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Pre-quantization of g-Hamiltonian spaces

Recall again the axioms of g-Hamiltonian G-spaces, ®: M — G:
Q@ (Em)w = —L0*(0L +6R) - €,
Q dw = —0*y,
Q ker(w) Nker(dd) = 0.

Here n = 6% - [9%,6%] € Q3(G) is a closed 3-form on G. J

Eckhard Meinrenken Quantization of group-valued moment maps Il



Pre-quantization of g-Hamiltonian spaces

Recall again the axioms of g-Hamiltonian G-spaces, ®: M — G:
Q@ (Em)w = —L0*(0L +6R) - €,
Q dw = —0*y,
Q ker(w) Nker(dd) = 0.

Here n = 6% - [9%,6%] € Q3(G) is a closed 3-form on G. J

Eckhard Meinrenken Quantization of group-valued moment maps Il



Cone construction

Definition
Let F®: S®* — R*® be a cochain map between cochain complexes.
The algebraic mapping cone is the cochain complex

cone(F) = R*"1 @ S*, d(x,y) = (F(y) — dx,dy).

Its cohomology is denoted H®(F).

v

For a g-Hamiltonian G-space, we have dw = —®*n, dn = 0. Thus:

The pair (w, —7) € Q3(®) := cone3(d*) is a cocycle. |
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Pre-quantization

Suppose G simple, simply connected, - the basic inner product.

Definition

Let (M,w, ®) be a g-Hamiltonian G-space, ®: M — G. A level k
pre-quantization of (M,w, ®) is an integral lift of

k[(w,—n)] € H3($,R).
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Pre-quantization

Suppose G simple, simply connected, - the basic inner product.

Definition
Let (M,w, ®) be a g-Hamiltonian G-space, ®: M — G. A level k
pre-quantization of (M,w, ®) is an integral lift of

k[(w,—n)] € H3($,R).

There is an equivariant version of this condition, but for G simply
connected equivariance is automatic.

Geometric interpretation involves ‘gerbes’. )
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Pre-quantization: Examples

Proposition

(M,w, ®) is pre-quantizable at level k if and only if for all
Y € Zo(M), and any X € G3(G) with (X) = 0X,

K[ o+ [mez
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Pre-quantization: Examples

(M,w, ®) is pre-quantizable at level k if and only if for all
Y € Zo(M), and any X € G3(G) with (X) = 0X,

K[ o+ [mez

The double D(G) = G x G, ®(a,b) = aba b lis
pre-quantizable for all k € N, since Ha(D(G)) = 0.
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Pre-quantization: Examples

(M,w, ®) is pre-quantizable at level k if and only if for all
Y € Zo(M), and any X € G3(G) with (X) = 0X,

K[ o+ [mez

The double D(G) = G x G, ®(a,b) = aba b lis
pre-quantizable for all k € N, since Ha(D(G)) = 0.

The g-Hamiltonian SU(n)-space M = 52" is pre-quantized for all
k € N, since Hy(M) = 0.
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Pre-quantization of conjugacy classes

Recall:
o G/Ad(G) = A (the alcove), taking £ € Ato G.exp&.
o Py = PnNKkKA.

Example

The level k pre-quantized conjugacy classes are those indexed by

1
—P, A.
fEka

G =SU(3)
k =3

Eckhard Meinrenken Quantization of group-valued moment maps Il



Quantization of g-Hamiltonian G-space
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Quantization of g-Hamiltonian G-space

Tricky..
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Quantization of g-Hamiltonian G-space

Tricky..

Let (M,w, ®) be a g-Hamiltonian G-space, pre-quantized at level
k.

Problems:

@ There is no notion of ‘compatible almost complex structure’

@ In general, g-Hamiltonian G-spaces need not even admit
Spin-structures.
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Quantization of g-Hamiltonian G-space

Tricky..
Let (M,w, ®) be a g-Hamiltonian G-space, pre-quantized at level
k.

@ There is no notion of ‘compatible almost complex structure’

@ In general, g-Hamiltonian G-spaces need not even admit
Spin-structures.

<

e G = Spin(5) has a conjugacy class C = S* (does not admit
almost complex structure).

@ G =Spin(2k + 1), k > 2 has a conjugacy class not admitting
a Spin_-structure.
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Quantization of g-Hamiltonian G-space

Solution: One defines the quantization ‘abstractly’, using a
push-forward in twisted equivariant K-theory. J
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Quantization of g-Hamiltonian G-space

Solution: One defines the quantization ‘abstractly’, using a
push-forward in twisted equivariant K-theory. }

Theorem (Freed-Hopkins-Teleman)

Ri(G) is the twisted equivariant K-homology of G at level k +h".
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Quantization of g-Hamiltonian G-space

Solution: One defines the quantization ‘abstractly’, using a
push-forward in twisted equivariant K-theory. J

Theorem (Freed-Hopkins-Teleman)

Ri(G) is the twisted equivariant K-homology of G at level k +h".

