanifold of A.

Proof. In the local model given by Corollary 8.15, it is immediate that {m} x S is an integral
submanifold, and the germ of such an integral submanifold is unique. Patching the local integral
submanifolds, one obtains a maximal integral submanifold. O

Thus, M acquires a generalized foliation, with these maximal integral submanifolds as its
leaves. The leaf through m € M is called the orbit of the Lie algebroid M.

Ezample 8.18. For any g-action, we obtain a decomposition of M into g-orbits. Note that we
did not have to assume any special properties of the action.

9. THE LIE FUNCTOR

9.1. The Lie algebra of a Lie group. Before discussing the case of Lie algebroids, let us
quickly review the construction of the Lie algebra of a Lie group GG. As a vector space,

g="T.G
is the tangent space to the identity. The Lie bracket of g can be defined in several equivalent

ways:

9.1.1. Bracket via conjugation. Consider the conjugation action of group elements a € G:
Ad,: G = G, g— Ady(g9) = aga™'.

This action fixes the group unit, hence its tangent map at the identity is a linear map,
T.Ad,: g — g It is common to denote this map again by

Ad,: g — 9.

It may be regarded as a Lie group morphism Ad: G — GL(g), a — Ad,, where GL(g) is the
group of invertible linear transformations of g. Taking the differential at the identity, we obtain
a linear map T, Ad: g — gl(g). It is common to denote this map by

ad: g — gl(g).
In terms of this map, one defines the Lie bracket as
(X, Y] =adx(Y),

and one proves that it is skew-symmetric and satisfies the Jacobi identity.

If G is a matrixz Lie group i.e. if it is a closed subgroup of the group GL(n,R) = Matg(n)* of
invertible n x n-matrices for some n € N, then g = 7.G is identified as a subspace of Matgr(n).
The map Ad,: G — G is conjugation of matrices, hence Ad,: g — g is again just conjugation
Ad,(Y) = aYa~!. Taking the derivative with respect to a, one obtains adx(Y) = XY — Y X,
the usual commutator of matrices.



LIE GROUPOIDS AND LIE ALGEBROIDS 57

9.1.2. Bracket via BCH series. For any Lie group G and any X € g, there is a unique group
homomorphism ¢x : R — G whose differential at zero is the map Toox: TopR =R — g, t — tX.
One defines an ezponential map exp: g — G, X — ¢x(1). It is easy to see that exp is a local
diffeomorphism near 0, hence its inverse log = exp~ ! is defined close to e € G. One defines
[X,Y] by check

2
log(exp(tX) exp(fY) = H(X +¥) + T [X, Y]+ O()

and proves that [X,Y] is a Lie bracket. For a matrix Lie group, exp is just the usual exponen-
tial of matrices, and this formula (up to quadratic terms) is an easy consequence of Taylor’s
theorem.

9.1.3. Bracket via left-invariant vector fields. Every a € G acts on G by left translation AL.
A vector field is left-invariant if it is invariant under AZ for all @ € G. Such a vector field is
determined by its restriction to the group unit; conversely, each X € g has a unique extension to
a left-invariant vector field. The Lie bracket of left-invariant vector fields is again left-invariant,
and one uses this to define the bracket on g by requiring that

X, Y)E = (x5 v
9.1.4. Bracket via Maurer-Cartan forms. The left-invariant Maurer-Cartan form is the unique
left-invariant g-valued 1-form such that
(Xhel = X

for all X € g. For a matrix Lie group, one has that # = g~ 'dg, and since

_ _ _ _ 1. _ _
d(g~'dg) = —g~'dg g 'dg = (g 'dg)* = —5lo ldg, g7'dg

these satisfy the Maurer-Cartan equation,
1
do* + 5[9%9% = 0.

For general Lie groups, one can take this equation to be the definition of the Lie bracket on
g. Let us verify that this convention is consistent with the definition via left-invariant vector
fields: Using Cartan’s calculus,

(Y uXE)de = (YD) £(XE)oE — (Y E)du(X T)0E
= L(XD) (Y D)er — ([ XE, YE)OL — u(YE)dX
= L(XD)Y —c(vh) X — (Xt YE)eL
= —u([x", Y H)e*

where we used that X, Y are constant g-valued functions, and

(VPR (107, 0%]) =~V )X, 61 = ~[X, Y] = (X, V]")6"
Comparing, we find [X¥,Y*] = [X,Y]¥ as required.
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Remark 9.1. Note if we were to use right-invariant vector fields to define the bracket, we would
end up with the opposite bracket (unless we also change the definition of commutator of vector
fields, as done in some of the literature). However, this would then result in sign changes also
for the other formulas involving the bracket!

9.2. The Lie algebroid of a Lie groupoid. We now define the Lie algebroid A = Lie(G) of
a Lie groupoid G = M. As a vector bundle, we take

Lie(G) =v(G,M) =TG|p/TM

to be the normal bundle of M in G. To define the anchor map, note that t and s coincide on
M C G, hence the difference T's — T't: TG — T'M vanishes on TM C TG, and hence descends
to a map v(G, M) — T M which we take to be the anchor,

a: Lie(G) — TM.

For the definition of the Lie bracket on I'(Lie(G)), we may use any of the standard approaches
for Lie groups. For example, we may observe that any 1-parameter family of bisections S; C G,
with Sy = M, has differential at ¢ = 0 a section o € I'(A). In this sense, we may regard I'(A4) as
the tangent space to the infinite-dimensional group I'(G) at the identity, and define the bracket
on I'(Lie(G)) in such a way that

Lie(I'(g)) = I'(Lie(G))
as Lie algebras. Concretely, one has an adjoint action of I'(G) on I'(v(G, M)), given by

0
Adg(7) = a|1t:0(5RtS—1)

whenever R; is a 1-parameter family of bisections such that 7 = %h:oRt- One may use this
to define an infinitesmal adjoint action,

0
ad, (1) = a]t:(] Adg, T

whenever S; is a 1-parameter family of bisections such that o = %\tzoé}. The Lie algebroid
bracket is then [o,7] = ad, 7. Parallel to the case of Lie groups, one may verify that this
defines a Lie bracket, which furthermore satisfies the Leibnitz rule. Rather than pursuing this
approach further, we turn to the alternative definition in terms of left-invariant vector fields.

9.3. Left-and right-invariant vector fields. For a general action of a groupoid G = M
on a manifold @, there is no natural‘lift’ of the G-action to the tangent bundle T'Q). Suppose
however that the moment map ®: Q — M is a submersion (or, more generally, has constant
rank). Then the fibers of ® are submanifolds, and every g € G, with source m = s(g) and
target m’ = t(g), gives a diffeomorphism

(24) g: 7' (m) = @ H(m'), q—g-q,

and hence by differentiation a bundle map T(®~!(m)) — T(®~1(m/)). In this way, one obtains
an action of G on ker(7'®) C T'Q), with moment map the bundle projection TQ — @ followed
by ®.
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Definition 9.2. Suppose @ is a G-manifold such that the moment map ®: Q — M
for the action has constant rank. A vector field X € X(Q) is called G-invariant if it is
tangent to ®-fibers, and if for all ¢ € @ and g € G such that s(g) = ®(q),

Xg.q=9.Xq.
The space of G-invariant vector fields is denoted X(Q)Y.

. 7

Ezercise 9.1. Show that a vector field X € X(Q) is G-invariant if and only if for all local
bisections S of G, with s(S) = U and t(S) = V, the diffeomorphism ®~1(U) — ®~1(V) takes
X to itself. In particular, X must be tangent to the ®-fibers.

Lemma 9.3. The invariant vector fields on Q) form a Lie subalgebra. ]

Proof. By definition, a vector field X is G-invariant if and only if it is tangent to ®-fibers, and
for all g € G, with s(g) = m, tz(g) = m/, the restrictions X|g-1(,) and X|[g-1(,, are related
under (24). But if two pairs of vector fields are related under a diffeomorphism, then their Lie
brackets are also related. O

As a special case, a vector field X on G itself is called left-invariant if it is tangent to the
source fibers, and g - Xj, = X0, under the action AL. Similarly, X is called right invariant if
it is tangent to s-fibers, and satisfies g - X = Xj,,-1 where the action is AF. The spaces of
left-invariant, respectively right-invariant vector fields, are denoted

xh(9), x(g).
By construction, both are Lie subalgebras. Now, using the left multiplication, we may identify
ker(Tht) = ker(Ty)t), thus
ker(Tt) = s* ker(T't)| .

A vector field is left-invariant of and only if it is ‘constant’ under this identification. Similarly,
the right multiplication identifies

ker(T's) = t* ker(T's)| s,

and a vector field is right-invariant if and only if it is constant under this isomorphism. Since
both ker(T't)|ys, ker(T's)|ps are complements to TM in T'G|ys, each of these bundles may be
identified with the normal bundle. That is, we have

(25) ker(Tt)|pr = v(G, M) = ker(T's)|as.

Definition 9.4. For o € T'(Lie(G)), we denote by
ol exG)t, ofecx(G)r

the unique left-invariant, right-invariant vector fields mapping to ¢ under restriction to
M followed by the quotient map T'G|y — v(G, M).
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Lemma 9.5. For all 0 € T'(Lie(G)), we have that

ol ~ 0, ol ~ga(o), oft ~ —a(o), oft ~0,

and
R

a(o) ~; ol -0
where i: M — G is the inclusion of units. Furthrmore,

L R
07 ~nyg =0

J

Proof. Since o is tangent to the t-fibers, we have that o” ~; 0. Since s is invariant under the
left-action we see that

ot ~g (Ts)(o"|yr) € X(M).
But
(Ts)(o"|m) = (Ts — Tt)(o"| ) = a(o).
This proves o ~s a(0); similarly ot ~; —a(o). Finally, note that o — ¢ is tangent to M,
hence restricts to a vector field on M. Since

Ts((o" — ")) = a(0),

we see that this restriction is a(c). The last claim follows since Invg interchanges source and
target maps, and the induced map on the normal bundle is multiplication by —1. O

L

\

Lemma 9.6. We have, for all o,7 € I'(Lie(G)),
(26) [ULa TL] = [07 T]Lv [UL,TR] =0, [URa TR] = _[Ua T]R'

The (local) flow of o is by right translations by (local) bisections, the flow of —o't is
left translation by the same (local) bisections.

. 7

Proof. The first formula follows from the definition of the bracket, the third formula since
inversion takes o to —o®. We will now show that the (local) flow of —of? is by left translations
by (local) bisections. Applying the inversion, this will imply that the flow of o is by right
translations by local bisections, hence the flows of left-and right-invariant vector fields commute,
L Ry _
so [o", 7" =0,
The vector field —o’t is tangent to s-fibers, and satisfies

(A (0 s=1(m)) = T |s=1 ()
for s(g) = m, t(g) = m/. Hence, the flow ¢; of o has the property so ¢; = s, and
pi(hog™) = ¢i(h)og™".
Letting a = g~! and h = s(¢g!) = t(a), this shows
¢i(a) = ¢i(t(a)) o a.

Hence, the flow is left translation by a local bisection S;, consisting of all ¢,(m) for all m € M
such that the time ¢ flow is defined. (]
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9.4. The Lie functor from Lie groupoids to Lie algebroids. Following the standard
definition for Lie groups, we will use the identification of I'(Lie(G)) with left-invariant vector
fields on G to define a Lie bracket on I'(Lie(G)). In other words, the sign conventions are such
that

[, 7] = [0, 7).

[ Lemma 9.7. With these data, (Lie(G),a, [, -]) is a Lie algebroid. ]

Proof. We only need to verify the Leibnitz rule. Let f € C*°(M) and 0,7 € I'(Lie(G))). Using
(fr)t = (s*f) " and ol (s*f) = s* (a(a)f) (since o ~g a(0)) we compute,

o, frt = [0, s f 7 =" floh 7 4 5" (@(0) f)E = (flos 7]+ (al)£) )",
proving [, f7] = fo, 7] + (a(0)f) 7. O

One calls the Lie algebroid Lie(G) the differentiation of the Lie groupoid G; conversely, if
A — M is a given Lie algebroid, a Lie groupoid G =% M with a Lie algebroid isomorphism
A = 1ie(G) is called an integration of A.

