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operations on subspaces :
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" and "

• union UUV
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Spain takes list of vectors in V

outputs a liuearsub-pa.ee Spanks . - - in)

of V .

Defn
Span (ve, . - - ion) = { air, t - - - tank : ai et }

Span ( ) = { o }
enipty list
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up
" list is redundant "

DEI a list to. . - - - .vn) is linearlydepeudent
when there exists a , , . . - , an ,

not all zero
,

with a,
V, t azvz t - - - tank = O

( " a nontrivial linear combination equals zero
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If a list is not linearly dep . we say it is

Linearly INDEPENDENT
-

-
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Note: A list Coi , . -
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is DIRECT-

Deff : V is finite - dimensional

when it can be spanned by a finite
list of elements

i. e . V = Span ( Vi , . . . , rn) .

( V infinite - dimensional if not ) .
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IR"= Span (e , , - . .

,
en , er , ez , Estey)

e
,
= ( 1,0 , -- - yo ) eg . 84127 polynomials

ez : (o , 1,0 , - - - , o ) not finite dim
.
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.
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(2.21 ) j F a redundant worker "
Lemma : If ( v. . . . - , rn) i linearly dependent ,
-

then① F Vj in the span of the previous vectors on list
,

i - e
.

vje Span (v, , . . - , Vj -n )

② and we may remove Vj without changing span of list .

Proof (ve , - - - Nn) is tin . dep means F (ai , - . . , an)E # to

sit
. air, t - -
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-
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i.e . thi eqnf is actually a.v. + . . ..to?iionEommbnsiuceajfo
we can solve for Vj :

Vj = - ( a,v , t - - - t ajar ,' - i) .

(
exists since tf field .
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Thm : ten ( liu iudep list ) E ten ( spanning list ) .
-

i. e . If V = span ( wi , . . . , Wn)

and if lui , . . , um ) is tin indep .

then ME n
.

Proof
algorithm .

use ordering t lemma :
- -

① adjoin u
,
to spawning list :

( Ui , wi , . . . > Wn)
/ still spans✓
\
linearly dependent
since u,

EV = Spanky. -yuh)
by the lemma

, I wj which is in span (Un> Wi , - -- iwi-D .

eliminate wj ,
the result ( Ui , wi , . - i , wi- i , wjti , - - - Mn)

still spans V .

[
wino in list.

-
still spans VContinue this

process : ( Ui
, U2 , w ,

- -
-- di -

- ' Wn) him
. dependent ⇒ F we to eliminate

each time add u ¥5"" F vector on list linearly dependent on previous elements

this cannot be one of their 's by assumption . ⇒ must be one of the Wi ⇒ remif.ve

So for each new Ui
,
there is a Wj which we can remove

and continue . ⇒ # Ui E # wi .
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( iptanmhas a finiteDef Let V be a finite dim
. v. space ng list ) ,

A basis for V is a list
i- e- V -- span In , .. . .vn)

- ( Vi , - - - I Vm) for some Vi EV .

of vectors which ① spans V

② liu . independent .

E ✓=F¥ has a natural basis as follows !
can be written g

e
,
= ( 1,0 , O ; - - , O) .

÷ : :"÷: I Yi
. .

V= Az. e , t Az. ez t . - - t an .eu

i
- e . Spancel , . . . , en) = V -
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-
⇒ Ii = o fi .
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UCIRZ tin subspace U={exist) : xty}
Q find a basis for U ?



( Pessimist approoh)

Them : Every finite dimensional v.space has a basis (
"Yo! !hnigre)
choice

.

pf If V= {o} then the empty list C ) is a basis .

Otherwise can express V
= Span (Vi , - . . ,Vn) Vi nonzero -

for each Va
, vz ,

. .
. . Vu we ask if it is in the span

of previous vectors - if so ,
remove it

- if not keep it .

after this , span is unchanged , and no rector is in

span of previous . By Lemma the resulting list is linindep.

⇒ linindep .
list spans V ⇒ BASIS .

