
Sets
-

A set is a collection of objects
viewed as an object in its own right-
If an object x is contained

in the set s

"

x is an element of S
"

x E S
③ $ the empty set .

E ①D= { R ,G ,B } a set of three letters .

= { G ,
B
,
R}

= { R ,
R
,

B
,
G , B } .

① I = { - - -

,
-2

,
- I
,
O
,
I
,
2
,

- - - }
the set of integers.

③ Q = { PG : peek , q C-2110} }
the rational numbers .

④ IR ,
Cl the real or complex numbers



A set is finite when it has a finite

number of elements .
This number

IS I E { o , 1,2 , - - - }

is called the
"

cardinality
"

of S .

Maps between sets
-

Domain
SET

DOMAIN SET -
- y↳ L

A mad from set X to set Y

assigns to each so c- X an element flx) C- Y

f
x- Y

x 1-7 f- (x)



E① A colorer in the RGB system
is a map

D= {R ,
G ,B} → { 0,1 , . . - , 255}

white : R 1-3255
G 1-7255
B 1-2255

Ted : 121-3255

G 1-30

B 1-3 O

② You studied maps IR Es IR
such as f- (x ) = It x

graphing :
ftklf - -¥

i
i

''

functions
" dong"

codomain = numbers omain

IR .



The
map f : X → Y is

-

• injective : when different inputs result in different outputs
( f injection) i.e . if x. f- xz then f- (x , ) t f-(xn)

{ am;i÷÷ : when all possible outputs are achieved. !¥⑤
i. e

. tf yet I xex sit
.
thx) - Y

T T
for all there exists

q- -

• Bijective : both injective and surjective .
I

,

bijection) 11
,

X Y
•

If' ' bijection .

•
A

F-

surjection
injection . #

A

a##
:-.: ✓I

I
not surjective . not injective .



E Bijection { 1,2 , 3 } → { 112,3 } .

Identity map
1€ l lX ,

'

tf '

2 X 2 z z
2 2

3 -33 311g 3>-3
-

¥:/ :#I:*3 3 3 3 3

36possible bijection { i. 2,3) → { 42,33.

Ex When Domain = Codomain of f i.e
.

f : X→ X

there is a specific map called

the identity map 1d×= Ix

' dy : x↳ x tf x EX



Composition (Definition)

the composition of f : X→Y and g : Y → Z

( defined only if codomlf ) = domlg) ) is a map

(got) :X- Z which takes x.ex to glflx)) c- Z
.

qg×t→Y→Z go,
t

fog
Left ox→ YO

p t Eg
' I÷!f ;%f x#ex

Xf→Y→gZ X → Z f④ : YEsxt→y

T p p got
x x x

Q Prove that composition is Associative
i.e

.
for

maps
f g h

S→T→U → v

Assoc
.

Lo (got) = tho g) of law

same

map

At this point , we have Sets Maps between
-

sets , and composition of Maps ! 'Eafie%yo



Delibnatecoufusion g f

purists : draw
Z← Y←X

-
in reverse

.

I
got
-

1nversesofmap# : the inverse of a

map f : X → Y

is
, bydetn : a map g : Y → X sit

.

{ got
-

- Ix ft
'

't
"

)
fog = Iy

A map 5- may
not have an inverse but if it does

,
we call it f

- t

f
- l

f
- t

f l l

'e'
'

X
'

is ,
3 3 3

has inverse

The bijection , from a set X to itself Bijlx ,X)
is a very special set of maps :

• any two of them may be composed to give
a third

, gives an associative multiplication
on Bij (XX)



• Bij (XX) contains a special element Ix
which acts as multiplicative identity

•

every element in Bij (X ,
X) has an inverse.

←
composition

⇒ (Biju ,
X )
,
o

, Ix ) is a group

called S× the permutations or symmetries
Binary operation on setX

of the set X .

TE
xxx→ X

#l-=a•b,

f g
l l

i¥}¥g3 3

#
2 2

}-73

g
of



Subsets
-

Deft : Given a set Y
,

a subset X E Y is

a set comprising some (possibly none
,
or all) of the

elements of Y .

can think of X as the elements of Y satisfying some constraint.