Ezample 9.8. For the pair groupoid Pair(M) = M x M, a left -invariant vector field is of the
form (0, X) where X is a vector field on M, while right-invariant vector fields are of the form
(X,0). The flow of a left-invariant vector field is (m/,m) — (m/, ®;(m)) where ®; is the flow of
X. This is right multiplication by the element (m, ®;(m)) = (®;(m), m)~!. Similarly, a right
invariant vector field has flow (m/,m) — (®4(m’),m). From the definitions, it is clear that

Lie(Pair(M)) = TM

as a Lie algebroid. Likewise, the fundamental groupoid II(M) has TM as its associated Lie
algebroid. Hence, both II(M) and Pair(M) integrate the tangent bundle.

Lemma 9.9. If H = N is a Lie subgroupoid of G = M, then the natural map of normal
bundles, induced functorially by the map of pairs (H,N) — (G, M), defines a morphism
of Lie algebroids

Lie(H) — Lie(G).

Proof. 1t is immediate that Lie(#) — N is a subbundle of Lie(G) — M. Furthermore, o €
I'(Lie(G)) restricts to a section of Lie(#), if and only if the vector field o” is tangent to H. If
o, T are two such sections, then [0, 77| = [0, 7]" again is tangent to H. That is, the space

I'(Lie(G), Lie(H))
of sections of Lie(G) that restrict to sections of Lie(#), is a Lie subalgebra. g

More generally, we have:
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Theorem 9.10. If H = N and G = M are Lie groupoids, then the map on normal
bundles defined by the map of pairs F: (H,N) — (G, M), is a morphism of Lie algebroids

Lie(F): Lie(H) — Lie(G).

Proof. F' is a morphism of Lie groupoids if and only if Gr(F) C G x H is a Lie subgroupoid.
But then Lie(Gr(F')) C Lie(G x H) = Lie(G) x Lie(H) is a Lie subalgebroid. O

In summary, we have constructed a Lie functor from the category of Lie groupoids (and
their morphisms) to Lie algebroids (and their morphisms).

9.5. Examples. We list the Lie algebroids for our main examples of Lie groupoids.

(a) For a Lie groupoid over a point G =% pt, one recovers the usual notion of the Lie algebra
of a Lie group.
(b) For the pair groupoid Pair(M) = M, on obtains
Lie(Pair(M)) = TM,
the tangent bundle. The homotopy groupoid II(M) has the same Lie algebroid.
(c) For the Atiyah groupoid G(P) = M of a principal K-bundle P — M, we obtain the
Atiyah Lie algebroid:
Lie(G(P)) = A(P).
(d) Given a K-action on a manifold, with corresponding action groupoid K x M = M, one
has
Lie(K x M) =t x M,
the action Lie algebroid for the infinitesimal action.
(e) For the k-th jet prolongation Ji(G) of a Lie groupoid, we obtain the k-th jet prolongation
of the corresponding Lie algebroid:

Lie(Jk(9)) = Ji(Lie(G)).
(f) For the monodromy groupoid Mon(F) =% M of a foliation, we obtain the tangent bundle
of the foliation:
Lie(Mon(F)) = TrM.
The holonomy groupoid has the same Lie algebroid.

9.6. Groupoid multiplication via o, of. we probably won’t discuss this in class

For i =0,1,2 and 0 € T'(A), the vector fields on G x G x G,
(27) Xg = (_URa _URa 0)7 X; = (O’O-L, _UR)u Xg = (UL7070L)'
are all tangent to Gr(Multg). For instance, the invariance of the graph under the (local) flow
of X! follows from the fact that gj 0 gs = (g1 0h 1) o (hoge) whenever s(h) = t(g2). The vector
fields satisfy bracket relations ' ' '

(X5, XI] = X[, ;1 6i;
for o,7 € T'(A) and 7,5 = 0,1,2. If G is t-connected, then the graph is generated from M C A
(embedded as m + (m, m,m)) by the flow of these vector fields. In fact, it is already obtained

using the flows of the X?’s for any two of the indices i € {0,1,2}. For reference in Section ??,
let us note the following partial converse.
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Proposition 9.11. Let (A,a,[-,-]) be a Lie algebroid over M. Suppose i: M — P
is an embedding, with normal bundle v(P,M) = A, and suppose o, oft € X(P) are
vector fields on P, mapping to o € I'(A) under the quotient map TP|y — A, with
a(0) ~; o — o, and satisfying the bracket relations (26). Then a neighborhood of M
in P inherits a structure of a local Lie groupoid integrating A, in such a way that o, o't
are the left, right invariant vector fields.

Sketch of proof. Since o”|y; maps to o under TG|yr — v(G, M), the restrictions of the left-
invariant vector fields to M span a complement to 7'M in T'P|ps. In a particular, on a neighbor-
hood of M they determine a distribution of rank equal to that of A. By the bracket relations,
this distribution is Frobenius integrable. A similar argument applies to the vector fields —o’*.
Taking P smaller if necessary, we can assume that these foliations define surjective submersions
t,s: P — M, with o, " tangent to the respective fibers, and with t o i = so¢ = id. Define
vector fields X? in P x P x P as above, and embed M < P x P x P by m — (m,m,m).
Along M, hence also on some neighborhood of M inside P x P x P, the vector fields X2, X2
span a distribution of rank equal to twice the rank of A. The bracket relations guarantee
that this distribution is integrable, hence they define a foliation. Since the intersection of
this distribution with the tangent bundle of M C P x P x P is trivial, we conclude that the
flow-out of M under these vector fields defines a (germ of a) submanifold A C P x P x P, of
dimension 2rank(A) + dim M = 2dim(A) — dim M This is our candidate for the graph of the
multiplication map.

By construction, A C P x P x P contains M, and is invariant under the local flow of all
vector fields X2, X2. In fact, it is also invariant under the local flow of X! for 7 € T'(4), since
these vector fields are tangent to A along M, and hence everywhere since the commute with
all X9, X2

Under projection P x P x P — P x P, (p,p1,p2) = (p1,p2), the vector fields X2, X2 are re-
lated to (—o®,0) and (0, 0%), respectively. Hence, this projection restricts to a diffeomorphism
from A onto a neighborhood of the diagonal embedding of M in P® = P ( x; P C P x P.
Taking the inverse map, followed by projection to the first P-factor, defines a multiplication
map Multp: P2 — P: strictly speaking it is defined only on some neighborhood of M in P2,
By construction, A = Gr(Multp).

Lettingidp: P — P be the identity relation (given by the diagonal in P x P, the associativity
of the groupoid multiplication means that

Ao (A xidp) = Ao (idp xA)

as relations P x P x P --» P, where the circle means composition of relations. In fact, we can
see that both sides are given by

AP C P x (P x PxP),
the submanifold generated from the diagonal ME] (consisting of elements (m, m, m,m)) by the
action of vector fields of the form

(—UR, —O’R,O,O), (O,UL, —JR,O), (O,O,O’L, —JR). O
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10. INTEGRABILITY OF LIE ALGEBROIDS: THE TRANSITIVE CASE

A Lie groupoid G = M is said to integrate a Lie algebroid A — M if there exists an
isomorphism of Lie algebroids

A = Lie(G).

Lie’s third theorem states that every finite-dimensional Lie algebra integrates to a Lie group G.
In one of the early articles on the subject, Pradines [34] announced that a similar statement
holds true for Lie algebroids. That this is not so was observed several years later by Almeida and
Molino [1], in the context of their work on ‘developability of foliations’. This then opened the
question of specifying the obstructions to integrability, and after work by a number of authors
(e.g., [14, 16, 17, 29, 32]), and building on ideas of Duistermaat-Kolk [19], Cattaneo-Felder [8],
and Weinstein, this question was finally settled by Crainic and Fernandes in [11].

We will begin our discussion of the integration problem with the case of transitive Lie
algebroids. Here, the integration problem had been solved by Mackenzie [29], but our approach
will be somewhat different from his.

10.1. The Almeida-Molino counter-example. Let M be a connected, simply connected
manifold. Given a closed 2-form

we (M), dw=0
consider the Lie algebroid A = TM x R, with the bracket on sections given as
X+ [,V +9] =X, Y]+ Vx(9) - Vy(f) +w(X,Y)

for vector fields X,Y € X(M). Let us assume that A is integrable to a Lie groupoid G = M.
Since the Lie groupoid is transitive, it the Atiyah groupoid G(P) of a principal G-bundle P —
M, where G is a 1-dimensional structure group. Since M was assumed to be 1-connected, we
can take the fibers of P, and hence the structure group G, to be connected; thus G = R/m(G)
is either a circle (if 71 (G) is non-trivial) or all of R (if 71 (G) is trivial). The canonical splitting
TM — A, v+— v+ 0 of the Lie algebroid A corresponds to a principal connection on P, with
w as its curvature 2-form.

Note that even if 71 (G) is non-trivial, the corresponding lattice in R need not be the standard
7, — that is, the ‘size’ of the circle G may depend on the Lie algebroid A. The main observation
is that we can detect the ‘size’ via holonomy of the connection. The holonomy associates to
every loop A\: S — M an element Hol(A\) € G = R/m(G). This holonomy is defined by
integration of the connection, but since A is contractible it may also be computed in terms of
the curvature. Indeed, if ¢: D? — M is a smooth map from the disk, extending A, then

Hol()\):/ ¢*w mod m(G)
D2

For this to be consistent, the right hand side cannot depend on how we extend A to a map
from the disk. Given two extensions ¢4 : D? — M, the difference is the integral over the map
from the 2-sphere

$: S — M
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whose restrictions to the upper and lower hemisphere are ¢. Hence, the consistency require-
ment is that for all maps ¢: S — M, the integral

¢ w
S2
takes values in 71 (G) C R. Hence, letting A C R be the subgroup given as image of the group
homomorphism
m(M) = R, [¢] = [ ¢'w,
SQ

we have that A C 7;(G) C R.In particular, A is a discrete subgroup of R. To summarize we
arrive at the following condition:

Criterion: If the Lie algebroid A = TM x R, with bracket defined by the closed
2-form w, is integrable, then the subgroup A must be discrete.

It is easy to give an example where this criterion fails:

Ezample 10.1. Take M = S% x S% let o € Q2(S?) be the standard area form, and put with
w=prjo+ ﬂprz 0. Here the set of integrals of w over 2-spheres is Z + v/2Z, which is dense
in R.

On the other hand, if the criterion is satisfied then A is indeed integrable, using a standard
construction (see Pressley-Segal [35]) of reconstructing a principal circle bundle with connection
from its curvature 2-form. The Lie groupoid is explicitly given as

G =A{l(v,w]l ve€C>(0,1], M), u € R/A}
with the equivalence relation
(y1,u1) ~ (30, u0) < 71(0) = 70(0), 11(1) =0(1), w1 = uo Hol(v; " * 7o)

where the holonomy may be defined using the integral of w over a disk bounded by ~; L .
The groupoid structure is induced by the concatenation of paths,

[, u)] o [y, w)] = [( %7, 0" + w)].
We leave it as an exercise to show that this Lie groupoid has 1-connected source fibers.

10.2. Transitive Lie algebroids. For any transitive Lie algebroid A — M, we have an exact
sequence of Lie algebroids,

(28) 0—-+L—>A—-TM—0,

where L = ker(a) C A. Its fibers are the isotropy Lie algebras, g,, = ker(a,).
The splitting theorem for Lie algebroids shows that locally, on a neighborhood U of any
given point m € M, Aly = TU x b for a fixed Lie algebra . In particular,

L—M

is a (locally trivial) Lie algebra bundle with fibers L, = g,, = b.
Given a Lie algebra b, let Trany (M) be the set of isomorphism classes of transitive Lie
algebroids over M, with structure Lie algebra h. Similarly, for a given Lie group H, let
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Pring (M) be the isomorphism classes of principal H-bundles with structure group H. If
h = Lie(H), we have the map

(29) Pring (M) — Trangy (M)

taking a principal bundle to its Atiyah algebroid. If a transitive Lie algebroid A — M is
integrable, then the Lie groupoid G integrating it is the Atiyah groupoid of a principal H-
bundle P — M. That is, A is integrable if and only if its class in Transy (M) lies in the image
of (29) for some Lie group H integrating h. We stress that this Lie group H need not be
connected.