D
.

thm.fm?.iitippriiE7Anylin.indep . list ina finite din - v. sp .

can be extended to a basis

Pf If Cv . ,
.
. . ,vm) is linindependent , let (wi , . . ;Wn)

be a spawning list . B
-

Steph: check if w , C- Span ( vis. . . ,Vm) if so
,
leave B

unchanged . If not
,
add W

,
to B .

new B = ( r . . . . . ,vm ,
Wi) -

Stepj If wj in span of the latest B fsEpj -e)
leave unchanged , if not

,
add as before .

finallyaftaust.io have (by Lemma) aliniadep .

list .
list looks like

• but span ,{we , . . > Wn) E Spanky . . ,vm,Wii- - win)
(Vi , . - - , Um ,

Wi
, , Wiz )

" Twin) v
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,
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V,
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( ( c
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)
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betb
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Deff : Let U be finite dimensional
llncomplete) v.space .

The dimension of V
is the length of a basis
forV

.

This definition depends on thefact that all bases
't✓
have

the same length - otherwise " ill - defined
"

.

-
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alternatively Cai , - -
-
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2
.
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{ ( x , y ,z) : O - X toy +1-7=0 } ( o o i]



" "" ÷÷i÷i
""

t # %s7:x4y2¥
' %.

Q find a basis for U umm
EW % "

④ sami:÷÷÷÷÷:7
(

"

aeiiiiiaiiiiasnnoaoeir@Scx.y
,
't) st. in W and in U} -

÷¥÷÷.it?Yz9iB
"



Pehl# ) polynomials of maximum degree K

-
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: what is the dimension?

Basis . ( 1 , x , x; . .
.

,
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di
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-
-
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Span → Finite dimensionality .

Linear dependence → basis ( " ' ti -dspanmj)

Lemmas : length ( linearly ndep list) E length (spaying )
⇒ Def" of Dimension

=Determentthis makes sense only if all bases have same length !(
terma If B

,
B
'

are bases for V ⇒ een (B) = lent B
')

tf : B spans B
'

tin iudep Emma bulb
' ) I lentB)

B
'

spans B tin ihdep ⇒ len CB ) E leaks
')

( emma

⇒ late) = ler (B
'

) .

exe : Pence ) = { ata.lt#tanX : ai E IF } .]
has a basis #Po ' " ' ' "t.IN#p.+a.p.+.--tanpn

.

÷÷÷: a
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E Puff) same vector space , different basis .

dim puff) = htt
.

# r Problem. given input numbers
bo - a

•
Co , G , - - -

,
Cn C- IF

•

and output values .

" 4
- o

"¥• If
.

bo
,

- - bn
,

co 4
Can we find a polynomial
which fits the data .

w±.
( " Ican'm't '

?

Guess : this might be possible with Hlf)( since dim = nth
.

reasoir-C.hu : basis we are used to is

( i. x , x2 , -
- -

i ×%#s
so unclear how choice of cuffs aotaixt . - - tank

affects value of poly at co
,
- - -

,
en

.

alternatively suppose we had a different
( So , . . .,8n )basis adapted to positions co

,
. . -

,
Cn as

follows
.if o

'
e

s
, : :#¥t¥ : :(o C

,
Cz



" "

have indicator basis adapted to ( co , . - - , cu)

8
;
( Cj ) = { 1 if i=j

0 else
.

Can we solve using this basis ?

need p st - p ( Ci ) = bi
o at c .
:O at C

,

-0 at Ci - I

bi 8 ; has values bi at Ci
o

'

, Citi

÷ .

O - Cn .

conclude b. Sot . . - t bnsn =p ! !
&
satisfies all constraints !
-

howdo we find such a basis ? (Lagrange Interpolation)
data fitting .

Si should have value 1 at Ci a -d o at Cj j# i

t:'i÷÷:Cj j # i .

at ci it has value

this
.

will work if the Ci are pairwise distinct Ci
-cokci - c.



Summary: Fix pairwise distinct eltsof IF

C = fog - - -

g Cn)"It:*

÷:c,
'

i'÷÷
"

at .

n

Si = IT ( X - Cj )

1¥ : is

fit to data is II. bisi =

p .

PCci)
⇐ RAFI

Reh How do we know it's a basis ? isndeIts length
isnt

His linearly independent ! I

-

:
basis

If Cao
,
. . .

,
au) are such that

⑥¥:O:: as: ⇒ an.÷÷
.

but A⇒¥ai=0 D
.
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