Let (M,w,®) be a level k pre-quantized g-Hamiltonian G-space.
Then there is a distinguished R(G)-module homomorphism

®,: KE(M) = Ri(G).
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Quantization of g-Hamiltonian G-space

Solution: One defines the quantization ‘abstractly’, using a
push-forward in twisted equivariant K-theory. J

Theorem (Freed-Hopkins-Teleman)

Ri(G) is the twisted equivariant K-homology of G at level k +h".

Let (M,w,®) be a level k pre-quantized g-Hamiltonian G-space.
Then there is a distinguished R(G)-module homomorphism

®,: KE(M) = Ri(G).

This push-forward does not involve a Dirac operator. (There's not
enough time here to explain how it is defined — sorry.)
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Quantization of g-Hamiltonian G-spaces

Definition

The quantization of a level k pre-quantized g-Hamiltonian G-space
(M,w, ®) is the element

Q(M) = (1) € Ri(G).
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Quantization of g-Hamiltonian G-spaces

QM) = ®.(1) € Rk(G).

Properties of the quantization:

o Q(M; UM, = Q(My) + Q(M>),

o O(My x Mp) = Q(Mq)Q(M>),

o Q(M*) = Q(M)",

@ Let C be the conjugacy class of exp(%u), i € Py. Then

(C) = 7.
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Quantization of g-Hamiltonian G-spaces

Recall the trace Ry (G) — Z, 7 +— ¢ where TE = 0u,0-

Theorem (Quantization commutes with reduction)

Let (M,w,®) be a level k prequantized g-Hamiltonian G-space.
Then
QM) = Q(M//G).
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Let C; be the conjugacy classes of exp(%ﬂ;), Wi € Px. Then

Q(C1 % Co X C3/G) = (Tpy Ty T )€ = N

H1p2p3 "
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Let C; be the conjugacy classes of exp(%ﬂ;), Wi € Px. Then

Q(C1 % Co X C3/G) = (Tpy Ty T )€ = N

H1p2 3"

Hamiltonian analogue:

Let O; be the coadjoint orbits of pj € P+. Then

Q01 x 02 x 03//G) = (XulXusz)G = Nuspops-
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The double D(G) = G x G, ®(a, b) = aba—1b™! has level k
quantization

AD(G)) = > 7.

HE Py
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The double D(G) = G x G, ®(a, b) = aba1b™" has level k
quantization

QD(G)) = > Tt

HE P

The Hamiltonian analogue is the non-compact Hamiltonian
G-space T*G. Any reasonable quantization scheme for
non-compact spaces gives

AT = Y xuxs

HEPL

(character for conjugation action on L?(G), defined in a
completion of R(G)).
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Can re-write this in terms of the basis 7, where 7,(t\) = 0y .

1 V=
Q(G. exp( T, = Z S .

I/EPk

)= o
pO
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Can re-write this in terms of the basis 7, where 7,(t\) = 0y .

1 V=
Q(G. exp( T, = Z S .

I/EPk

)= o
pO

Using Q(My x M) = Q(M1)Q(M) this gives ...
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Let p1,...,1r € Pi, and C; = G.exp(%,uj). Then

Q(D(G)g X Cp X -- ) > ‘“’525,;””%,

vEP)
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Let p1,...,1r € Pi, and C; = G.exp(%,uj). Then

* *
5“171/ o Sl“Lr7l/7':
2g+r v

SO v

Q(D(G)gxclx...xcr): Z

vEP)

Using Q(M//G) = Q(M)® and 7¢ = S&V this gives...
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Verlinde formulas

Theorem (Symplectic Verlinde formulas)

Let py,...,pr € Py, and C; = G.exp(%pj). The level k
quantization of the moduli space

M(ZL,Ca,...,C) = (D(G)E X Cy x -+ x C,) |G

is given by
. SpiwSuw
Q(M(zg’C]_,...,Cr)> = Z “]’Szgfi‘g
vEPy 0,v
C1 Ca Cs
D P -
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Let (M,w, ®) be a level k pre-quantized g-Hamiltonian G-space.

Fact: For F C M*, the bundle TM|fr acquires a ty-equivariant
Spin_-structure.

Theorem

| A\

Let (M,w,®) be a level k pre-quantized q-Hamiltonian G-space.

For A\ € Py,
Z / Ch (L, tx)'/?

FC M Dr(vr, t2)

where L is the Spin_-line bundle for TM|f.
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RENEILS

o In Alekseev-M-Woodward (2000), Q(M) was essentially
defined in terms of the localization formula, but phrased in
terms of loop group actions.

@ The [Q,R] = 0 theorem was proved in those terms.

@ The more satisfactory definition of Q(M) as a K-homology
push-forward was develped more recently (M (2010)).
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