Let 3, be the center of g,,, and Z,,, the center of the simply connected Lie group integrating

9m.
Let Cent(L) C L be the subbundle with fibers 3,,.

Lemma 10.2. The bundle Cent(L) has a canonical flat connection.

Proof. Given X € X(M) and 7 € I'(Cent(L)), define a covariant derivative in terms of the Lie
algebroid bracket by

Vxr=[o,7], XeX(M), rel'(L)
where o € I'(A4) is any section with a(c) = X. This is well-defined, because ¢ is unique up to

a section of L, and sections of L have trivial bracket with all sections of Cent(L). The Jacobi
identity for the Lie bracket on I'(A) shows that this connection is flat. O

As a consequence, the bundle (J,,,cy; Zm also has a flat connection. Hence, for any smooth
path v: [0,1] = M from m = v(0) to m’ = (1), we obtain a parallel transport homomorphisms

(30) P(Y):am = sy P(V): Zin = Zow
depending only on the homotopy class of ~.

10.3. Splittings. Any choice of a splitting j: TM — A of the exact sequence (28) defines
a connection on L, by Vx = [j(X),-]. On sections of Cent(L) C L, this coincides with the
canonical flat connection. Since

Vx[n, ) =[Vxn, ]+ [m, Vxn]

by the Jacobi identity, this connection is compatible with the Lie algebra structure; in par-
ticular, the parallel transport on fibers is by Lie algebra isomorphisms. The curvature of this
connection Fy € Q?(M,End(L)) is given by Fy = [w, -], where w € Q*(M, L) is the L-valued
2-form

w(X1, X2) = [j(X1),7(X2)] = j([X1, Xa2]).
In terms of the identification A = T'M @ L defined by j, the Lie algebroid bracket on sections
is given by a formula

[Xl + 7, X9 + 7’2] = [XI,XQ] + VXlTQ — VX27‘1 + [7‘1,7'2] + w(Xl,Xg)

The local trivializations Ay = TU X b considered above define splittings of A|y for which
w = 0, and the connection V on L is flat.
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Remark 10.3. If A is the Atiyah algebroid of a principal bundle P — M, then the bundle L is
the gauge bundle gau(P), the splitting j is equivalent to a principal connection on P, and w
becomes the curvature 2-form of the principal connection.

10.4. Gauge transformations of transitive Lie algebroids. Locally, any transitive Lie
algebroid is of the form T'M x h for a fixed Lie algebra ). We are interested in gauge transfor-
mations of such Lie algebroids

N

Proposition 10.4. Let b be a Lie algebra, and Aut(h) its Lie algebra automorphisms.
Given a manifold M, the group of automorphisms of the trivial Atiyah algebroid TM x b,
inducing the identity on the base, is the subgroup

Gauga(TM x h) € Q1(M,b) x C=(M,GL(h))
consisting of all pairs (0, ®) such that 0 is a solution of the Maurer-Cartan equation
1
do + 5[9,0] =0,
and ® is an Aut(h) C GL(h)-valued function such that
do + adg o® = 0.

7

Proof. The group of vector bundle automorphism of T'M X b, preserving the anchor map and
inducing the identity on the base, is

Gaway (TM x h) = QH(M, h) x C*(M, GL(b)),
where an element (6, ®) of this group acts on sections by
(0,0) (X +&) =X+ 1x0+ D(8).
The bracket on sections of T'M x b is
(X +&Y + (] =[X Y]+ [ ¢+ Lx¢— LyE

Hence, (0, ®) preserves this bracket if and only if the following three equations are satisfied,
for all X,Y &, (:

O([¢, ¢]) = [®(£), 2(C)]
9([X, Y]) =Lxiyd — Lytx0 + [Lxe, Ly@]
D(Lx () = Lx(P(C)) + [ex0, B(C)]-

The first condition says that ® takes values in Lie algebra automorphisms, the second condition
means that ¢ is a Maurer-Cartan element. The third equation means Lx® + adg(x)o® = 0,
hence d® + adg o® = 0.

Remark 10.5. We may obtain general transitive Lie algebroids by taking trivial bundles TU x b
over charts, and gluing with the help of transition automorphisms. This approach, and a
discussion of the integration problem from this perspective, is detailed in [29].

We will now construct a canonical group homomorphism, for any given m € M,

Gauga(TM x ) — Hom(m (M, m), Cent(H)).
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Let M be the universal cover of M with respect to m. Given transition data (6, ®) as above,
the Maurer-Cartan element ¢, regarded as a flat connection on the trivial H-bundle, determines
a unique map g € C*°(M, H) with
glm=e, 0=g'dg;
here 7 € M is the base point corresponding to m. (More precisely, g~'dg is the pull-back of
the left-invariant Maurer-Cartan form 6% € Q!(H,b) under the map g: M — H). Letting ®
be the pull-back of ®, we have
d® +adgpo® =0 < d(AdgoEI;) =0« Adgozlg = const .
That is, N N
=g 'dg, ©=Ads10V

for some fized automorphism ¥ € Aut(h). Conversely, given g € C>°(M, H), the condition
that the Lie algebra valued 1-form ¢~'dg and the Aut(h)-valued function Adg-1 descend to M
mean precisely that g is quasi-periodic with respect to the center. That is, the restriction of g
to w1 (M, m) C M defines a group homomorphism

k: (M, m) — Cent(H),
and the pull-back of g under the deck transformation given by [A] changes g by multiplication
by #([A]).

10.5. Classification of Lie algebroids over 2-spheres. Recall that if H is a connected Lie
group, then

(31) Pring (S?) = m1(H).
The element of 71 (H) associated to a principal bundle P — S! is the homotopy class of the
transition map S!' — H of the principal bundle, after choice of trivializations over the upper

and lower hemispheres of S2, and with S! viewed as the equator. The following gives a similar
description for transitive Lie algebroids over S2.

Theorem 10.6. Let h be a Lie algebra, let H be the connected, simply connected Lie

group integrating b, and let Cent(H) be its center. There is a canonical isomorphism,

Trang (S?) = Cent(H).

Proof. Identify R/Z = S' C S? with the equator, and let m € S' C S? be the base point
(corresponding to 0 € S'). We consider Lie algebroids A with a given identification g, = b.
Consider the open covering of S? given by the sets
UL C S?
defined by removing the south pole (for U, ) or north pole (for U_). The intersection
C:= U+ NU_

is an annulus around the equator. Given a transitive Lie algebroid A — S?, we may choose
trivializations

A|U¢ = TUi X f)
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extending the given trivialization of L at m. Over C, these are related by gluing data (6, ®),
where ®|,,, = Id (since the identification of g,, with b is fixed). Let (6, ®) be their pull-back to
the universal cover C'. There exists a unique function

g€ C™(C,H)

with ¢g(0) = e (where 0 is the origin of R C CN') such that 6 = g 'dg. As discussed above, ®
must be of the form

® = Ad, 1 00,

where ¥ € Aut(h) is constant, and since ®|,, = Id we have ¥ = Id, thus ® = Adg-1.

The fact that ® descends to C = C /Z means that Ad, must descend to C. That is, denoting
the action of the generator of Z by x — x + 1, we have that z — g(x + 1)g(z) ™! takes values
in Cent(f:i ). Furthermore, since g~'dg descends means that this function is constant. That is,
g(x 4+ 1) = cg(x) where

¢:=g(1) € Cent(H).

We claim that this element does not depend on the choice of trivialization. A change of
trivialization over U, (preserving the identification g,, = §) is an automorphism given by
hy € C®(U,, H), with hy|m = e. It amounts to replacing g with g, where h is the pull-
back of h. But then (hyg)(1) = hy(1)g(1) = g(1). Similarly, the change of trivialization over

U_ does not change g(1). We have thus constructed a map

Transy(S?) — Cent(H).
The map is surjective: given ¢ € Cent(ﬁ[ ) we obtain a transitive Lie algebroid by choosing
g € C®(C,H) such that g(0) = e, g(1) = ¢, and such that Ad,-1 descends to C, defining
® € C(C, Aut(h)). The h-valued 1-form g—'dg descends to a Maurer-Cartan element 6, and
(0, ®) are the desired gluing data. The map is injective, because g is determined by these
properties up to change of trivialization. (We leave it as an exercise to spell out the details of
the latter step.) O

Ezample 10.7. If h = R, so that H = Cent(f[) = R, we recover the identification with
H2(S2,R) = R. If h = su(2), we have H = SU(2), hence Cent(H) = {e,c} (a trivial and
a non-trivial element). These correspond to the Atiyah algebroids of the trivial and non-trivial
SO(3)-bundle over S2.

~

The group structure on Pring(S?), defined by the isomorphism Pring(S?) = i (H), is
realized by a ‘connected sum’ construction: Given two principal bundles P; — S?, one obtains
P — S?4#5? by choosing local trivializations near the base points, and identifying the principal
bundles using those identifications. It corresponds to the product on 71 (H). In the same way,
Tranh(SQ) has a group structure given by a connected sum construction, and it amounts to
multiplying the elements in Cent(G).

Let us now consider the map (29) for the special case M = S2.
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Lemma 10.8. Suppose H is a Lie group with Lie(H) = h. Then the following diagram
commutes:
Pring (S?) — Trang(S?)

| |

71 (H) —— Cent(H).

J

Here, the bottom map is the inclusion of 71 (H) into the kernel of the group homomorphism
H — H; since H is connected, the latter is contained in the center of H.

Proof. We may assume H is connected. Then any principal H-bundle P is obtained by gluing
two copies of trivial bundles Uy x H by some transition function ¢’: C — H, representing an
element of w1 (H). Accordingly, the associated Lie algebroid A(P) is obtained by gluing two
copies of U+ X b by the same a transition function. Lifted to 6’, this becomes the transition
function CLeﬁning ¢; in particular ¢ must be in the kernel of the map H — H , that is, ¢ €

m(H)C H. O

Remark 10.9. We will also need the following ‘homotopy invariance’ of this classification: For
any s € [0,1] the Lie algebroid pull-back under the inclusion S? — [0,1] x S?, = — (s,z)
induces an isomorphism
Trang ([0, 1] x S?) — Trang(S?).

To see this, repeat the argument for the classification of transitive Lie algebroids over S? with
the covering by [0, 1] x Uy.. Choosing trivializations over these open sets, the transition function
is given by a smooth map g: [0, 1] x C—H , and the same argument as before shows that this
function is quasi-periodic with respect to the translation action of Z.

10.6. The monodromy groups. Let us now turn to arbitrary transitive Lie algebroids A —
M over connected manifolds M. As before, we will use the notation L = ker(a), a bundle of
Lie algebras.

Definition 10.10. The monodromy group of the transitive Lie algebroid A at m € M
is the image A, C Z,, of the group homomorphism

0a: mo(M,m) — Z,
taking [f] to the class of f'A € Pring,, (S?).

\ 7

Given a smooth path 7: [0,1] — M from v(0) = m to v(1) = m/, we obtain a commutative
diagram

FZ(Mv m) L> Zm

MJ k’(v)

7T2(M, m’) — Zm/
da

In particular, P(v) takes A,, to A,
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Proposition 10.11. A necessary condition for the integrability of the transitive Lie
algebroid A is that the monodromy groups A,, are discrete.