E I set of integers. such that.

X E 7L X ={ ne 7L ! n is odd and I Eat 6}
= { 1,3 , 5 } .

If YI, Z and Xey then the restriction

of f to X is a map

H
x

x- Z

K 1-7 floc)

Aboutsubsetsi The set of all subsets ofX is called PCX)
,

the Power set of X

PKR ,GB 3) = { 8,424,133 ,
{ 123,143,431 , { RIG} ,

4431
, {4,133 } set of cqrdinality



Basicoperatioy on subsets X E Y
.

• X , v Xz = { xe Y : x EX , of XEX}
YI

wmq-msnh.at.
x ,

• X , n Xz = { x EY : x ex , and xexz}
intersection Yi
of subsets ④:Y×

,

(Boonthopflhge
,

are

"

Binary operations
"

) .

Subsetscomingfromamapf:X
Deff : the image of f ,

Im tf) ,

is the subset of Y defined by
Imf = { y E Y

'

.
I xe X with HA-y)



Deff : If f :X→ Y and

we fix an element YET
then its PRE IMAGE is
-

"
"FIT:( g) = { × ⇐ X sit

. ft) =3 }
H ith "

t -
- f-
' th

this means that for each ye Y

we get a subset f-' (yl E X .

this defines a Partition of domain
into subsets labeled by the elements of Imf -



given a map f : X → Y
,

we obtain :

① Imf = { y ET : I see X with y=fCx) } . E Y

② Partition of X into preimages :

P = { f-' Cy) : y c- Imf '} Partition of X
labeled by Imf.

Note ① There is a natural map from X to P :

P surjective !
" 1- f-

'fix)) -

② there is a natural map . P → Imf

Bijection f-
'

ly) try

②
"

there is a natural map P-
Injective !

"G) ↳ y

-

③ If we compose ,
we get xtsflx) !

x# p # Y

€1 Factorization of
f- into a surjection

followed by injection .



Prep: Any map f : X→Y may be factorized f -- jot
it surjective and j injective .

f
.

Y

"÷÷÷÷
p
:O
p = { K, , Xu, Xz}

c:÷a⇒



Explicitdescriptionofmaps
The standard set of n elements n = o , 1,2 ,

.
. .

Bn = { I , 2,3 , - - - in} Bo = § .

Instead of writing a map Bm I
> Bn as follows.

Si
, i

.→

we can encode f- as follows : as a
"

graph
"

.

÷
Dom %,

" l÷÷:L eli::L
'

:÷..
matrix rep .

.

CoD of map

f- .

' B
,
→ By

the representation of f as

a 4×3 matrix uses

the fact that Bn has a preferred order .

( we put the domain and codomain in specific
order on graph )

Note permute codomain ⇒ permute rows

permute domain =) permute columns



Cartesian Product
-

given sets X
,
Y

,
their

(Cartesian) product X*Y is defined as follows

Xxx, = { ( x. y) i xe # and ye't }.
~

ordered pair . tip) # Cz, ' )

( list of length suit 's = 12113

Eg .

P -- ER
, G. B }

2)

Bzxp =
{ ( ' ' R ) , 12 , R) , C '

, G ) , Cz , ay,
4,137 ,

12,13) }

similarly if Xi
,
. - -

,
Xa are sets

Xp Xzx - -
- x Xµ= { Ck , " ; xx ) : xiexifi}
-
-

k k - tuple or list of
TIX ; a length k
i -- I - k

special case Xx .
- -xx = X



Def : The graphs of a map

f : X→Y is the subset

II. = { (x , g) c- Xx Y : y
-

- fu ) }
a'

'

ramen

"ii÷÷÷¥"
43

f : XY Xz → Y . / '

as i

x.

Dom



B , Bz Bz

"7¥14 .

→ a. as

surjective I 1- I

21- 2
.

R
' - Rio?;iE¥=r?*.
iEzEu

.