Proof. Suppose A is integrable. Then A = A(P) for some principal H-bundle, where H is a
Lie group with Lie algebra b = g,,,. Let m(H) C H be its fundamental group. Given a smooth
map f: S? — M, taking the base point of S? to m, it follows that f'A = A(f*P). By Lemma
10.8,

a([f]) € m(H)
for any such f. That is,
A’rn g ﬂ_l(H)v

and in particular A,, must be discrete. O

10.7. Construction of an integration. We will now show how to construct an integration of
transitive Lie algebroids, provided that the monodromy groups are discrete. The construction
will use the choice of a splitting j: TM — A of the Lie algebroid. As we saw, such a splitting
defines a connection Vx = [j(X), ] on the Lie algebra bundle L — M. The resulting parallel
transport along paths

(32) P(Y): 8m — Om

is by Lie algebra isomorphisms; it agrees with the canonical parallel transport (30) on Cent(L).
The parallel transport of a concatenation of paths is the composition of parallel transports:

(33) P x7) =PH) o P(y).

A small technical problem is that the concatenation of smooth paths need no longer be smooth.
But there are various simple ways around this issue: For example, one can restrict attention to
paths v with ‘sitting end points’ [?], i.e., paths that are constant near t = 0 and ¢ = 1. (There
is an associated notion of homotopies of paths with sitting end points.)

The parallel transport exponentiates to group isomorphisms 6:; — é\,;/, and the induced
map Z,, — Z,, coincides with that given by the flat connection on Z. In particular, it takes
Ay, to A,y Letting

Un = Gm/Am
the parallel transport also gives group isomorphisms
P(V): Un — Um’a

again with the property (33) under concatenation. In particular, every loop based at m defines
a group automorphism of U,,. On contractible loops X: [0,1] — M, we can do better:
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Proposition 10.12. For contractible smooth loops A: [0,1] — M based at m € M, there
are canonically defined holonomies

(34) Hol,,(A\) € Uy,
with Hol,, (N % \) = Hol,,(\") Hol,, (), and such that for any smooth path v from m to
m/,

Hol, (7 * A%y~ 1) = P(y)(Hol,, (N)).
In particular, P(X): Uy, — Uy, is conjugation by Hol,, ().

J

Proof. To define (34), let us think of A as a smooth map \: S' — M, taking [0] € S' to M.
After a choice of trivialization

MNA=T[0,1] X g,

compatible with the given inclusion of g,, at the base point, the splitting of j'A becomes an
gm-valued 1-form on S', and we can take its holonomy

Holp (M) € G.

This element depends on the choice of trivialization of \'A. However, since our loop is con-
tractible, we may extend it to a smooth map ¢: D? — M, and we may restrict attention to
trivializations of A'A that are induced from trivializations of ' A. Two such maps ¢4 : D?> — M

—t
combine to a map from the sphere, ¢: S? — M, and the two holonomies Hol ,()\) are related
by

Hol (\) = ¢ Hol_ (\)
where ¢ € A, is the element corresponding to ¢'A € Pring,, (S2). It follows that the image
Hol,,(A\) € Up,
is independent of the choice of extension 1. O
Given two based paths v9,71: [0,1] = M from m to m/, with 71 ~ 79, we now define
c(71,70) = Holi (71" % 70) € Un.
Then, if vo ~ 1 ~ ¥o,
c(v2,7)e(71,7%) = c(v2,7)

Furthermore, under concatenation of paths,
el * 7790 *7) = Py e, 7o),
and more generally
(1 #7157 *70) = P (et %)) e(n,70)-
Also,
Py P (0)(w) = Ad(e(v1,70))u-
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Theorem 10.13. A transitive Lie algebroid A — M is integrable to a Lie groupoid
(equivalently, it is the Atiyah algebroid of a principal bundle) if and only if the mon-
odromy groups N, are discrete. In this case, the source-simply connected Lie groupoid
G = M integrating A is the set of equivalence classes [(vy,u)]|, where v: [0,1] — M is a
path from m to m’ and u € U,,, with the equivalence relation

(v1,u1) ~ (90, u0) € 71 =0, w1 = c(71,7%) o-
The groupoid multiplication is given by
[, @) o [(y,w)] = [( %, (P(YH)u)u)].
The isotropy groups G, fit into an exact sequence

1=>Up—Gn—>m(Mm)—1

Proof. Observe first that the relation ~ is indeed an equivalence relation, and that the groupoid
multiplication is well-defined: For example, if (71, u1) ~ (70, up) then

(Y, (PO D )ur) ~ (7 %70, (Plg ) Yuo).
But
(P(yp 1) )ur = (P(yy ) u)e(,v0)uo = e(y,70) (P(yg )4 )ug
as required since c(y * 1, 7 *7) = ¢(71,%). It is also straightforward to check that the
proposed groupoid multiplication is associative, and that its units are the elements of M,
embedded as classes [(m,1)].

To see that G is souce simply connected, consider the source fiber of m € M. It consists of all
[(7y, )] such that ~ is a path based at m. Consider a family (vs, us) for s € [0,1], with 9 =
the constant path at m and u; = ug = 1. The ug form a loop in U,,, representing an element
c € m(Upn) = A,,. By definition of A,,, this element is realized by some map ¢: S? — M
based at m. Equivalently, there is a family of contractible loops Ay € Loop,, (M) starting and
ending at m, so that s — Hol,,(\s) represents the same element c. (See the Lemma below).
Hence we have

us = Holp, (As) s,

where vy is a contractible loop, and so

[(yss us)] = [(Fs ws)]-

This loop in G is contractible, using any homotopy u[ with the constant loop and putting
Ve (t) = Fs(rt).

The isotropy groups G, are equivalence classes [(A, u)] such that A is a loop based at m, and
u € Uy, subject to the relation (A, u1) ~ (Ao, up) if and only if A\7' * A is contractible and
Uy = Holm()\f1 * A\g)ug. The kernel of the natural map G,, — 71 (M, m) is thus U,,. O

Lemma 10.14. Any element of m1(Uy,) = Ay, may be realized as a loop s — Holy, (As) €
U, where Ag € Loop,,, (M) is a family of loops based at m, starting and ending at m.
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Proof. Given an element ¢ € A,,, choose a smooth map ¢: S? — M such that ¢ = §4(¢). We
may thing of ¢ as a family A of (contractible) loops t +— As(t), with A\g = A1 being trvial
loops. (Think of S? as being sliced by hyperplances passing through the base point.) Since A,
is contractible, Hol,,(\s) = us is defined, and by construction of ¢ the loop s +— us represents
c. more details O

Corollary 10.15. If M is contractible, then every transitive Lie algebroid A — M 1is
isomorphic to TM x b for some Lie algebra 1.

This follows because the integrability assumptions are trivially satisfied, hence A corresponds
to some principal H-bundle. But every principal H-bundles over a contractible base is trivial.

Remarks 10.16. (a) By construction, we have an exact sequence of Lie groupoids
l1-U—-G—->TI(M)—1

where U = U,,car Um-

(b) The exact sequence for G, shows in particular that G,, is connected if and only if M
is 1-connected, and G,, is simply connected if and only if the monodromy groups are
trivial.

Remark 10.17. As already mentioned, the integrability of transitive Lie algebroids was worked
out by Mackenzie [29, Theorem 8.3.6], although formulated and proved differently (using a
Cech theory approach).

11. INTEGRABILITY OF NON-TRANSITIVE LIE ALGEBROIDS

A general Lie algebroid A — M defines a generalized foliation of M, and is a union of its
restrictions Ap to the leaves O C M of this foliation. If A is integrable to a source-simply
connected Lie groupoid G = M, then the orbits of G are the leaves of A, and the restrictions
Go to the orbits is a source-simply connected Lie groupoid integrating Ap. Hence, integrability
of the restrictions Ay is necessary for the integrability of A. It is, however, not sufficient as
the following example shows.

Ezample 11.1. Consider the foliation F of M = S? x R with leaves M; = S? x {t}. Let w be
the standard area form on S2, and let

Ay =TS* xR — S°
be the family of Lie algebroids defined by the 2-forms tw. That is, the bracket on sections of

Ay is given by
(X1 + f1, Xo+ fol = Lx, fo — Lx, [1 + tw(Xq, Xa).

A:U&
t

is a Lie algebroid with a(A) = TxM. We claim that this Lie algebroid is not integrable.

Each A; has a source-simply connected integration given by G; = G(P;) = S? for principal
R/A4-bundles P, — M;, where A, = tZ. Note that for t = 0, the structure group is all of R,
while for small non-zero ¢, the structure groups are circle groups, where the size of the circle

The union
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goes to zero as t — 0. It seems ‘plausible’ that these cannot fit together into a global, smooth
Lie groupoid.

To see this clearly, suppose that G — M is a source-simply connected Lie groupoid integrating
A. The map (t,s): G — M x M is a groupoid homomorphism of constant rank. The pre-image
H = (t,s)"}(M) is hence an embedded subgroupoid of G. This subgroupoid is the union of

isotropy groups, Gp,:

meM
We have an exact sequence of Lie groupoids

1—-H—G— Pair(M) — 1

integrates the exact sequence of Lie algebroids
Fix a base point = € S?, and let

i:R—M=5?xR, t— (1)

be the corresponding inclusion. This is transverse to the anchor, hence i'G is a Lie groupoid
integrating i' A. But #'A is just the trivial Lie algebroid R x R (a trivial vector bundle, regarded
as a Lie algebroid with zero anchor), hence its source-simply connected integration is RxR = R
(a trivial vector bundle, regarded as a Lie groupoid). It follows that i'G is a group bundle,
which is a quotient of R x R by some subbundle A C R x R. But we know that the fiber A; at
t € Ris R/tZ. This is a contradiction, since A = {(tn,t)| n € Z,t € R} is not a submanifold of
R x R.

Given a Lie algebroid A — M, and any m € M, let g,, = ker(a,,). We define the monodromy
group

Ay, C Cent(Gry)
to be the monodromy group of the restrictions of A to the leaf O through m. As we saw,
discreteness of A,, is necessary and sufficient for the integrability of Ay, where O is the leaf
containing m. To ensure integrability of A itself, we need to compare with the monodromy

groups of nearby leaves. Let
A9, € Cent(gyn)

be the pre-image of A,, under the exponential map Cent(g,,) — Cent(G,,). Clearly, A,, is
discrete if and only if AY is discrete. An advantage of passing to AY is that these may be
regarded as subgroups of A4,,. Let

A= | A cA
meM
be their union.

Theorem 11.2 (Crainic-Fernandes [11]). The Lie algebroid A — M s integrable to a
(possibly non-Hausdorff) Lie groupoid G = M if and only if the monodromy groups are
uniformly discrete, in the sense that there exists an open neighborhood of the zero section
M C A that does not contain any non-zero elements of A°.

Crainic-Fernandes give an explicit construction of the groupoid G = M integrating A, as
the space of LA-paths in A modulo £.A-homotopy. The groupoid itself was described also by
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Cattaneo-Felder [8], as well as Severa [37], but the key question of smoothness was answered
by Crainic-Fernandes.

Remark 11.3. An LA-path in A is a Lie algebroid morphism 7'[0,1] — A. Such an L£A-path
is given by the base path «: [0,1] — M, together with a lift of v to a path 7: [0,1] — A such
that

aoy=—.
Recall from Section 7.5.1 the notion of homotopy of LA morphisms. |...]

Following Severa [37], one can define a homotopy between two such paths to be an L.A-
morphism 7[0, 1] — A such that its restrictions to the tangent bundle of the horizontal sides
of the square [0, 1]2 are constant maps, while the restrictions to the vertical sides are the given
maps 7p,v1- LThis defines an equivalence relation, and G is the set of equivalence classes. The
groupoid structure is such that [¢'] o [¢] = [1)] whenever there is a morphism from the tangent
bundle of a triangle, restricting to ¢, ¢’,% on the three boundaries.

Ezample 11.4. Recall that a Lie algebroid with trivial anchor is the same as a family of Lie
algebras g,, depending smoothly on m € M. The source-simply connected integration of such
a Lie algebroid is a family of simply connected Lie groups G,, depending smoothly on m. The
existence of such an integration (namely, that the G,, fit together into a smooth manifold)
was proved in 1966 by Douady-Lazard [17]. It now follows directly from the Crainic-Fernandes
theorem since the leaves O are points. More generally, whenever the leaves of a Lie algebroid
A are 2-connected, the monodromy groups are trivial, hence the criterion is trivially satisfied.

Example 11.5. Another situation where the monodromy groups AY are trivial occurs if the
isotropy Lie algebras g,, have trivial center (for example, if they are semisimple).

Ezample 11.6. [11] If A — M is integrable, then every Lie subalgebroid of A is again integrable.
This follows since the monodromy groups of the Lie subalgebroid are contained in those of A.

Ezxample 11.7. Let g be a Lie algebra, and A = g x M the actions Lie algebroid for a g-action
on M. By a result of Dazord [15] (see also Palais [33]), such an action is always integrable. This
follows from the Crainic-Fernandes theorem, since the monodromy group at m is contained in
71(Gm) C Gy, where G, is the Lie subgroup of the simply connected Lie group G integrating
g. explain why this is the case. Hence, AY is contained in the set of all £ € g = A,,
such that exp(§) = e. Since the exponential map is a diffeomorphism near 0, this implies that
the condition of the theorem is satisfied.

12. LIE ALGEBROID COHOMOLOGY, LIE GROUPOID COHOMOLOGY

12.1. The de Rham complex of a Lie algebroid. Given a manifold M, one can define
the Lie derivatives Lx on the space Q(M) = I'(A*T*M) of differential forms in terms of the
contraction operators tx and the given Lie derivative on functions f € QY(M) = C(M).
One takes Lx to be the unique linear operator of degree 0 such that its commutator with
contraction operators is given by

wyoLlx =~Lxow —xy], Lx(f)=X(f)for feC™(M)=QQ(M).
Similarly, one defines the exterior differential to be the linear operator of degree 1 such that

[,Xod:[,)(—dobx.
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These definitions generalize from T'M to arbitrary Lie algebroids A — M: On the graded space
[(A®A")

we have the operators (, of contraction with o € T'(A), we define Lie derivatives £, to be the

degree 0 operators satisfying

troLy=Ls0Lr — Uo,r]> Lo(f) =a(o)(f),
and we define an exterior differential by
tgodg =Ly —dg0t,.
Explicitly, for w € T'(A¥A*),
(35) (daw)(o1,- .-, 0k+1) = Z(—l)”jw([ai, 0,01, Tiy e Oy Okt1)
1<j
k+1
+Z D) L@ (01s -y Gy ey g1

where entries with a hat are to be omltted. The usual properties for the de Rham complex of
differential forms generalize:

Proposition 12.1 (Cartan calculus). One has the formulas
[£0'7[’7'] = [’[O',T]J [£0'7£’T] - C[U,T]? [ﬁUJdA] = 07 [['0'7L7’] = 07 [[’0'7dA] - £0'7 [dAadA] =

where the brackets indicate graded commutators.

Proof. The first, fourth, and fifth formula are immediate (from the definitions). The second
formula holds true on functions; to prove it in general one has to show that the commutator
of the two sides with any contraction ¢, is equal. For the left hand side we find

[[£07 £T]7 Ln] = [[£a7 Lﬂ]v 'CT] + [‘Cm [‘CT’ LHH = [L[U,R}WCT] + [‘CU7 L[Tﬁ]] = Yo,k],7] + Lo, [r,]]
which agrees with the right hand
[‘C[U,T}’ LN] = Yo,1],K]

by the Jacobi identity. The third formula is verified similarly: Since the operator [L,,d ] has
degree 1, it suffices to show that its commutator with all ¢, is zero:

[[£o,dal, tr] = =[[Lo, tr],da] + [Lo, [das tr]] = —[tje,,da] + [Lo, L] = —Lig 7 + [Lo, L] = 0

Likewise, the last formula follows from

[[dAadA]aba] = 2[[dA7La]adA] = Q[EU,dA] =0.

Similar arguments may be used to show,

Lemma 12.2. The operators ty,Ly,da on T'(AA*) are graded derivations of degrees
—1,0,1, respectively.
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Since dy4 is an odd operator, the identity [d4,d4] = 0 means that d4 odys = 0. One may
thus define the cohomology groups:

Definition 12.3. The de Rham cohomology groups H®(A) of the Lie algebroid A are
the cohomology groups of the complex (I'(AA*),d4).

Note that H®*(A) has a natural graded algebra structure, coming from the wedge product
on I'(AA¥).

For A = T M, one recovers the usual de Rham complex of differential forms. For A = g a
Lie algebra, one obtains the Chevalley-FEilenberg complexr Ag* of the Lie algebra g. Recall that
the latter may also be regarded as the complex of left-invariant differential forms on G.

A bit more generally, one can also consider the de Rham cohomology of A with coefficients
in an A-module V' — M. Recall that this means that A comes with a flat A-connection. One
defines contractions, Lie derivatives, and a differential on

D(AN*A* @ V)
by the same inductive formulas as before, with the understanding that £,7 for
T e T(ANA* @ V) =T(V)

is the given A-representation V,7.

12.2. The Lie algebroid structure. As we saw, a Lie algebroid structure on A makes the
sections of AA* into a differential graded algebra (I'(AA*),d4), where the Jacobi identity of
the bracket on A is ultimately responsible for d4 o d4 = 0. That the converse is true as well
was first observed by Vaintrob [?] (generalizing a well-known-fact for Lie algebras):

Proposition 12.4. Let A — M be a vector bundle, and let da be a differential on
[(AA*), that is, d4 is a derivation of degree 1 with dgods = 0. Then d4 determines a
unique Lie algebroid structure on A for which da is the de Rham differential.

Proof. Given dy, define ‘Lie derivatives’ £, on I'(AA*) by Cartan’s identity L, = dg0ots+ts0d 4,
and define a bracket on sections by the formula

w([o1,02]) = [Loys topw, w € T(ALAY).

Then iy, 4, = [Loy 5 to,)- (A priori, this formula holds on T'(A'A*), but since L, 1s are graded
derivations, it holds in fact on all of I'(AA*). Then, the first, fourth, and fifth identity from
Cartan’s calculus (Lemma 12.1) hold by definition, and the sixth is the assumption d4 = 0.
The identity [L,,da] = 0 follows from

1 1
(Lo, da] = [[to,da],da] = 5([[LmdA]:dA] +[[da, to],da]) = —5[[dA,dA]7La-] =0,
while [L,,, Ls,] = L, o) follows from

[[’017[’02] = [[dA’ L01]7£02] = [[L0'17‘CU'2]’dA] = [L[O'1,0'2]7 dA] = [’[01,02]~
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By the calculation as in the proof of Proposition 12.1, this last identity implies the Jacobi
identity for the bracket [-, -], so that the latter is indeed a Lie bracket. It remains to show that
this bracket admits an anchor map. Define

a:A—->TM
on the level of sections o € T'(A4) by

ﬁa(o’) (f) = ‘Co(f)
for f € C°°(M) (viewed on the right hand side as an element of T'(A°A*)). It defines a bundle
map since the right hand side is C°°-linear in . Then
Uoy,foa] = [[’017 fLaz] = f[[’tflv LUz] + [’01 (f)Laz = f/'[ol,o'z] + Ea(al)(f)Laza

which shows the Leibnitz rule for the bracket, (o1, fos] = flo1,02] + a(o1)(f)oa. O

It is easily seen that for a direct product of Lie algebroids, A = Ay X As over M = My x Mo,
we have that

['(AA™) =T(AA]) @ T'(AA3)

as differential graded algebras — in turn, one may take this to be the definition of the Lie
algebroid structure on the direct product.

Proposition 12.5. Let A — M be a Lie algebroid, and B C A is a vector subbundle
along a submanifold N C M. Then B is a Lie subalgebroid of A if and only if the
B-horizontal space

{w e T'(AA")| tow|n =0 for alloc € I'(A, B)}
is a subcomplex for the differential da. (Equivalently, the projection ¢*: T'(AA*) —
I'(AB*) is a cochain map for a (unique) differential dg on I'(AB*).)

. 7

Proof. Let ¢: B — A be the inclusion map, with base map i: N — M, and ¢*: ['(AB*) —
['(AA*) be the induced maps on sections of the dual bundle. Suppose ker(¢*) is a subcomplex.
Then I'(AB*) inherits a differential such that

¢*ody =dpog”.
In particular, B inherits the structure of a Lie algebroid. If o € T'(A, B), with restriction 7, we
have that
¢*OLO' :LTO¢*7 ¢*O£J :LTO¢*'
Consequently, if 01,09 € T'(A, B), restricting to sections 71, 72 € I'(B), then
¢ o Uoy,00] = ¢* 0 [Loystoy] = [Lrystr,] 09" = Liry,ma] © 9"

Applying this to arbitrary w € ker(¢*), this shows in particular that [o1,09] € T'(A, B), so
that I'(A, B) is closed under the Lie bracket. Similarly, if f € C°°(M) vanishes along N, and
o € I'(A, B) restricts to 7 € I'(B), then (since ¢* coincides with ¢* on functions)

¢ La)f = ¢ todaf = 1r¢"daf = 1rdpo" f =0,

which shows that the vector field a(o) is tangent to N. Hence, a(B) C T'N. This shows that
B is a Lie subalgebroid.
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Conversely, let B be a Lie subalgebroid of A. To show ¢*daw = dp¢*w for all w € T'(AFA*),
apply both sides to sections 7,...,7; € I'(B), which we may take to be restrictions of sections
o1,...,05 € I'(A,B). Since B is a Lie subalgebroid, the bracket [o;,0;] restricts to [, 7],
and a(7;) are i-related to a(o;). Hence, the desired identity follows from the formula (35)
for the differential. This proves that ¢* is a cochain map, and in particular its kernel is a
subcomplex. O

Example 12.6. For any Lie algebroid A, the diagonal in A x A is a Lie subalgebroid. The
corresponding map on de Rham complexes

I(A(Ax A)") =T(NA") @ T(ANAY) = T'(AA")
is just the algebra multiplication, hence it is a cochain map.

More generally, we obtain:

Proposition 12.7. Let A - M, B — N be Lie algebroids, and let p: B — A be a
bundle map with base map F: N — M. Then ¢ is a morphism of Lie algebroids if and
only if the pull-back map on sections, I'(ANA*) — I'(AB*), is a cochain map.

Proof. Suppose ¢*: I'(AB*) — I'(AA*) is a cochain map. The inclusion B = Gr(p) - A x B
factors as a composition of maps

B—- BxB— AxB,

where the first map is the diagonal inclusion, and the the second map is ¢ x idp. The map on
de Rham complexes is thus ¢* ® idp(ap«): ['(AA*) @ T(AB*) — T'(AB*) — ['(AB*), followed
by multiplication. It is thus a cochain map, proving that Gr(¢) is a Lie subalgebroid.

Conversely, if Gr(¢) is a Lie subalgebroid, we see that the map I'(AA*) ® I'(AB*) —
['(AB*), x ® y — ¢*(z)y is a cochain map:

dp(¢*(2)y) = ¢*(daz)y + ¢*(x)dBy.
Applying this to y = 1, it follows that ¢* is a cochain map. O

12.3. Examples.

12.3.1. Foliations. By Frobenius’ theorem, a vector subbundle B C T'M is the tangent bundle
TrM of a foliation F if and only if B is a Lie subalgebroid of T'M. In terms of the differential
complexes, this is equivalent to requiring that the space of B-horizontal forms (i.e. txw =0
whenever X takes values in B) is a subcomplex of (M ). The quotient complex (A(TxM),d4)
is called the tangential de Rham complex. See e.g. [?, Chapter III].

12.3.2. g-actions. If A = M x g is the action Lie algebroid for a g-action on M, then I'(AA*) =
C>®(M) ® Ag* is the Chevalley-Eilenberg complex with coefficients in the g-module C°(M).

12.3.3. Poisson manifolds. Let M be a manifold with a Poisson bracket. Hence, the corre-
sponding Poisson tensor 7 € I'(A?T'M) satisfies [, 7] = 0. One obtains a differential d, = [r, -]
on I'(AT'M), making the latter into a differential graded algebra. Hence, T*M inherits a Lie
algebroid structure.
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12.3.4. b-forms. Given an embedded hypersurface N C M, one has a Lie algebroid A = T°M
whose sections are the vector fields tangent to N. The corresponding complex T'(AA*) = QP(M)
can be regarded as differential forms on M\ N developing a first order pole along N. This is the
starting point for Melrose’s b-calculus (in his work, M is a manifold with boundary N = o0M).