µ, pompe

⑦
IR- IR
K 1-7×2



Technically , a map f :X → Y may be defined in terms of its graph:

Alternation: a map f :X→ Y is a subset 17 of XxY
satisfying the

"

vertical line test
"

,
i -e .

V X e X
,
F ! y c- Y such that Cx

,y ) C- Tf
"
for all . . . There erxists- a unique . - -

Qi Does there exist a map from the empty set to itself ?



Def :
-

Let f. g be maps Bm→ Bn

f- ng
' '

f is similar to g
"

when

we can find relabeling a
, f of cod

,
Dom .

st
. dog of = f
f p g a

MAX aogofhf
a n ay- A

B
p - o

• R

p g x
- O /

'em iogop -- f
org

Note a is an example of an

EQUIVALENCE RELATION on a set S

i ) xn x tf x E S reflexive
-

ii) x - y ⇐ ynx V-cx.y.IE 5×5 symmetric

iii) it xvy and yvz then x~ZV-fx.y.AE S3
transitive

CEQUIRALENCE relations ← partitions ! )
-

Q prove that similarity of maps is an equivalence
relation



G 136 BY d → row permutat.
M a

f
.

• X÷;tf÷÷:E e -' "in:*.
• •

-
codomain relabeling

# i 2 3 45 6 DOM

iii.
'

iii : .¥:i÷÷I÷:oooo ok
o

'
y 688898

OOO OO O
4×6 matrix
" MlaoflMldofop) MH)

dot of

mtg:.in/::ii::Ff
Thin: by relabeling doma cod

, any map
Bm→Bn

is similar to one in standard form :

SMT M ,3Mz7 - - - 7 Mk

① M
,
t -- - t Mp = M

nµ÷T:*) is a partition.
Mr of domain .

O n

Mk



Specialness Bijection from X to itself e.g. Bn→Bn

habelingaself-map_ : once we choose a labeling
of the domain

§ : ¥ ie - ( g÷¥aohBi4→B3)
"

labeling
"

this automatically gives a
label for codomain !!

i - e . we do not have

two indep . choices of
{A. B.c } -- S labeling !

x. for
' ( less freedom) .

-
Bz£5 f) 5×-7133

÷:¥¥i¥¥÷:
so

, by choosing labeling a:S -7 Bz ,
we obtain

the map go for
'

: Bz → 133 %:X! !
If we relabel , this takes effect

In

on both down a cod. afa"



EEE ÷.info ;
cannot relabel to obtain unless we allow

independent relabeling of Dom t CODOMAIN.

two equivalence relations
-

① for maps f :X→ y

say f , f
'

are similar when

D-
Bijection.

F x : Y EY and p : X X

with f
'
= xofop -

② for maps f : X → X

say f
,
f
'

are conjugate
it t a :X Es X sit

.

f
'

= xofo ti '



classify Bijection Bn →Bn up to conjugation
① A fixed point of f :X→ X is xex

with f- (x) = x

① A cycle of f : X -' X is a subset

SE X of the form

5. = { x ,
fbc)

,
ftflx )) , - - - }

⇐ &!.!y!
2 is a fixed it fair

{1,3--111,4--131}
cycle of length 3 .

in a cycle , can label x '→ I
µ ,
#af

f-641-72 : cycle
Z

i
. f. It

f-thx)↳ htt 443
f



If f : Be → Bk has a cycle labeled

k-
as above

← f = ( iz 3) (4567178)
O

- - - O 1 MH)

9 . o

tio"" ' t! ?:& .

.

.

.
.t¥÷÷¥¥f

'

o

"
-

'

'

o '

go o
: :

classification : Any bijective self -map decomposes
into cyclic parts . ( cycle of

length I
11

This is why elements of the group
fixed pt ).

Sn = Bij ( Bn ,
Bn) are usually written

in
" cycle notation

"

1×1
2 2 (1271347

Itf; # izz)
" 3×3 (still 4T

÷T÷÷; ⇐
"

I
'

4 4 axis

{ ⇐
"

can
" "

"

" 32 )
"

amyl
} 3

445
- 5