12.4. The Lie groupoid complex. Given a Lie groupoid G = M, recall that G®) is the
space of p-arrows in G. In this section, we will use the ‘simplicial notation’ and write B,G for
the space of p-arrows: Thus

ByG = {(g1,---,9p)| 9i €G, s(g:) = t(gi+1)}

It will be convenient to regard g; as an arrow from a base point s(g;) = m; to a base point
t(g;) = mi_1; hence a p-arrow comes with p 4+ 1 base points

mo,...,Mp.
There are p 4+ 1 face maps, where
0;: Bpg — Bp_lg, 1=0,...,p

amounts to ‘omitting the i-th base point’. Explicitly,

(927"'7gp) Z:07
9i(g1s---59p) = § (91,1 GiGit1,---,gp) 0 <i<p,
(917"'7917—1) Z:p

For p = 1 we have 0y(g9) = s(g), 0i(g) = t(g). There are also degeneracy maps €;: B,G —
B, 113G, ‘repeating the i-th base point’ by inserting a trivial arrow. That is,

Gi(glv o 7gp) = (917 ey Giy My, Git 1y - - - 7917)'

Definition 12.8. The complex (C*(G),d) of differentiable groupoid cochains is given by
p+l '
CP(G) = C=(ByG), 6= (-1)'d;.
i=0

The normalized subcomplex E‘(Q) is the subcomplex consisting of f € C*°(B,G) such
that € f = 0 for all i.

. v

That is, the normalized subcomplex consists of functions on B,G which vanish on
(91,--.,9p) € BpG whenever one of the entries g; is a unit. Using the relations between

face maps, it is not hard to check to verify that ¢ does indeed square to zero, and that E'(g)
is indeed a subcomplex.

Remark 12.9. Also of interest is a localized version of these complexes, denoted C%,(G) and
C%,(G), whose cochains are the germs of functions on B,G along M C B,G.

Example 12.10. A O-cochain f € C%(G) is a function on M. Tt is a cocycle if and only if
(0f)(g) = (t*f)(g) = (s*f)(g) =0, i.e. f is constant along the orbits of G. (One might say: f
is a G-invariant function on M.) A 1-cochain f € C!(G) is a cocycle if and only if

(6f)(90,91) = f(g1) — f(g091) + f(g0) = O.
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These are the multiplicative functions on G, i.e., groupoid homomorphisms G — R.

Ezample 12.11. Let G = Pair(M) be the pair groupoid. Then B,G consists of p + 1-tuples
(mo, ..., myp), with the i-th face map forgetting the i-th entry. (The normalized subcomplex
consists of functions that vanish whenever two of the entries coincide.)

Consider the cocycles in low degree: For f € CY%G), we have that (5f)(mo,m1) =
f(m1) — f(mg), which vanishes if and only if f is constant. For f € C!(G), we have
that (6f)(mo, m1,me) = f(my1,ma) — f(mo,ma) + f(mo, m1), which vanishes if and only if
f(mo,m1) + f(mi,m2) = f(mg, me) for all triples of points. Any 1-cocycle is a coboundary:
Fixing a base point m,, we have that

f(my,ma) = = f(ma, my) + f(m., ma) = (0g)(m1,mo)
with g(m) = f(ms,m).
More generally, the formula
(hf) (mo,...,mi—1) = f(ms«,mo,...,mMp_1),
defines a homotopy operator for §:
hod+doh=id—iomw

where i and 7 are inclusion of and projection to R C C°(G). It follows that, H*(G) is trivial.
Notice that the homotopy operator no longer works for the localized complex C%,(G). In fact,
the latter has more interesting cohomology H3,(G): One can show that this Alexander-Spanier
complex computes the de Rham cohomology of M.

Some comments and generalizations:

(a) Just as for the Lie algebroid complex, one can consider groupoid cochains with coeffi-
cients in a G-representation p: V' — M. Recall that such a G-representation is given by a
vector bundle together with an action G x, V' — V such that the maps g: Vg,) — Vy(g)
are linear. Equivalently, the action groupoid G x V=3 V is a VB-groupoid over G = M.
Applying the functor B,, we obtain vector bundles

B, (G x V) — By(9).

The fiber of B,(G x V) over (g1,...,9p) € B,G, with base points my,...,m,, may be
regarded as sequences v, ...,v, with v; € Vi, such that v;_1 = g; o v;. (Of course,
such a sequence is uniquely determines by any one of the v;, for example by v,.) The
sections of this bundle define the cochain groups complex

CP(G,V) =L(By(G x V));
the differential is as before the alternating sum of pullbacks.
(b) Another generalization is to consider differential forms on B,G. This defines a double
complex,
Cri(G) = 21(8,0)
A g-form w on G is a 1-cocycle if it is multiplicative: Thus,
Multg w = prj w + pryw

where Multg: G2 — G is the groupoid multiplication and pry, pra: 6@ — G are the
two projections.
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(¢c) The complex C(G) has a (non-commutative) ring structure given by cup product, as
follows. Given f € CP(G) = C®(B,G) and f’ € CP(G) = C*®°(B,G), we define fU f’ by
(FUSNgts- s gprw) = F(g15--59p) + [(Gpt1s -5 Gppr)-
The cup product satisfies
S(fUf)=0o(fHuf +(=1PfuUs(f),
so it defines a cup product in cohomology H*(G).

12.5. Weinstein-Xu’s van Est map. Suppose G = M is a Lie groupoid, with Lie algebroid
A — M. We then have two cochain complexes

E'(g) CC*G) =C™(BsG), C*(A)=T(nA").
We would like to describe a cochain map
VE*: C*(G) — C*(A)

amounting to a ‘differentiation procedure’. In the case that G is a Lie group, with A its Lie
algebra, this will be the classical van Est map [?].
To describe this map, consider the map

®: B,G — MPT!
taking a p-arrow to its p 4+ 1 base points (myg,...,mp). Its i-th component is the anchor map
for a G-action on B,G, given by
h - (917 o agp) = (gla o agih_17 hgiJrla cee 7.gp)'

For ¢ = 0, the right hand side is to be interpreted as (hgi,g2,...,9p), and for i = p as
(91,92, --,gph™1). Accordingly, every section o € I'(A) gives rise to p+ 1 vector fields defining
the corresponding infnitesimal actions: Regarding B,G as a submanifold of GPT!, these are the
restrictions of the vector fields

e =(0,...,0, 0% —cf0,...,0),
N
[ i+1

For i = 0, this is to be interpreted as (—c,0,...,0) and for i = p as (0,...,0,0%).

Example 12.12. Let G = Pair(M), A = TM. Then the map ® is a diffeomorphism B,G =
MP*TL. In terms of this identification, the p + 1 vector fields defined by X € I'(A) = X(M) are
simply
X0 =(0,..., X ,...,0) € x(MP*TY)
=~
7

The formula for the Van Est map is then as follows: For f € CP(G) = C*(B,9),
(36) VE(f)(o1,---,0p) = Y sign(s) L(ol)) - L)),

s€6)

where the sum is over the permutation group &,. Note that the 0-th action does not enter this
formula.
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Lemma 12.13. The right hand side of (36) is C*°-linear in o1, ...,0p, hence it gives
a well-defined section VE(f) € T'(APA*).

Proof. Using that the vector fields ¢ are all defined on all of GP, we may compute (36)
by using any extension of f to GP, still with the property that f vanishes whenever one of
the entries lies in M. (We will use the same notation f for the extension.) The difference
VE(f)(go1,...,0p) — gVE(f)(o1,...,0p), for a given function f, is a linear combination of
terms of the form E(Tl(”)) . £(T,§ZT))(f)\M with 1 <3 < ... < i, < p where r is strictly less
than p. Using the formula for the vector fields ¢, and since f is normalized, it is not hard to

see that such terms are all zero. to be polished. A cleaner way is to pull everything
back to E,G O

Theorem 12.14 (Weinstein-Xu [41]). The van Est map (36) is a cochain map
VE: C(G) — C(A), intertwining the products.

The van Est map is also well-defined on the localized complex C Mm(G). We will see that the
resulting map

VE: Cy(G) — C(A)
induces an isomorphism in cohomology. In the case of G = Pair(M), this gives the isomorphism
between Alexander-Spanier cohomology and de Rham cohomology.

12.6. The Crainic double complex. Our approach to the Weinstein-Xu theorem will relate
the two complexes using a double complex, due to Crainic [10]. The argument is similar to A.
Weil’s Cech-de Rham double complex (see e.g. [4]), used to prove the isomorphism between
Cech cohomology and de Rham cohomology. The sequence of manifolds

E,G = {(ao,...,ap) € G s(ag) = ... =s(ap)}
is a simplicial manifold, for the face maps
0i: ByG — Ep1G, 1=0,...,p
omitting the i-th entry, and degeneracy maps
€: EpG — Ep1G, i=0,...,p
repeating the i-th entry. There is a morphism of simplicial manifolds ke: FeG — BeG, where
kp: EpG — ByG, (ag,...,ap) — (aoafl,alagl, e ,ap,laljl).

(This being a morphism means that ke intertwines the respective face and degeneracy maps.)
The map &y, is the quotient map for the principal G-action on E,G, with anchor map

T EpG — M
taking (ao,...,ap) to the common source, and given by

h-(ag,...,ap) = (apgh™, ... aph™t).
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On the other hand, the p + 1 G-actions on E,G given by left multiplication descend to the
p+1 actions on B,G described above. In particular, the vector field (0,0, ..., —o',0,...) (with
—o® as the i-th entry) descends to o). Note that Tp is also a simplicial map (where M is a
simplicial manifold in a trivial way: it is given by M itself for all p, and all face and degeneracy
maps are the identity maps). It has a right inverse i,,: M — FE,G which also defines a simplicial

map.

E,G —2+ B,G
-
M

The Crainic double complex is given by
Ch* =T (A7 A)

with the two differentials defines as follows. For any fixed s, the collection bundles A7 A —
FE,.G define a simplicial vector bundle N°miA — EoG, i.e., there are face and degeneracy maps

Oi: NompA — Ny 1A, € NPmiA— N A
covering the face and degeneracy maps on the base. Put differently, we may regard A*A — M
as a simplicial vector bundle given by A — M in all degrees, and with all face and degeneracy
maps being the identity maps; then A*7wiA is just its pullback in the category of simplicial
manifolds. This defines the simplicial differential

r+1

5= (-1)i0F: : C* — L,

i=0
On the other hand, for fixed r, we may regard mA — E,.G as the tangent bundle to the fibers
of E.G — B,G:

mrA = ker(Tk,) CTE,G.
(This is just the usual isomorphism for the vertical bundle of any groupoid principal bundle;
in case G = G is a group, with Lie algebra A = g, it is the isomorphism ker(Tx,) = E,G X g.)
Since this is the tangent bundle to a foliation, it is in particular a Lie algebroid, hence there is
a Chevalley-Eilenberg differential

dop: C7% — CHsHL
This Chevalley Eilenberg and simplicial differentials commute in the ungraded sense (since each
0; is a Lie algebroid morphism):
dCEoéz(SOdCE.
For a double complex, we prefer if the two differentials commute in the graded sense. We hence
put
d=(-1)"dep: C™* — C"5F1;
then
(C**,d,9)
is the desired double complex, with horizontal differential § and vertical differential d.
This double complex comes with two ‘augmentation’ maps. First, there is the map

kE: CT(G) — .
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Its image are the G-invariant functions on E,.G, regarded as sections of A°7*A*. Second,
regarding A — M as a simplicial Lie algebroid A, — M, as above, it too defines a double
complex (D**,d,d), where
D" =T(A°A)),
and with the simplicial differential 6 and with d = (—1)"d¢g. The map
mr A = ker(Tk,) — Ay
is a morphism of Lie algebroids, inducing a morphism of complexes, for all fixed r,

m: C*(4,) = C"*

T

which is indeed a map of double complexes D®* — C**. Note that this map is injective, hence
we may think of D**® as a sub-double complex.

Remark 12.15. Warning: the map ¢y is not a cochain map for dcg, since this does not corre-
spond to a Lie algebroid morphism. It is still a cochain map for J, though.

The idea of the construction is now as follows. Consider the double complex Tot®(C) with
the total differential d + §. We have a cochain map

C*(G) — Tot*(C).
We would like to define a cochain map from Tot®(C), by essentially ‘inverting’ the map 7*.

12.7. Perturbation lemma. We will use the following Lemma from homological algebra,
called the basic perturbation lemma. Suppose (C** d, ) is a double complex, concentrated in
non-negative degrees, with the corresponding total complex (Tot®(C),d+0). Let i: D*® — C**
be a sub-double complex. Suppose the horizontal differential § admits a homotopy operator

h: C** — C* b
with h|p = 0, so that

[h,d]=1—1iop
for some projection p: C** — D®**. The perturbation lemma modifies this homotopy for § into
a homotopy operator for the total differential.

s ")

Lemma 12.16 (Brown, Gugenheim). Let
h" =h(1+dh)~! = (14 hd)'h.

Then
h',d+ 6§ =id—iop
where p' = p(1 +dh)~! is a new projection to D.

. v

Proof. We calculate:
(14 hd) [h',d+ 6] (1 4+ dh) = (1 + hd)h’(d + 6)(1 + dh) + (1 + hd)(d + §)h’(1 + dh)
=h(d+9)(1+dh) + (1 +hd)(d+d)h
= [h,d + J]
=1—iop+[h,d],
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to be compared with
(1+hd) (1 —iop’) (1+dh)=(1+hd)(1+dh)—(1+hd)iop
=1—iop+[h,d —hdiop.

Bit hdip =hidp = 0, since ¢ is a cochain map for d, and since h vanishes on the range of i,
by assumption. O

In short, if the inclusion D — C is a homotopy equivalence for the differential §, and the
homotopy operator h has the property above, then we can turn it into a homotopy equivalence
for the total (‘perturbed’) differential.

12.8. Construction of the van Est map. We return to the double complex C** for a Lie
groupoid G = M, and its subcomplex D**°.

Lemma 12.17. There exists a homotopy operator h for the differential 6 on C*® with
[h,d] =1—7" 0"

This homotopy operator vanishes on the range of 7*.

Proof. Define maps

hj: ETQ—> ETHQ, ] :0,...,7”
by

hj(ag,...,ap) = (ag,...,a;,m,...,m).
N——
r+1—j

These maps lift to bundle maps 7 A — 77, A, denoted by the same letters. One can verify
that

,
h=> (—1)7"h;: T(Amp A) = T(A'mp A)
j=0
is a homotopy operator with the desired property. O
Remark 12.18. Tt may be useful to explain this calculation on the ‘homology side’. Consider

ZEy,G, the formal linear combinations with coefficients in Z (to be precise, we only take linear
conbinations of elements with the same source in M). Then ¢ is pullback under the map

0: ZE,G — ZEp 1G, (ao,...,ap) = > (=1)(ao,....,G;...).

while h is pullback under

p
h: ZE,G — ZE,1G, (ao,...,ap »—)Z 17+ (ag,...,a;,m,...,m).
7=0
Let us demonstrate the calculation of hd + dh for p = 2:
hé(ao, a1, a2) = h((a1,a2) — (ao, a2) + (ao, ar))
—(a1,m,m) + (a1, a2, m) + (ap, m,m) — (ao, az, m) — (ao, m,m) + (ao, ar,m)

—(a1,m,m) + (a1, az,m) — (ao, az, m) + (aog, a1, m)
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oh(ag,ai,az) :h( — (ap, m,m, m) + (ag,a;,m,m) — (ao,al,ag,m))
m,m,m) + (ag, m,m) — (ag, m,m) + (ag, m, m)
+ (a1, m,m) — (ap,m,m) + (ag, a1, m) — (agp,a, m)
m) + (ag, az, m) — (ag,a1,m) + (ag, a1, az)

m,m m) (a‘lvmvm) - (a1,a27m) + ((Zo,ag,m) - (aoaalam) + (a07a1>a2)

ai, az,m

—(
(
—(
—(

So, (hd + 6h)(ag, a1, a2) = —(m, m,m) + (ag, a1, asz).

We are now in position to construct a cochain map from the complex c* (G) to the complex
C*(A). We begin with the pullback map x*: C*(G) — C**. It takes values in C*’, hence can
be regarded as a cochain map to the total complex.

K" C*(G) — Tot*(C**).

The map ¢*: D** is homotopy equivalence with respect to §, with homotopy operator h. By
the basic perturbation lemma, we can modify it into a homotopy equivalence ¢* o (1 + dh)~*
with respect to d + §. Hence, the composition

o (1+dh) "' or*: C*(G) — Tot*(D**)

is a cochain map. This is almost what we want, except that we don’t want to work with D**®
which contains an infinite number of copies of the complex C®(A). Note however that the

differential
r+1

5= (=1)'0F: T(A°A7) — T(A°A})
i=0
(with A, = A for all r alternates between 0 and the identity, and is trivial in degree r = 0. It’s
easy to see that the inclusion of the r = 0 column

C°(A) — D**
as D% is a homotopy equivalence. Hence, we conclude that
o (1+dh)tor*: E'(g) — C*(A)

is a cochain map.

Definition 12.19. The composition
o (1+dh)~tor*: C(G) — C3(A)
is called the van Est map for the groupoid G = M.

In this formula, (1 +dh)~! = 3°°° (=1)"(d o h)™ is well-defined on any element of finite
degree. We can also write

VE =50 (1+[d,h)"!
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because d o k* = 0 and (1 4 [d,h])"! = (1 +dh)~' + Z;‘;l(hd)j. This formula is somewhat
easier to work with since [d, h] is closer to being a derivation. On elements of degree p the
formula simplifies to

VE = (=1)Pi50 (doh)? o ky: CP(G) — CP(A);

again, we can replace d o h with [d, h] if desired.
To get a better understanding of this formula, consider the zig-zag on elements of the form

fo®- - @ fr@a e C?

where f; € C°(G) a € T(A*A*), and the tensor products & are over C*°(M) (viewing C*°(G)
as a module over C*°(M) via the source map). We have

r—1
h(fo® -+ @f,®a) = Z(—l)j“ fo@ - ®f@1& - ®LE (fiy1- - fr)a
J=0 r—j—1
ma=18 -1 Ra.

T

—_———
r+1

Li(f0®®fr®a) = L*(fO"'fr)OZ c ASA*.

Finally, the differential is given by the following formula (taking into account that d is a
derivation relative to the wedge product)

d(fo@- - @f;0a) =Y > fo®- BLX) ;@ 8fB(B* Aa) + (1) fo®--- B fr@dcpa.
j=0 k

In the first term, we take X, be a local frame of sections of A, with dual frame 8* of A*.

Remark 12.20. Tt is instructive to consider the case of a pair groupoid G = Pair(M). Here
B,G = MP*Y E,G = MPT! x M.

The quotient map x, is just the obvious projection to the first factor, m,: E,G — M, is
projection to the last factor. The space

C%(B,G) = C%(MPH)

has a dense subspace COO(M)®(7’+1), consisting of functions fy ® f1 ® --- ® f,. Likewise, C"*
has a dense subspace consisting of all

(fo®fi®-®f)®a
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with a € Q(M). Consider the zig-zag (d o h)? for p — 2. We have
foo fivfs = (fo®fi®f)®1
L —(fo@ ) ® fifo + (fo® f1) ® fo
5 (oo ) @d(fife) = (fo® h) ®dfs
s —fo@ d(fif2) + fo® fdfz
5 fo®dfidfy

— fodfidfa
More generally, one finds that

VE(fo®---® fp) = fodfi A--- Adfy,

using a ‘completed’ tensor product. In any case, products
c O (Mp—i-l)
are dense. Likewise
Crs = 0°(M)®P ) @ Q% (M)

The map ), is given by

fo®fiw @ fel
The map h takes this to

~fo®fiv- el

APPENDIX A. DEFORMATION TO THE NORMAL CONE

A.1. Basic properties. Let (M, N) be a pair consisting of a manifold M and a submanifold
N. Similar to the normal bundle functor, the deformation to the normal cone is a covariant
functor from manifold pairs to manifolds, taking a pair (M, N) to a manifold D(M, N) and a
smooth map of pairs ¢: (My, N1) — (Ms, N3) to a smooth map

(37) D(p): D(M1, N1) — D(Ma, N2).
The manifold D(M, N) is a set-theoretic union of two submanifolds
D(M,N) = v(M,N)U (M x R*),
and given ¢: (M7, N1) — (Mas, N2) the map D(y) preserves this decomposition, and is given by
v(p): v(My, N1) — v(Ms, N3) on the first piece and by (m,t) — (¢(m),t) on the second piece.

The deformation functor is uniquely determined by these properties, and the ‘normalization’
that
D(R,0) =R xR
as a manifold, where the diffeomorphism is given by s — (s,0) on ¥(R,0) =R and by (s,t) —
(15,t) on R x R*.
Before describing the construction of D(M, N) in more detail, we list some of the basic
properties.
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The multiplicative group R* acts smoothly on D(M, N). Let A, denote the action of
a € R*. On D(M,N)o =v(M, N) this is the action by scalar multiplication,

Aa(§) = af

while on the complement M x R* the action is \q(m,t) = (m,a"'t). Given a map ¢
of pairs, the induced map D(y) is R*-equivariant.

The vector field with flow s = Ao (o) 18 given by t% on M x R*, and by minus the
Euler vector field on v(M, N).
If V. — M is a vector bundle, we have a canonical diffeomorphism

DV,M)—-V xR
given by the family of maps

vt t#£0

D(V7M)t_>‘/a
VU t=20

(with the standard isomorphism v(V, M) = V for ¢t = 0). In terms of this diffeomor-
phism, the R*-action on V' x R is

Aa(v,1) = (av,a™'t).

As a special case (taking V' to be the zero vector bundle), we have that
D(M; M) = M x R

with its standard manifold structure. Hence (M, N) — (M; M) defines a smooth map
D(M,N) — M x R.

On D(M, N)y = v(M, N) this is the bundle projection to N C M, and on M x R* it

is the obvious inclusion.
Similarly, (N, N) — (M, N) defines a smooth map

, N xR— D(M,N).

For all ¢, this is the inclusion of N C D(M, N);.
Let f: (M,N) — (R;0), a smooth real-valued function vanishing on N. It induces a
map

D(f): D(M,N) — D(R;0) = R x R.
This function take [v] € v(M, N), represented by v € TM|y, to (v(f),0), and (m,t) €
M x R* to (1 f(m),t). We conclude that the function
f:D(M,N) =R

given by [v] = v(f) on (M, N), and by (m,t) — 1 f(m) on the complement, is smooth.
In terms of the R*-action, the functions f are characterized by the property f(m,1) =
f(m) together with homogeneity of degree 1:

Xof =af.
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(e) More generally, if E — M is a vector bundle, and o a section vanishing along N C M,
then the map o: (M, N) — (E; M) induces a map
D(o): D(IM,N) — D(E;M)=FE xR;
here D(o)g is the normal derivative dNo: v(M, N) — E|y C E, while D(o), for t # 0
is given by o.
(f) A tubular neighborhood embedding 1 : v(M, N) — M determines, by functoriality, an

embedding
D(): v(M,N) x R — D(M, N).

A.2. Charts on D(M, N). To describe in more detail the manifold structure on D(M, N), we
should specify an atlas. For k < n consider the pair (R", ]Rk) as the local model for the pair
(M, N). Write the coordinates on R" as (z,y) = (1,...,2Tk,Y1,...,y;) where k +1 =n. We
declare

D(R",R¥) = R" x R,
by the map given on v(R",R*) = R* x R! by the obvious identification with R" x {0}, and on
R™ x R* by the map

1
(377 Y, t) = ($7 Eya t)-
Recall that a submanifold chart for (M, N) is given by a chart ¢: U — R"™ for M such that
¢: (U,UNN) — (R",RF).

Given any such submanifold chart, we obtain a chart
(38) D(¢): D(U,UNN) — D(R",RF) = R" x R.

for the deformation space.

Proposition A.1. The charts (38) define an atlas on D(M,N).

Proof. 1t is clear that these charts cover all of D(M, N) (note that a submanifold chart need
not actually meet N). We have to check the compatibility of charts. Write U= DU,NNU) C
D(M, N) so that

[7 = VN‘N{']U U (U X RX>.
Let z',..., 2% y',..., 4" be the local coordinates defined by a submanifold chart near m € N,
and denote the resulting local coordinates on D(M, N) by

xla"'uxk)g17"')@/lut'

Thus ¥;|yxrx = %y, for t # 0. Suppose Xi,..., Xk, Y7,...,Y; are a new set of submanifold
coordinates. Then

Xi = E($7y)7 }/] = G]($7y)7
with G;(z,0) = 0. The resulting change of local coordinates on the deformation space is then
given for ¢t # 0 by

(2.5.0) v (X7, ) = (Fa.13). %G(w,tﬂ),t)
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It extends smoothly to ¢ = 0, and for t = 0 is given exactly by the normal map for the change
of coordinates. This shows that the change of coordinates is smooth. O

A.3. Euler-like vector fields. Let X € X(M,N) =I'(T'M,TN), a vector field on M that is
tangent to N. Then X defines a vector field D(X) on the deformation space. This vector field
is tangent to all fibers D(M, N);, and is given by X for ¢ # 0 and by the linear appoximation

v(X) for t = 0.
Theorem A.2. A vector field X € X(M) is Euler-like along N if and only if the vector
field
1 0
W=-X+—
i o
on M x R* extends smoothly to a vector field on D(M, N).

Proof. Recall from a above that the vector field t% on M x R* extends smoothly to the
deformation space D(M,N), and is given on v(M,N) by minus the Euler vector field on
v(M, N). On the other hand, the vector field X, regarded as a vector field on M x R*, extends
to the vector field D(X), given on v(M, X) by the Euler vector field. Hence, X + t% extends
to a vector field on D(M, N) that vanishes along the submanifold v(M, N). This implies that

1 times this vector field extends smoothly to D(M, N). O
Remark A.3. It may be instructive to repeat this proof in local coordinates.  Let
L1y ThyY1,--.,Yy be coordinates of a submanifold chart, so that N is given by y = 0.

Recall from (23) that X is Euler-like along N if and only if
X =Y aey) o+ 0+ V(@ 0) s
- "7 Ot - 77 Oy

where the a’ vanish for 4 = 0, and b vanishes to second order for y = 0. The vector field
D(X) is given by the same formula in the ‘product’ coordinates of D(M, N). A change to the
standard D(M, N) coordinates t =t, T =z, y = %y gives

9

i 0 9 1
D(X)=Y a (2, 19) 5~ +Zy98—l7j +Z¥b](x’@)8yﬂ
J J

(2

On the other hand, the vector field % becomes, after coordinate change,
0 0 0
— =1 i A< -
ot ot Z]: Yoy

So,

9 1=, 9 1 9
W—&+tzi:a(x,t@({w+zj:ﬂb7(x,t@)agj

which extends smoothly to ¢t = 0.
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Since W ~ %, its flow is given by a family of diffeomorphisms D(M, N); — D(M, N);—s.
Since [W,D(X)] = 0, this flow intertwines the vector fields D(X);. In particular, we obtain a
diffeomorphism

v(M,N)=D(M,N)y — M =D(M,N),

taking (X ) to X. Since the restriction of W to D(N,N) = N x R is the vector field §, the
family of diffeomorphisms considered above induce the identity on v(D(M, N);, N) = v(M, N),
hence it gives tubular neighborhood embeddings according to our definition.

should explain more clearly the completeness issues

A.4. Vector bundles. For any vector bundle A — M of rank k& and subbundle B — N, the
deformation space defines a vector bundle D(A, B) — D(M, N), again of rank k. Its restriction
to the zero fiber is the normal bundle v(A, B) — v(M, N). In fact, v(A, B) is a double vector
bundle

v(A,B)—— B

| ]

v(M,N) —— N

with core A|y/B. The sections of v(A, B) over v(M, N) are generated by the linear and core
sections. Regarding sections of a vector bundle as sections that are homogeneous of degree —1,
the core sections are vector fields on v(A, B) of homogeneity (—1, —1), while the linear sections
are those of homogeneity (0, —1).

In terms of the deformation space, every o of A whose restriction to N takes values in B,
one obtains a section D(o) if D(A). Its restriction to v(M, N) is the linear section defined by
o. (Note that D(o) is invariant under natural R*-action on the deformation space, hence v(o)
is invariant under the resulting R*-action on v(A, B) — B. The latter is the horizontal scalar
multiplication). For a general section o, the section t(o x 0) € I'(A x R*) again extends to a
section of D(A, B). Relative to the R*-action, this section is homogeneous of degree —1; hence
we conclude that the resulting section of D(A, B) — D(M, N) is homogeneous of degree —1
for the horizontal scalar multiplication; that is, it is a core section.

If A is an anchored vector bundle, with anchor map a: A — TM, and B is an anchored
subbundle along N (that is, a(B) C T'N), then the anchor map

a: (A,B) —» (TM,TN)
defines a map of deformation spaces
D(a): D(A,B) - D(TM,TN) CTD(M,N),

where we are identifying D(TM,TN) with the subbundle ker(7T'7). In this way, D(A, B) —
D(M, N) is an anchored vector bundle, with the fibers D(A, B)|,-1( as anchored subbundles.
For t = 0, we obtain the anchored vector bundle v(A, B) — v(M, N).

A.5. Lie groupoids. Let us apply the normal cone construction to a Lie groupoid and Lie
subgroupoid.
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Theorem A.4. Let G = M be a Lie groupoid, and H = N a Lie subgroupoid. Then
D(G,H) is a Lie groupoid, containing v(G,H) = v(M,N) and G x R = M x R* as Lie
subgroupoids.

Proof. The structure maps are all obtained ‘by functoriality’, for example
s: (G,H) — (M, N)

induces

D(s): D(G,H) — D(M,N),
and similarly for t and for the inclusion of units. The multiplication map is obtained by
applying the functor D to

Multg: (G, 1®) - (G, H),
and observing that

p(g(k)jq.[(k)) — D(g)q.[)(k’)
for all k. For the latter, note that each of the projections (G*), H®*)) — (G, ), given by
(91, ..., 9k) — gi, give rise to maps D(GH) H*)) = D(G, M), and that the resulting map

D(GW, 1W) = D(G, )",
is a diffeomorphism onto D(G, H)®). O

Ezample A.5. If G is a Lie group, and H is a Lie subgroup, then the group v(G, H) is the
semi-direct product H x (g/h) of H with the vector space g/h. The normal cone construction
exhibits the semi-direct product as a ‘limit’ of G. For h = {0}, one obtains g as a ‘limit’ of G.

One can see it more explicitly if G is given as a matrix Lie group, G C GL(n,R). The
inclusion map takes {e} to {0}, hence it induces an embedding

D(G,{e}) — D((Mat(n,R),{0}) = Mat(n,R) x R.
The image of this embedding is

{(z,0)] xeg}u{(%A,tﬂ A€C, t€R} C Mat(n,B) x R

To see that this is indeed a submanifold, observe that a neighborhood of g x {0} is given as
the image of the map g x R — Mat(n,R) x R, (z,t) — (1 exp(tz),t).

Ezample A.6. Given any Lie groupoid, the proposition exhibits v(G, M) = A(G) (viewed as a
vector bundle, hence as a Lie groupoid A(G) = M) as a Lie subgroupoid of D(G, M) = M xR,
with complement G x R*. This applies, in particular, to the pair groupoid Pair(M) = M x M.
The groupoid

DM x M,M) =M xR

is known as Connes’s tangent groupoid, since it plays a key role in Connes’ approach [9] to the
Atiyah-Singer index theorem.
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A.6. Lie algebroids. The Lie algebroid analogue to Theorem A.4 reads as follows:

Theorem A.7. Let A — M be a Lie algebroid, and B — N a Lie subalgebroid. Then the
Lie algebroid structure on AxOpx — M xR* extends uniquely to a Lie algebroid structure
on D(A, B). In particular, this induces a Lie algebroid structure on v(A, B) — v(M, N).

Proof. As explained above the anchor map for A — M induces an anchor map for D(A, B) —
D(M,N). Any section o € I'(A, B) (that is, a section of A whose restriction to N takes
values in B) determines a section D(o) of the deformation space; arbitrary sections 7 € T'(A)
determine sections 7 € I'(D(A, B)), given as the extension of ¢(7 x 0) € T'(A X Ogx). These
sections generate I'(D(A, B)) as a module over smooth functions on D(M, N). Hence, to show
that the Lie algebroid structure on A x Ogpx extends, it suffices to show that the Lie algebroid
bracket of sections of these two types, which a priori is given only as a section of A X Opx,
extends to a section of D(A, B). But this is straightforward; the desired extensions are given
by the formulas
[ﬁa ?—5] = t[Tla TQ]7 [D(U)v /T\] = [07 7—]7 [D(Ul>7D(U2)] = D([Ulv 02])'
O

Restricting these brackets to ¢ = 0, we obtain the Lie algebroid structure of v(A, B). For
T € T'(A), let ¢(r) € I'(v(M,N)) be the core section defined by 7|y mod B € I'(A|x/B).
Then

[c(m1), e(2)] = 0, [v(0),c(7)] = c(lo,7]),  [v(o1), v(02)] = v([o1, o2)).
The anchor map for linear and core sections is
a(v(o)) =v(a(o)), ale(r))=0.

Remark A.8. If M = pt, so that A = g and B = ) are just Lie algebras, we see that the Lie
algebroid structure on v(g,h) — pt is that of the semi-direct product g/h x b.

Let us now specialize to the case that B = ¢' A, where i: N < M is the inclusion of a
submanifold transverse to the anchor.

Lemma A.9. The bundle v(A,i'A) — v(M,N) has a distinguished section
e: v(M,N) — v(A,i'A) such that a(e) is the Buler vector field. There exists a section
o € T(A,i'A) such that v(o) = e.

Proof. Recall that v(A,i'A) is canonically isomorphic, as a double vector bundle, to p'i'A.
For any anchored vector bundle B — N (here i'A), and any vector bundle p: V — N (here
v(M,N) — N), the bundle p'B — V is given by TV xpnx B — V xny N = V. The section
Ey x0of TV x B — V x N restricts over V Xy N to a section of TV xpyn B, as required.

If 0 € T'(A) is any section such that a(c) is Euler-like, then o € T'(A4,7'A) has v(0) =e. O

We will call o as in the Lemma an Euler-like section of A.
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Given an Euler-like section o, we obtain a section of D(A,i'A), and a corresponding vector
field X on the total space of D(A,i'A). Note that this vector field is an infinitesimal Lie
algebroid automorphism. It follows that the vector field

~ 1z 0
W=-X+—
i
on D(A,i'A) is an infinitesimal Lie algebroid automorphism, hence its flow is by Lie algebroid

automorphisms. This flow gives the desired tubular neighborhood embedding
V(A i'A) — A,
covering v(M,N) — M.
Remark A.10. A variation:'? Consider the canonical map
F:D(M,N)— M,

given on v(M, N) be iop and on M x R* by projection. This map is smooth, and transversality
of N to the anchor of A guarantees the map F’ is transverse to the anchor. Hence, the pull-back
Lie algebroid F'A is well-defined.

If o is an Euler-like section of A, then

19 y

extends smoothly to a section of F'A. The corresponding vector field on F'A is an infinitesimal
Lie algebroid automorphism, lifting the vector field W on the base. Hence, its interwines L!tA
with }_ A, where t;: D(M,N); — D(M, N) is the inclusion of the t-fiber. In particular, we
get a LA isomorphism

PiA=1hA = LA = A
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